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A note on meromorphic functions with positive
coefficients associated wth Bessel function
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Abstract

The aim of the present paper is to introduce a new subclass of meromorphic functions with positive coefficients
defined by a certain integral operator and obtain coefficient inequality, convex linear combinations, extreme point,
radii of close-to-convexity, starlikeness, convexity, Hadamard product and integral transforms for the functions f

in this class.
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1. Introduction
Let Y be denote the class of functions f(z) of the form

(1.1)

l [5)
f(z):;+2anz”, neN=1{1,23,-}
g n=1

which are analytic in the punctured unit disc
U'={zeC:0< 7| <1} =U\{0}.

Analytically a function f € X given by (1.1) is said to be
meromorphically starlike of order « if it satisfies the follow-

- ()}

for some (0 < o < 1). We say that f is in the class }.* ()
of such functions.

Similarly a function f € Y} given by (1.1) is said to be
meromorphically convex of order « if it satisfies the follow-

ing:
Re{ <1+Zj:/((;))>} >a, (zeU)

for some (0 < o < 1). We say that f is in the class X ()
of such functions.

For a function f € X given by (1.1) is said to be meromor-
phically close to convex of order 8 and type « if there exists
a function g € X*(a) such that

Re{—<zgg)>}>ﬁ, 0<a<1,0<B<1,zel).

We say that f is in the class K(, ).

The class }_*(a) and various other subclasses of Y have
been studied rather extensively by Clunie [5], Miller [10],
Pommerenke [13], Royster [14], Akgul [1, 2], Sakar and
Guney [11, 12] and Venkateswarlu et al. [15].

Recent years, many authors investigated the subclass of
meromorphic functions with positive coefficient Juneja and
Reddy [9] class X, functions of the form

f(Z):Lrianz",anzO (1.2)

z n=1
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which are regular and univalent in U. The functions in this
class are said to be meromorphic functions with positive coef-
ficients.

For functions f € X, given by (1.1) and g € X, given by

1 (=)
g ==+ b7,
2 n=1

we define the Hadamard product (or convolution) of f and g
by

1 o
(fxg)(z) = Z + Z anbn".
© n=1

We recall here the generalized Bessel function of first kind of
order ¥ (see [6]), denoted by

_y (=) 2\ 2y
S Moo bil) (5 cew

(where I stands for the Gamma Euler function) which is the
particular solution of the second order linear homogeneous
differential equation (see, for details, [16] )

2w (2) +bzw' (2) + [c22 = P+ (1= b)ylw(z) =0

where ¢, y,b € C.
We introduce the function ¢ defined, in terms of the gen-
eralized Bessel function w by

¢(z) =2"T <y+ b;”) Z*(“%)W(\/g)_

By using the well-known Pochhammer symbol (x), de-
fined, for x € C and in terms of the Euler gamma function, by
() = Bt =1,(u =0)

— x(x+ 1)(x+2)- (r4n—1),(H=neN = {1,2,3---})

We obtain the following series representation for the function
_1 o (_C)n+l

(P(Z) (P(Z) z +n§0 4n+1(n+1)!(1-)n+1 Zn

(t=y+25 ¢zy ={0,-1,-2,---}).

Corresponding to the function ¢ define the Bessel operator
S¢ by the following Hadamard product

c 1 - (_TC)’l+1a” n
SEFE) =9+ N)(@) =+ ) -

1 =
=-+) o(n,t,0)ad", (1.3)
2 p2
where ¢ (n, T,c) = %.
It easy to verify from the definition (1.3) that
S f ()] =187 f(2) = (T+1)S7 f(2). (1.4)

Now we introduce the following subclass of }°, associated
with Bessel function .,

1623

Definition 1.1. A function f € Y is said to be in the class

Ly(o, A7, ¢,&,B) if and only if satisfies the inequality

*Z((MZZST"f(Z))”Hl*G)Z(Sr‘f(Z))“r(l*l+06)51"f(2))
(Aa2S¢ f(2)) +(A—a)z(Se f(2)) +(1-A+a)S f(2)

Re

Z(l0622(Sr‘f(Z))”+(l—a)Z(ST"f(Z)J/+(1—7L+06)Sr‘f(2))

> B\ =mamssroyraarsarraarasere - T tE
(1.5)
where 0 <7<1,0< ¢<1,0<€ < 1,
0<a<A<i,B>0.
Let ®(z) = Aoz (Sf(2)"+
(A—)z(S f(2) + (1 =A+a)S7f(2). (1.6)

If we write equation (1.6) in the inequality (1.5), then by a
simple calculation the inequality (1.5) can be written as

20}

7@ (z)
D(z)

(1.7)

+1‘+<§.

It is easily shown that there is following equality between
these subclasses

Ly(e, A1, ¢,8,B)=2(a, 4,7, ¢,§,B)NE,.

In order to prove our results wee need the following lem-
mas [3].

Lemma 1.2. Let ¢ be a real number and ® = u+iv is a
complex number. Then

Re(w) >0 & |o—(1+0)| < |o+(1—-0)|.

Lemma 1.3. Let ® = u+iv be a complex number and c,7y
are real numbers. Then

Re(—w)>o|-o—1|+Yy

S Re(—o(l1+0e“)—oye’ ) >y, (-n< c<m).

The purpose of this paper is to introduce a new subclass
of meromorphic functions with positive coefficients and ob-
tain the necessary and sufficient conditions for the functions
defined by the relation (1.3) in this class. We also obtain coef-
ficient inequality, convex linear combinations, extreme point,
radii of close-to-convexity, starlikeness, convexity, Hadamard
product and integral transforms for this class.

2. Coefficient estimates

We obtain in this section a necessary and sufficient con-
dition for a function f to be in the class £,(ct, 4,7, ¢,&,B).
We employ the technique adopted by Aqlan et al. [3] and
Athsan and Kulkarni [4] to find the coefficient estimates for
the functions f defined by the equation (1.3) in the class

0gl0
S0,
S5027:

(N

¥
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(oA, 7, ¢,&,B). A subclass for meromorphic function
f € X, given by the equality (1.3) with positive coefficient
was defined and investigated in [6]. In this study we modified
and extended their subclass to the subclass of the functions
f € L, defined by the certain Bessel function.

Theorem 2.1. A meromorphic function f defined by the equa-
tion (1.3) in the class ,(a, A, 7, ¢,§, B) if and only if
L(n+S)+Bn+Dl(n—1)(nda+A—a)l¢(n7,c)ay

< l(l—é)(Z(x/l—Zl—kZa—H)

B

2.1

for some 0 <& <1,0<7<1,0< c§1,0§a§l<%
and B > 0.

Proof. Let f € X, and suppose satisfies the condition (2.1).
Then by applying Lemma 1.3, we have to show that

—2(®(2)’
Re{ ()

(-IT< o <II,0<E& < 1,8 > 0) or equivalently

( +ﬁe""’>—ﬁe""’} Se,

. { (@) (1+ qf(j;’) ~ Be*(2) } oE @2
Let ¥(z) = —z®'(z)[1 + Be'?] — Be'D(2).
Thus, the equation (2.2) is equivalent to
Re{zgg}>§. (2.3)

In view of Lemma 1.2, it is sufficient to prove that

[¥(2) + (1= 8)P(2)| — [¥(z) — (1 +&)P(2)| > 0. (2.4)
Therefore
¥(z)+(1-8)@(z)| =

‘(2—5)(2za—za+2a+1)(;)

X (1-n=8)+B(-n—1)ef]

[(n— D) (nAa+ A — )+ 1]¢(n, T,¢)anz"
2(2 £)(2Aa—2A+20+1) |1

- 2 (m+E-D)+Bm+1D][(n—D)(nrAa+A—a)
+l]¢(n T,¢)ay|7"|.

(2.5)

Thus, similarly we obtain
[¥(z) — (1+8)P(2)|
<(2-&)(Aa—24+2a+1) |1

1624

oo

z [(m+&E+1)+Bn+D][(n—1)(nAa+ A — o)

n
+1] (n,r,c)an\z"\.
(2.6)
Thus from (2.5) and (2.6), we get

[W(z)+(1-8)P(2)| - [¥(2) —
>2(1-&)2Aa—2A+2a+1)

2(n+8)+2B(n+1)]
1

[(n—1)(nAo+A — o) +1]9(n,T,¢)ay

(1+8)2(2)]

Ms

n

> 0.

If we use the inequality (2.1) in last inequality then we obtain
the desired result.

Conversely assume that that the function f defined by
the equation (1.1) is in the class X, (o, 4,7, ¢,&, B). That s,
the inequality (1.5) holds for the function f. By choosing the
value of z on the positive real axis, where 0 < |z| =r < 1 the
inequality (1.5) reduced to
o { (l+§)(21a72l+2a+1)7’21[(n+§)+ﬁ(n+l)][(nfl)(nlo&l—Oc)+l]¢(n.‘r,c)anr”+l }

(QAa—22+20+ 1)+ ¥ [(n—

n=1

1) (nAa+A—a)+1]¢(n,7.c)am+!

>0, where Re(—e/®) > —|e'?| = —
Letting » — 1~ through positive values, we obtain

i (n+&)+Bm+D][(n—1)(nro+A —a)+1)9(n,T,c)a,
< (1-8)2Aa—2A+2a+1)

and this is desired result. O

Corollary 2.2. Let the function f defined by the equation
(1.3) be in the class £,(o, A, T, ¢,&,B). Then

(1-&)2Aa—21+2a+1)

ap <

[(n+&)+Bn+1)|[(n—1)(nAa+A —o)+1]¢(n,T,c)

forn > 1. The result is sharp for each n for the functions of
the form

fn(Z) = %‘i’

(1-&)2Aa—21+2a+1)
(n+&)+Bn+1)|[(n—1)(nAa+A—a)+

n

o(n,t,0)° "
2.7)

where n > 1.

3. Convex Linear Combination

In this section, we shall prove the closure theorem of the
functions given by the form (1.3) in the class £, (o, A, 7, ¢, &, B).

Theorem 3.1. The class X,(a, A, 7, ¢,§,B) is closed under
convex linear combination.
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Proof. Let the functions f(z) = l + Z a,Z" and

g(z)= ——i— Z byZ" be in the class X, (o, A, T, ¢, &, B).
Then by Theorem 2.1, we have

nZI[(rH-é)—i—B(n-i- N[(n—1)(nAo+ A — o))

X ¢(n,1,c)an

<(1=8)2Aa—2A+20+1) a.1)
and
n;r[(n+§)+ﬁ(”+1)][("—1)(n7Loc+/l a)l
x $(n,7,c)an

<(1-&)(ha—2A+2a+1). 32)

For 0 < 7 < 1, define the function 4 as
h(z) = Tf(Z)+(1—T) (2).
Then, we get h(z) = = —|— ): [ta, +

n=

+(1—1)b,|Z".
Now, we obtain

L [(n+&)+B(n+1)]

(= D)(Aa+ 2 — )6 (n,7,¢)[tan+ (1 — T)by]
— (04 &)+ B+ D][(n— 1) (nha+A — a)]é(n,7,)an
+(1=7)[n+&E)+Bn+1)][((n—1)(nAa+A — )]

X ¢(n,T,c)by,
<t(l-a)+(1-7)(1-a)
= (1 —(X). SO,h(Z) eZP(a,l,T, c7€aﬁ)' 0

4. Convex Linear Combination

Theorem 4.1. Let fo( )=
1-€)( Zloc 2A+20+1)

fn(z) =z + [(n+&)+pB n+1)][(n (nAa+r—a) ]q)(n,r,c)zn’
neN. Then f € E,(a,A,7, ¢,§,B) if and only if it can be
represented in the form

flz)= i @, fn(2), where @, > 0 and i w, = 1.
n=0 n=0

- and

Proof. Assume that

Z) = Z wnfn(Z)a (wn ZO,n:071,2...’ an — 1> )
n=0 =

Then, we have

@)= £ ouful)

n=0
=y fo(z) + Z O f(z)

(1-&)(2A0—2A+20+1) n
7+ Z (n+&)+B(n +1)][(n—l)(n?tlx-ﬁ-l—a)]q)(nrr,c)Z :

Therefore

Y, (B D] (rAatA —@)]o(n.1c)
n=1 (1-€)(2Aa-2A+2a+1) ¥

8 (1-&)ha—2A+2041)
[(n+E)+B(n+1)][(n—1) (nha+A—a)]§(n,7.c)

1625 X

—Ya=l-am<l.
n=1
Hence, by Theorem 2.1, f € £,(a,A, 7, ¢,§,B).
Conversely, suppose that f € X,(c, 4,7, ¢,&,B). Since

by Corollary 2.2,
(1-&)2Aa—2A+20+1)

W S e B Dl Ninta+A-algra "2 1
ifwe S[?t S4Bt D][(n—1)(nAat+A—a)]¢(n.7,c)

n+¢)+p(n+ n—1)(nAoa+A—a n,T,c
O, = (1=8)2Aa—22+2a+1) an, n2 1
and oy = 1— Y @,, then we obtain

n=1
f(Z) = (D()f()(Z) + Z wnfn(z)
n=1

This completes the proof of the theorem. O

5. Radii of Starlikeness and Convexity

In this section, we find the radii of meromorphically close-
to-convexity, starlikeness and convexity for functions f in the
classZ,(a, 2,7, ¢,&,B).

Theorem 5.1. Let f € X,(a,A,7, ¢,&,B). Then f is mero-
morphically close-to-convex of order §(0 < 8 < 1) in the disk
|z| < 71, where
ri = inf | (=IO EBO D[ (et Ao (nne) oy

neN n(1-&)2Aa—2A+2a+1)
and the result is sharp.

Proof. Let f € Xy(a,A,7, ¢,§,B). It is sufficient to prove
that

122f (z)+1]<1-8 5.1

By Theorem 2.1, we have

Z [(n+8)+B(n+1)][(n—1)(nAo+A—a)]¢ (n,7,c)
(1-8)2ha—2A+2a+1)

So the inequality

2/ (@) +1] = | ¥ nay™!
n=1

holds true if

a, <1.

< Y naplz"t<1-86
n=1

nlz"t - [(n+8)+B(

-5 = a
Then, (5.1) holds true if

n+1)][(n—1)(nAa+A— oc)]q)(nrc)
—-&)2Aa—2A+2a+1)

Il < [(1-8)(n+8)+B(n+D][(n—1) (nAa+A— )] ¢ (n.T,c)

4 n(I—E)(2Aa—2A+20+1) )

which yields the close-to-convexity of the function and com-
pletes the proof.
Also, the result is sharp for the functions of the form (2.7). O

Theorem 5.2. Let f € X,(a,A,7, ¢,&,B). Then f is mero-
morphically starlike of order 6(0 < § < 1)
in the disk |z| < ry, where r, =
1
. _ — — n.T, n+l1
i (et ) 50 e oo
and the result is sharp.
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Proof. Let f € X,(at, 4,7, ¢,&,B). It is sufficient to prove
that

zf'(2)
f(2)

where 0 < 6 < 1, |z] < r. For the function f € £, given by
the equation (1.3), we get

(5.2)

+1‘<1—5

(n+ l)anmnJrl

Tts

zf'(2)
f(2)

<1-6

+1‘ <t/
1— Z an|Z|n+l
n=1

holds true if

By Theorem 2.1, we have

o [(4E)+B(n+1)][(n—1)(nAo+A—a)]d(n,7,c
£ ot e o, <

Then inequality (5.2) holds true if

("+2 5 | Il <

T(1-9)
[(n+§) B(n+D][(n=1)(nAa+A—0)]¢(n,T.)
(1-&8)2Aa—2A+20+1)

which is equivalent to

lz] <
1

(1-8) [(n+&)+Bn+1)][(n—1)(nAo+A—a)] ¢ (n,7,c) ] 71
n+2-9) (1-8)2Aa—2A+20+1)

which yields the starlikeness of the function and completes
the proof.
Also, the result is sharp for the functions of the form (2.7). O

Theorem 5.3. Let f € X,(a,A,7, ¢,&,B). Then f is mero-
morphically convex of order (0 < 8 < 1) in the disk |z| < r3,
where

1
. (1-8)  [(n+E)+B(n+1)][(n—1)(nAa+A—a)](n,7,c) ] 71
rz-—;gg n(nt2—9) ( } :

1-&)(2Aa—2A+2a+1)
The result is sharp for the extremal function f given by

lJr n(1-&)(2Aa—2A+20+1)
[(n+&)+B(n+D)][(n—1)(nAa+A—a)]¢(n,T,c)

z,nzl.

fn(Z) =

Proof. By using the technique employed in the proof of The-
orem 5.1 and 5.2, we can show that

2f"(2)
f'()
for |z| < r3 and prove that the assertion of the theorem is true.

The result is sharp for the functions given by the equation
2.7). O

+2’<1—5

1626

6. Hadamard Product

Theorem 6.1. For functions f,g € ¥, defined by (1.1), let
f.g€Xp(a,A,1, ¢,&,B). Then the Hadamard product

frgeXy(a,A,1, ¢,&,B),

where

p<
2
[[(n+§)+ﬁ<n+1)][(n71)<n/la+/lfa)]] o(n.7.c)-n(1—)?

5 .
{[(n-s—é)+B(n+1)][(n—l)(nkoc-&—l—oc)]] o (n,7,¢)(1—)2[1-8(n+1)]

Proof. From Theorem 2.1, we have

o [(n+8)+B(n+ D[(n—1)(nda+A —a)]¢(n,7.c)
= (1-&8)2Aa—2A+2a+1)

<1 6.1)

[(n+8)+ B+ D]i(n—1)(nAo+ A —a)]§(n,7,c)
(1-&8)2Aa—21+2a+1)

M

Aan

by

Mz

INF

(6.2)

From (6.1) and (6.2) we find, by means of the Cauchy-
Schwarz inequality, that

Z [(n+&)+B(n+1)][(n—1)(nAa+A—a)]¢(n,T.c)
(1-&)2Aa—2A+20+1)

XA/ ayb, <1.

We need to find the largest p such that

< [(n+p)+B(n+1)][(n—1)(nAa+A—a)]¢(n,7.c)
= (1—p)(2Za—22+2a+1) anby < 1.

Thus it is enough to show that
i [(n-‘rp)-‘rﬁgn-‘rl)][(n—1)(nl(x+l—ot)]¢(n,r,c)a”b
1

(6.3)

—p)2Aa—2A+20+1)

=

IA

;5 [(n+§)+ﬁ("+1)][(n*1)(Maﬂlfa)]d’(n-,f,c‘)m

= (1-8)2Aa—2A+2a+1)

that is,
(1—p)(n+ &)+ Blnt 1))
Vb S )+ Bl 1))

On the other hand, from (6.3), we have

Vapb, <

(6.4)

(1-&)(2Aa— 24 +2a+1)
[(n+&)+B(n+D][(n—1)(nAa+A —a)]¢(n,7,c)

Therefore in view of (6.4) and (6.5), it is enough to show that

(6.5)

(1— 5)(2)Loc 2A+20+1)
[(n+5)+ (n+1)][(n—1)(nAo+A—a)]9(n,7.c)
p)[(n+&)+B n+1)]
< (8 et
p s 1-

2(1-8)*(2ha—2A+20+1)¢(n,7.c)
[(n+&)+B(n+1)2[(n—1) (nA o+ A —)] 9 (n,T.c)+2(1—E)2 (2Aa—2A+20+1) ©

Let ®(n) =

2(1-8)22Aa—2A+2a+1)¢(n,1.c)
[(n+&)+B(n+ D)2 [(n—1)(nha+A—a)]p(n,7,c)+2(1-E)2(2Aa—2A+2a+1) °

Clearly @(n) is an increasing function of n(n > 1).
Letting n = 1, we have prove the assertion. |
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Theorem 6.2. For functions f,g € ¥, defined by (1.1), let
f.g EZP(Ot A, T, ¢,&,B). Then the function

k(z) = f—i— Z (a2 +b2)7" is in the class
=1
(o, A,1, c,’g’ B), where
p<1-

4(1-8)2[2Aa—2A420+1)]9 (n,7.c)
[(11+§)+B n+l N2 [(n—1)(rAa+A—a)]¢ (n,7,c)—2(1—&)2[n+B (n+1)]

[Ma 2/1+205+ 1] -

Proof. Since f,g € X,(, 4,7, ¢,§,B), we have

2 [[n4E)+B(r+D][(n—D(nAa+A-a]d(ne) 12
)} { (175)(21057214:120&1;1 : a"}

n=1

<1 (6.6)

2 [l(+E)+B(nt1)][(n—1) (Aot A-)]o(nzc) , 1
)} [ (1-8)(2ha—2A+2a+1) : bn}

<1. 6.7)
Combining the inequalities (6.6) and (6.7), we get

> 1 {[<n+e:>+ﬁ<n+1>]anl)(nxamfa)w(n.,r,c)]2
2 (1-&)2Aa—2A+20+1) :

n=1
(a2 +b2) < 1.
But, we need to find the largest p such that

(@2 +b2) < 1. (6.8)

The inequality (6.8) would hold if

—D)(nAat+A—a)]¢(n,7,c)
(2Aa—2A+20+1) an

(n—1) (Aot A— a)m(n,r,c)r
)2Aa—2A+2a+1) :

{ n+p +[3 n+ )l(n
<

—p)(
1 [ (4+E)+B(n+ )]
2 (1=8)(
Then we have
p<l1-

4(1=8)2[2Aa—2A+20+1)]¢ (n,7,¢)

[+ O+ Bt D= D) (A o+ A—0)]o (m,7.0)—2(1—&) 2t B+ 1)]2Aa—2A+20+1] °
Let ®(n) =

4(1-8)?[2Aa—2A+20+1)]¢ (n,7,¢)
[+ E) B+ )2 [(n—1) (nhotA—a)]p (n,7,¢)—2(1—-&)2[n+ B (n+1)]2A a—22+2a+1] *

A simple computation shows that ®(n+ 1) — ®(n) > 0 for all n.
This means that ®(n) is increasing and ®(n) > P(1).
Letting n = 1, we prove the assertion. O

7. Integral Operators

In this section, we consider integral transforms of func-
tions in the class X,(a, A, 7, ¢,&, B) of the type considered
by Goel and Sohi [8] .

Theorem 7.1. Let the function f € ¥, defined by the equation
(1.3) is in the class of Xp(a, A, T, ¢,&, B). Then the integral
operator

Z
F(2) :d/udf(uz)du, O<u<l,0<d<o (1.1
0

1627

isinXy(a,A, T, ¢c,p,B), where
p<i-

2d(1-&)[2Aa—2A+20+1)]
d(1-8)[22a—2A+20+1)[+(d+2) (2k+E+1)
and the result is sharp.

Proof. Let the function f € X, given by (1.3) is in the class
X,(a,A,7, ¢,&,B). Then by a simple computation we have

1

R d
F(z)=d [ u’ =- ——a,?". (12
) do/u F(uz)du z+n§d+n+1” (7.2)
We have to show that
i d[(n+p)+B(n+1)][(n—1)(nAa+A—a)]¢(n,7,c)
P (d+n+1)(1—-p)2Aa—22+2a+1)
Xa, < 1. (7.3)

SincefEE (a, 4,7, ¢,&,B), we have

n+&)+B(n+1)][(n—1)(nrAo+A—a)]o(n,7,c)
Z : 7§)“2m 2A+20+1) ! an < 1.
We note that the inequality (7.3) is satisfied if
d[(n+p)+B(n+1)][(n—1)(nAa+A—a)]¢(n,7,c)
(d+n+1)(1—p)2Aa—2A+20+1)
< 48 +Bn+D][(n=D(nda+A—0)]¢(n,7.c)
- (1-&)2Aa—2A+2a+1) :
Then we get p < 1—
2d(1=&)[n+k(n+1)]

[(n+E—EB (n+1)](n+d+1)+(1-E)[1-B(n+1)] "
By a simple computat10n we can show that the function
¢(n)=1-

(A=&)[1+B(n+1)]+dn
(d+n+1)[n+B+k(n+1)]—d(1—B)[n+k(n+1)]
is an increasing function of n(n > 1) and ¢ (n) > ¢(1).

Using this, we obtain the desired result. 0
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