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1. Introduction

The integral inequalities play a fundamental role in the
theory of probability and statistical problems. For details,
we refer to [2-5, 14-16] and the references therein. The
study of the integral inequalities using fractional calculus is
also of great importance, we refer the reader to [1, 6-11]
for more information and applications. Recently, by using
the different fractional integral operators such as Riemann-
Liouville fractional integral, k—Riemann-Liouville fractional
integrals, (k,s)—Riemann-Liouville fractional integral, many
researchers presented several fractional applications for con-
tinuous random variable whose the probability density func-
tion (p.d.f). For some applications on the subject, one may
refer to [1, 6, 7, 9-12, 19], and the references cited therein. Z.
Dahmani [6], established some inequalities for the fractional
dispersion and variance functions of continuous random vari-
ables by using the Riemann-Liouville fractional integrals. In
[1] A. Akkurt et al. proposed some generalizations of the
results in [6] by applying the generalized Riemann-Liouville
fractional integrals. In [12] M. Houas established some in-
tegral inequalities of expectation and variance of continuous

random variables by applying the k—Riemann-Liouville frac-
tional integral operators. Also in [8, 9] Z. Dahmani et al.
presented new W —weighted concepts for continuous random
variables with applications involving Riemann-Liouville frac-
tional integral operators. M. Tomar et al. [19] presented some
new integral inequalities for the (k,s)—fractional expecta-
tion and variance functions for the (k,s)—Riemann-Liouville
fractional integral . Z. Dahmani [7] presented new applica-
tions of Riemann-Liouville fractional operators for continu-
ous random variables. Then, he established several integral
inequalities for the fractional dispersion and the fractional
variance functions, also some corollaries on the paper [6],
were corrected. Recently, M. Houas et al. [10] derived cer-
tain integral inequalities for the (r, @)—moments involving
Riemann-Liouville fractional integral operators. Very recently,
M. Houas [13] established new estimations on continuous ran-
dom variables for (k,s)—fractional operators. Motivated by
the above works, in this paper, we present new fractional
results integral for the (k,s)—fractional moments.

2. Preliminaries

We recall the notations and definitions of the (k, s) —fractional
integration theory [17, 18].

Definition 2.1. The Riemann-Liouville fractional integral of
order o > 0, for a continuous function f on [a,b] is defined
by

JEf O] = e [ =0 f(D)dTs a<i<b, Q1)

where T (&) = [5" e "u®'du.



Integral inequalities involving (k,s)— fractional moments of a continuous random variables — 1630/1634

Definition 2.2. The k—Riemann-Liouville fractional integral
of order o. > 0, for a continuous function f on [a,b] is defined
by

a
k

L f(t)dta<t<b,
(2.2)

W (0] = g 10— )

where Ty (&) = 5" e Fu® du.

Definition 2.3. The (k,s) —Riemann-Liouville fractional in-
tegral of order a > 0, for a continuous function f on [a,b] is
defined as

-
_ (s+1) &

= @ [é (ts+l _ ,L.s+1)

Tf(t)dt; a<t <b,
(2.3)

where k >0, s € R\ {—1}.

For t = b, we have

1-¢ a_
SELF )] = S I (=) e (n)de
(2.4)
where k >0, s € R\ {—1}.

Theorem 2.4. Let f be continuous on [a,b], k >0, and s €
R\{—1}. Then,

g BB o] = P 1= E Baetr o),
2.5

Jorallaa>0,B>0,a<t<bh.
We recall also the following definitions [6, 19].

Definition 2.5. The (k,s) —fractional expectation of order
a > 0 for a random variable X with a positive p.d.f. f defined
on |a,b] is defined as

k
xEXﬂ

_ Ts+1)%—1 (2.6)

s+ %
ka((x)

ot f(1)dt

Q— >

(bs+l

where k >0, s € R\ {—1}.

Definition 2.6. The (k,s) —fractional variance of order ot >0

for a random variable X having a positive p.d.f. f on [a,b]
is defined as

(0%
(s+1) i s+l _ s+l -1 s 2
= kl"k f(b )E T (- E(X)) f(1)dr,
a

2.7)
where k >0, s € R\ {—1}.
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For the (k, s) —fractional moment of orders of X, we recall
next definition [11].

Definition 2.7. The (k,s) —fractional moment of orders (r,a) ,r

0, o > 0 for a continuous random variable X having a p.d.f.
f defined on [a, D] is defined as

kM, o

,L-Y+1)

=R

Q—

(s+1)'~ (2.8)

KTy (o)

a
k

(bH»l ,z..errf(,L.) dt

where k >0, s € R\ {—1}.

Remark 2.8. (i*) If we take oo = k = 1 and s = 0 in Definition
2.7, we obtain the classical moment of order r > 0 given by

= Jo T f(v)dt
(i**) If we take k = 1 and s = 0 in Definition 2.7, we obtain
the fractional moment of order (r,&) ,r >0, o > 0 given by

Myq = Jg (£ (B)]-
Also, we recall the following generalized property of the

p.d.f. of X [13].

Theorem 2.9. Let X be a continuous random variable having
apd.f. f:|a,b] = R*. Then we have

Ii(o—kn+k) w
(o +k)(s+1)n ==0
x ls(Mi(s-‘rl),a—kn-‘rka

M) = 1)CplHIeD

2.9)

where o0 > 0,k >0 and s € R\ {—1},n=[{].

3. Main Results

>

In this section, we present new results for the (k, s)—fractional

moments of continuous random variables. The first main re-
sult is the following theorem.

Theorem 3.1. Let X be a continuous random variable with
apd.f.f:la,b) =R and a > k,k > 0,5 e R\{—1};n=
£-1].
k
() If f € Lofa,b

|, then

Fk(a kn)
Fk((x)(s+ l)n

( 1) Ci pls+1)(n—i) kM-
b0 ko) <g>]—kﬂn<
—ak

1

i(s+1),00—kn
E(X)) f(b)] M- 1,0

bH»] —
<IrIR W] g )

k
Ti(o+k) (s+1)
G.1)

(ii) We have also

Dila—kn) -
Ti(a)(s+ 1) sMi(s+1),0—kn
X W& (b= E(X)) f(b)] = &b~ EX)If(B)] iMr—1 0
<A o (s

k
Ly (o
)Ctb(s-‘rl)(n 9 le(Hl)Oc kn)

;_1:0(_ 1 )iC£Zb(s+l)("7i)

(s+1)
Yiso(-1
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Proof. In [3, 4], it has been proved that

s+1
(};F)z()f Ja e -
(bs+1 ps+1)f Tpp
x(g(7) —g(p))(h(7 )
=208 [p(b)] 1 pgh(b)] -

s+l)%71

)p(7)
h(p)dpdt

2 3 pg(b)] {1 [ph(D)]-
3.3)

/\/\

If we choose in (3.3) p (b) = f(b),g(b) =b—E(X),

h(b) = b"~', then we get
%1_‘)2()[ f (varl \+1)% l(bv+1 s+1)%71
xpi(p — 1) (v —p ) f(2)f(p)dpdT
=207 [f(D)] g b ](b E(X)) f(b)]
=2 3 Z[b—EX)]f(b)] iMr—1.a-
(3.4)
We have also
%f:fab(bs+l _Terl) l(bs+1 v+l)%71
xp*(p—T)(v" ' —p ") f(T)f(p)dpdt
<I| £112 (s+ 120 st st E=1 gl _ sty E-1
<|I £l Wff(f JET (T = ptt)k

xtps(p—1)(t" 1 —p!
=1 £1 (2 00 1 7] = 23 18) 31 ))
(3.5)

By (3.4), (3.5) and (2.9), we obtain (3.1).
To prove (ii), we remark that

s+1)2
k(ZIk( )) [ (o )f j (bSH
(bHrl

p*ﬂ)ﬁ”rp F(2)f(p)(t — p)2dpde
< et |7 PP U O)) < (0 U ()
x'p*(p—1) (v —p!
= 1 (2308 1] 12 b) — 2302 [B] 3126 1]) -
3.6)

s+1)%—l

Then, thanks to Theorem 2.8 and using (3.4), we get (3.2).
O

Using two fractional parameters, we consider the follow-
ing generalization of the above results:

Theorem 3.2. Let X be a continuous random variable having
a probability density function f defined on |a,b]. Then we
have

(i*) Forallk >0,s e R\{—1},a >kand B > k

Tv(B —km) .
Cz b(v+l)(m i) kMi s Cim
rk( )(S+1) ( ) s (;-l)ﬁ ki
T (0 — kn) E2(X)
M o —2E(X) SE _
X(k 2,00 ( )k X,oc+ Fk(a)(s+1)”
X Z?:O(fl)icitb(ﬁ—l)(n_i) AI;Mi(s-ﬁ-l),ot—kn)
Fk(afkn) L .
no(_1)i lb(&+1)(n i) kg
Fk(a)(s+1)" 1:0( )Cn s™Mi(s+1),a—kn
(B — km)E?(X)
X | My g —2E(X) {Ex g+
(1920 -2200) 105+
Yio(—1)iCpptthim= SMigi1) p—km
bs+1_ax+l>%

<2(*Ex_px)a) CEx- E(x).p) T 1712 z

L (B+k)(s+1)
s o b2 (le—aHl)%a SIE b2 —251%1p slf b2
x 7| ]+Fk(a+k)(s+1)?k [b°] = 2313 [b] 11 [
(3.7)

where f € Lo [a,b],n=[% — 1] and m = [%_ }
(i*) Forany a >k, > kk > 0,5 € R\ {—1} the inequal-
ity
_TB—kn) .,
Fk(a)(s+1)'"z o(=1)'€
X (}Ma,q —2E(X) {Ex o+
Fk(a kn) )Zn (_1) 1b(s+l)(n i) kM(erl)ockn)
k
(¢’

—(
(F)(( L

o—kn o .
+W o(—=1)Cp DKMy o g
X (\Mpp —2E(X) {Ex p+

Ti(B — kn)E*(X) )
mo(_ Clb(erl)(m i) kM . Y
Fk(ﬁ)(s+1)m l—O( ) (s+1),B—k
<2 (lgExfE(X),a) (]s(ExfE( )ﬁ) (b—a)

Ci b(s+1)(in—i) ];Mi(er 1).p—km

LB k) o yyic o ky,

x( ) 1) Lo(—1)'CLb i(s+1),B—km
I'v(a—kn i

X (k()(SI))E:n ( ) lb(s+1>(n—l) A]:M[(S_;_l)’a—k;z) )

(3.8)
hold withn = [& 1], m=[§ 1]
Proof. We have ( see [3, 4])

_otp
(s+1 )2(] k )
KT (a)Ti (B)

(bs+1 ps+1)%*1
+ slﬁ[
~2IX[f(B)](b— E(X))] B [£(b) (0 — E(X))].

o
L0,
Ssa2ez

1631
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By the hypothesis f € L ([a,b]), we obtain

(s+1)2(17a‘i3) bt

KTy ()T (B) {{
B

—p )X wpt (t—p)’ £ (7) £ (p) drdp

2<l—a+ﬁ bb
(s+1) F 773+1)%71

<IIfI2% Wff (b
B_4

(bs+1 ps+1)k T“'p‘(’C—p)szdp
SRR AGCIRSTANHALY
SHOTACIR

(bs+l

(3.10)

Thanks to (3.9), (3.10) and (2.9), we obtain (3.7).
For the second part of Theorem 3.1, we remark that,

(bH»l s+1)%*'

(- P) (T

So, applying Theorem 2.8 and thanks to (3.9), (3.11), we get
(3.9). O

Remark 3.3. Taking a = B in the above theorem, we obtain
Theorem 3.1.

We give also the following estimation for the (k, s)
moment:

Theorem 3.4. Let X be a continuous random variable having
ap.d.f. f:la,b] — RT. Then, forallk >0,s e R/ {—1} and
o >k, we have

Fk((x—kn) . .
M yn (—1)ici plsD (i) kpy
Te(a)(s+1)" i~o(—1)'G, sMi(s+1),0—kn
X I;MZr,a - ?M’%a
Fk(a—kn) L .
<L ZKETE wn i plstD i)
-4 <Fk(06)(s+1)” ’:2( )G

r r 2
% ‘]‘?Miz(s+l),a7kn) (b —a")”,

(3.12)

where n = [%—1].

Proof. Using a (k,s) —fractional Gruss result [17], we can

write
|59 [p(B)] I [phg(b)] — flg‘ [ph(b)] I [pe(b)]|
<1 (B pd))” (L-1?.
(3.13)
In (3.13), we replace & by g, we will have
|42 p )] 598 [ 0] = (W2 g D]y 1

< Lk p))* (L 1)

1632

—fractional

Taking p(¢) = f(¢t) and g(¢t) =1",t € [a;b] ; we obtain [ =
a’,L = b". Hence, the inequality (3.14) allows us to obtain
r r 2
0< WL (B)] 35 [Pr ()] = (2 f (0)
< FEEL®)) (B —an)?,

this implies that

(3.15)

2
M2, <5 (I IFB)]) (b —a).
(3.16)
By Theorem 2.8, we get (3.12). 0

L ()] $Mora —

Remark 3.5. Applying Theorem 3.3, for o =k =1 and s =0,
we obtain Theorem 3.2 in [13].

We present also the following estimation:

Theorem 3.6. Let X be a continuous random variable having
a probability density function f defined on |a,b]. Then, for all
k>0,seR/{-1}, a>k,B >k, we have

Fk((l—kn)
Li(a)(s+1)"
([j SA4)i(s+l),Oc—an2r,ﬁ

Fk —km i i G i
g\ T ym (] lCinb(A-I-])(m—l)
L) 1y ot
. s(Mi(s-ll;l)),ﬁ—kmM%,Oc

(o —kn S L
_—KZ T yn (] lclb(.s+l)(n i)
Fk(a)(s—i—(l)" kl—)o( VG

T'iv(oe —kn . i,
b no(_q ici p(s+1)(n—i)
Tl 1 oo =G

n ( l)tctb(s'+1)(n—i)

< (d+D)

k
sMi(x+1),oc—kn -

p P ymo( iC;nb(x+1)('n7i)
(B G ool
X sMi(s+1),B fmMra
T (B — km)

m (_1\ict p(s+1)(m—i) k
B 1y ol G i)t

(3.17)
where n = [%71] and m = [%71}.

Proof. We take p(b) = f(b),g(b) =

of [17], we can write

b" and by Theorem 2.4

Bwvwn@vaw]+wﬁﬂmwﬂ@%ﬂm
Y OOl
< (L 1F (B)] = S f (B)])
HACHOEIARD))

A OIEIAD)

( LI f (b)) - kfﬁ[ff<bn)f,

—~ =

(3.18)
This implies that
KIS Lf (0)) Mo + ST [ (8)] Mara
[

< (L) [ [£ (0) Mo + SIE 1 (8)) M
~ALKIELF0)] 4211 (B)).
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Substituting the values of / and L in (3.19) and by Theorem
2.9, we obtain (3.17). ]

We also prove the following result.

Theorem 3.7. Let X be a continuous random variable having
ap.d.f. f:[a,b] = R*Y. Then, forallk >0,s c R/{—1} and
a >k, we have

(b(m)_a(m))%*2
———a Mg

(s+1) E Ty (a+1)

(o —kn) . i
__—KRE M oy )ici plst1)(n—i)
[p(a)(s+1)" ~0(=1)'G,

SMi(i 1) qkn X SIE[DT])|

4 (3.20)
(b(m)_a(m))?*z

<(L-1
y (b(ﬁl);a(wl))%*z
(s-+1) K Ty (ot 1)

where n = [%—1].

o
(s+1) & Ty (a+1) 1
2

fWW(Wm@,

Proof. Using Theorem 3.8 of [17], we can write

| K2 (1] 472 (Fg ()] — I8 1F (b)) 402 2 )]
< (L1,

x (L) g [ 0)] - (e e o))

(3.21)

1
2

If we put g (b) = b", in (3.21), we obtain

| K [0 B 0 7 () = K2 L ()] 402 )
< (L-1) 4l
(B0 2oz (5] - (02 )?)”

(3.22)

Then, by (2.9), we get (3.20). ]

Using two fractional parameters, we establish the follow-
ing generalization.

Theorem 3.8. Let f be the p.d.f. of X on [a,b]. Then, for all
k>0,seR/{-1}, a >k, >k, we have

-2 (b(x+l)7a(s+l) %*2

o
pls+1) _g(s+1)) &
e s L VS

[ Mg
(s+1) K Ty (a1 (s+1)ETe(B+1)
I'v(ax—kn :
(k( )( )) Zn (7 )z 1b(s+1)(n—t)
M; k 1B

s+1),a—kn v‘ltl [br]

" o(—1)iClplstm=0) I;Mi(.wrl),ﬁfkm

o
P+ _gls+1) )& 72
< (L( )

(s+1) K Ty (o+1)
P o(—1)iCiptT =D fMi(s+1),a—kn>
(3.23)

1633

7o (= D)ICLBES DD KN Bt

l (b(s+1>a(.v+1))§—2>

(s41) £y (B 1)

Fk(a—kn) g .
no o Dicipt)(n—i) kg
+ (Fk(a)(er 1)" ZI=0( ) Cnb s™Mi(s+1),00—kn
(ﬁl))%*z

@ 5 B
(b(s+l)7a(s+l))k (b(s+l>7a .

(A‘+1)%Fk(05+1) <S+1)7r‘k<ﬁ+1)

Fk(B *km) m i (S—H)(m—i) k

Fk(ﬁ)(s+1)m2":0( 1)Cb sMi(s11).p—m
Dela—kn) o, i p(s+1) (n—i) k

(o) o 1) oo~ D'Gib M1yt

(s+1)_ (s+1)) £2
% (b aa ) I;JE [bZr]
(s+1) & Ty (ar+1)
1
2

fﬂﬂawmwmy

>~

(h(.s+])7a(.s+l))7_2
L S
(s+1) KT (B+1)
where m = {%— ] and n = [%—1].

Proof. Thanks to Theorem 3.10 of [17], we can state that

KJE ] KIR [fg (b)) + 8 [1] KI& (£ (b)]

S AUCEANO R AN CEAND)]
< [whem - frerron) (Ve -t m)
+ (gt e - g ) (L4 - S8 o))

x (bag ] 498 (g2 ()] + ff[l ] 598 [¢2 (0)]

D=

k
—288 g ()] 478 g (b))
(3.24)

In (3.24), if we take g (t) = b", we obtain

L1 1) K8 (b f (b)) + I8 (1] KIS £ (b))
AN ALV AR O
SN VARON ARG
ACAROIEYAN VARV AT
AN A ER VAN

1

SR ASA

(3.25)

Finally, by Theorem 2.9, we obtain (33. O
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