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Abstract
In this work, we establish some new integral inequalities of (k,s)−fractional moment of continuous random
variables by using the (k,s)−Riemann-Liouville integral operator.
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1. Introduction
The integral inequalities play a fundamental role in the

theory of probability and statistical problems. For details,
we refer to [2–5, 14–16] and the references therein. The
study of the integral inequalities using fractional calculus is
also of great importance, we refer the reader to [1, 6–11]
for more information and applications. Recently, by using
the different fractional integral operators such as Riemann-
Liouville fractional integral, k−Riemann-Liouville fractional
integrals, (k,s)−Riemann-Liouville fractional integral, many
researchers presented several fractional applications for con-
tinuous random variable whose the probability density func-
tion (p.d. f ). For some applications on the subject, one may
refer to [1, 6, 7, 9–12, 19], and the references cited therein. Z.
Dahmani [6], established some inequalities for the fractional
dispersion and variance functions of continuous random vari-
ables by using the Riemann-Liouville fractional integrals. In
[1] A. Akkurt et al. proposed some generalizations of the
results in [6] by applying the generalized Riemann-Liouville
fractional integrals. In [12] M. Houas established some in-
tegral inequalities of expectation and variance of continuous

random variables by applying the k−Riemann-Liouville frac-
tional integral operators. Also in [8, 9] Z. Dahmani et al.
presented new W−weighted concepts for continuous random
variables with applications involving Riemann-Liouville frac-
tional integral operators. M. Tomar et al. [19] presented some
new integral inequalities for the (k,s)−fractional expecta-
tion and variance functions for the (k,s)−Riemann-Liouville
fractional integral . Z. Dahmani [7] presented new applica-
tions of Riemann-Liouville fractional operators for continu-
ous random variables. Then, he established several integral
inequalities for the fractional dispersion and the fractional
variance functions, also some corollaries on the paper [6],
were corrected. Recently, M. Houas et al. [10] derived cer-
tain integral inequalities for the (r,α)−moments involving
Riemann-Liouville fractional integral operators. Very recently,
M. Houas [13] established new estimations on continuous ran-
dom variables for (k,s)−fractional operators. Motivated by
the above works, in this paper, we present new fractional
results integral for the (k,s)−fractional moments.

2. Preliminaries
We recall the notations and definitions of the (k,s)−fractional

integration theory [17, 18].

Definition 2.1. The Riemann-Liouville fractional integral of
order α > 0, for a continuous function f on [a,b] is defined
by

Jα
a [ f (t)] = 1

Γ(α)

∫ t
a (t− τ)α−1 f (τ)dτ; a < t ≤ b, (2.1)

where Γ(α) =
∫

∞

0 e−uuα−1du.
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Definition 2.2. The k−Riemann-Liouville fractional integral
of order α > 0, for a continuous function f on [a,b] is defined
by

kJα
a [ f (t)] = 1

kΓk(α)

∫ t
a (t− τ)

α

k −1 f (τ)dτ; a < t ≤ b,

(2.2)

where Γk (α) =
∫

∞

0 e−
uk
k uα−1du.

Definition 2.3. The (k,s)−Riemann-Liouville fractional in-
tegral of order α > 0, for a continuous function f on [a,b] is
defined as

k
sJα

a [ f (t)]

= (s+1)1− α
k

kΓk(α)

∫ t
a
(
ts+1− τs+1

) α

k −1
τs f (τ)dτ; a < t ≤ b,

(2.3)

where k > 0, s ∈ R\{−1} .

For t = b, we have

k
sJα

a [ f (b)] = (s+1)1− α
k

kΓk(α)

∫ b
a
(
bs+1− τs+1

) α

k −1
τs f (τ)dτ.

(2.4)

where k > 0, s ∈ R\{−1} .

Theorem 2.4. Let f be continuous on [a,b] , k > 0, and s ∈
R\{−1} . Then,

k
sJα

a

[
k
sJβ

a [ f (t)]
]
= k

sJα+β
a [ f (t)] = k

sJβ
a
[

k
sJα

a [ f (t)]
]
,

(2.5)

for all α > 0, β > 0,a < t ≤ b.

We recall also the following definitions [6, 19].

Definition 2.5. The (k,s)−fractional expectation of order
α > 0 for a random variable X with a positive p.d. f . f defined
on [a,b] is defined as

k
sEX ,α

= (s+1)1− α
k

kΓk(α)

b∫
a

(
bs+1− τs+1

) α

k −1
τs+1 f (τ)dτ,

(2.6)

where k > 0, s ∈ R\{−1} .

Definition 2.6. The (k,s)−fractional variance of order α > 0
for a random variable X having a positive p.d. f . f on [a,b]
is defined as

k
sσ2

X ,α

= (s+1)1− α
k

kΓk(α)

b∫
a

(
bs+1− τs+1

) α

k −1
τs (τ−E (X))2 f (τ)dτ,

(2.7)

where k > 0, s ∈ R\{−1} .

For the (k,s)−fractional moment of orders of X , we recall
next definition [11].

Definition 2.7. The (k,s)−fractional moment of orders (r,α) ,r >
0, α > 0 for a continuous random variable X having a p.d. f .
f defined on [a,b] is defined as

k
sMr,α

= (s+1)1− α
k

kΓk(α)

b∫
a

(
bs+1− τs+1

) α

k −1
τs+r f (τ)dτ,

(2.8)

where k > 0, s ∈ R\{−1} .

Remark 2.8. (i∗) If we take α = k = 1 and s= 0 in Definition
2.7, we obtain the classical moment of order r > 0 given by
Mr =

∫ b
a τr f (τ)dτ.

(i∗∗) If we take k = 1 and s= 0 in Definition 2.7, we obtain
the fractional moment of order (r,α) ,r > 0, α > 0 given by
Mr,α = Jα

a [ f (b)] .

Also, we recall the following generalized property of the
p.d. f . of X [13].

Theorem 2.9. Let X be a continuous random variable having
a p.d. f . f : [a,b]→ R+. Then we have

k
sJα+k

a [ f (b)] =
Γk(α− kn+ k)

Γk(α + k)(s+1)n ∑
n
i=0(−1)iCi

nb(s+1)(n−i)

× k
sMi(s+1),α−kn+k,

(2.9)

where α ≥ 0,k > 0 and s ∈ R\{−1} ,n = [α

k ].

3. Main Results
In this section, we present new results for the (k,s)−fractional

moments of continuous random variables. The first main re-
sult is the following theorem.

Theorem 3.1. Let X be a continuous random variable with
a p.d. f . f : [a,b]→ R+ and α ≥ k,k > 0,s ∈ R\{−1} ;n =[

α

k −1
]
.

(i) If f ∈ L∞ [a,b] , then

Γk(α− kn)
Γk(α)(s+1)n ∑

n
i=0(−1)iCi

nb(s+1)(n−i) k
s Mi(s+1),α−kn

× s
kJα

a [br−1 (b−E(X)) f (b)]− s
kJα

a [[(b−E(X)) f (b)] s
kMr−1,α

≤‖ f ‖2
∞

(
(bs+1−as+1)

α
k

Γk(α+k)(s+1)
α
k

s
kJα

a [br]− s
kJα

a [b] s
kJα

a [br−1]

)
,

(3.1)

(ii) We have also

Γk(α− kn)
Γk(α)(s+1)n ∑

n
i=0(−1)iCi

nb(s+1)(n−i) k
s Mi(s+1),α−kn

× s
kJα

a [br−1 (b−E(X)) f (b)]− s
kJα

a [[b−E(X)] f (b)] s
kMr−1,α

≤ 1
2 (b−a)(br−1−ar−1)

(
Γk(α− kn)

Γk(α)(s+1)n

∑
n
i=0(−1)iCi

nb(s+1)(n−i) k
s Mi(s+1),α−kn

)2
.

(3.2)

1630



Integral inequalities involving (k,s)− fractional moments of a continuous random variables — 1631/1634

Proof. In [3, 4], it has been proved that

(s+1)2(1− α

k )

k2Γ2
k(α)

∫ b
a
∫ b

a (b
s+1− τs+1)

α

k −1

(bs+1−ρs+1)
α

k −1
τsρs p(τ)p(τ)

×(g(τ)−g(ρ))(h(τ)−h(ρ)dρdτ

= 2s
kIα

a [p(b)]
s
kIα

a [pgh(b)]−2 s
kIα

a [pg(b)] s
kIα

a [ph(b)].
(3.3)

If we choose in (3.3) p(b) = f (b),g(b) = b−E(X),
h(b) = br−1, then we get

(s+1)2(1− α

k )

k2Γ2
k(α)

∫ b
a
∫ b

a (b
s+1− τs+1)

α

k −1(bs+1−ρs+1)
α

k −1

×τsρs(ρ− τ)(τr−1−ρr−1) f (τ) f (ρ)dρdτ

= 2s
kIα

a [ f (b)]
s
kIα

a [b
r−1 (b−E(X)) f (b)]

−2 s
kIα

a [[b−E(X)] f (b)] s
kMr−1,α .

(3.4)

We have also

(s+1)2(1− α

k )

k2Γ2
k(α)

∫ b
a
∫ b

a (b
s+1− τs+1)

α

k −1(bs+1−ρs+1)
α

k −1

×τsρs(ρ− τ)(τr−1−ρr−1) f (τ) f (ρ)dρdτ

≤‖ f ‖2
∞

(s+1)2(1− α

k )

k2Γ2
k(α)

∫ t
a
∫ t

a(t
s+1− τs+1)

α

k −1(ts+1−ρs+1)
α

k −1

×τsρs(ρ− τ)(τr−1−ρr−1

=‖ f ‖2
∞

(
2 s

kIα
a [1]

s
kIα

a [b
r]−2s

kIα
a [b]

s
kIα

a [b
r−1]
)
.

(3.5)

By (3.4), (3.5) and (2.9), we obtain (3.1).
To prove (ii), we remark that

(s+1)(2−
2α

k )

k2Γk(α)Γk(α)

∫ t
a
∫ t

a(b
s+1− τs+1)

α

k −1

(bs+1−ρs+1)
β

k −1
τsρs f (τ) f (ρ)(τ−ρ)2dρdτ

≤ supτ,ρ∈[a,b] |τ−ρ|2 s
kIα

a [ f (b)]
2 ≤ (b−a)2 s

kIα
a [ f (b)]

2

×τsρs(ρ− τ)(τr−1−ρr−1

=‖ f ‖2
∞

(
2 s

kIα
a [1]

s
kIα

a [b
r]−2s

kIα
a [b]

s
kIα

a [b
r−1]
)
.

(3.6)

Then, thanks to Theorem 2.8 and using (3.4), we get (3.2).

Using two fractional parameters, we consider the follow-
ing generalization of the above results:

Theorem 3.2. Let X be a continuous random variable having
a probability density function f defined on [a,b]. Then we
have

(i∗) For all k > 0,s ∈ R\{−1} ,α ≥ k and β ≥ k

Γk(β − km)

Γk(α)(s+1)m ∑
n
i=0(−1)iCi

mb(s+1)(m−i) k
sMi(s+1),β−km

×
(

s
kM2,α −2E(X) s

kEX ,α +
Γk(α− kn)E2(X)

Γk(α)(s+1)n

×∑
n
i=0(−1)iCi

nb(s+1)(n−i) k
sMi(s+1),α−kn

)
+

Γk(α− kn)
Γk(α)(s+1)n ∑

n
i=0(−1)iCi

nb(s+1)(n−i) k
sMi(s+1),α−kn

×
(

s
kM2,β −2E(X) s

kEX ,β +
Γk(β − km)E2(X)

Γk(β )(s+1)m

∑
m
i=0(−1)iCi

nb(s+1)(m−i) k
sMi(s+1),β−km

)
≤ 2

(
k
sEX−E(X),α

)(
k
sEX−E(X),β

)
+‖ f‖2

∞

[
(bs+1−as+1)

α
k

Γk(β+k)(s+1)
β

k

× s
kIα

a [b
2]+ (bs+1−as+1)

α
k

Γk(α+k)(s+1)
α
k

s
kIβ

a [b2]−2s
kIα

a [b]
s
kIβ

a [b2
]
,

(3.7)

where f ∈ L∞ [a,b] ,n =
[

α

k −1
]

and m =
[

β

k −1
]
.

(ii∗) For any α ≥ k,β ≥ k k > 0,s∈R\{−1} the inequal-
ity

Γk(β − kn)
Γk(α)(s+1)m ∑

n
i=0(−1)iCi

mb(s+1)(m−i) k
sMi(s+1),β−km

×
(

s
kM2,α −2E(X) s

kEX ,α+
Γk(α− kn)E2(X)

Γk(α)(s+1)n ∑
n
i=0(−1)iCi

nb(s+1)(n−i) k
sMi(s+1),α−kn

)
+

Γk(α− kn)
Γk(α)(s+1)n ∑

n
i=0(−1)iCi

nb(s+1)(n−i) k
sMi(s+1),α−kn

×
(

s
kM2,β −2E(X) s

kEX ,β+
Γk(β − kn)E2(X)

Γk(β )(s+1)m ∑
m
i=0(−1)iCi

nb(s+1)(m−i) k
sMi(s+1),β−kn

)
≤ 2

(
k
sEX−E(X),α

)(
k
sEX−E(X),β

)
+(b−a)2

×
(

Γk(β − kn)
Γk(α)(s+1)m ∑

n
i=0(−1)iCi

mb(s+1)(m−i) k
sMi(s+1),β−km

)
×
(

Γk(α− kn)
Γk(α)(s+1)n ∑

n
i=0(−1)iCi

nb(s+1)(n−i) k
sMi(s+1),α−kn

)
,

(3.8)

hold with n =
[

α

k −1
]
, m =

[
β

k −1
]
.

Proof. We have ( see [3, 4])

(s+1)
2
(

1− α+β

k

)
k2Γk(α)Γk(β )

b∫
a

b∫
a

(
bs+1− τs+1

) α

k −1

(
bs+1−ρs+1

) β

k −1
τsρs (τ−ρ)2 f (τ) f (ρ)dτdρ

= s
kIα

a [ f (b)]
s
kIβ

a [ f (b)] (b−E(X))2]

+ s
kIβ

a [ f (b)s
kIα

a [ f (b)(b−E(X))2]

−2s
kIα

a [ f (b)](b−E(X))] s
kIβ

a [ f (b)(b−E(X))].

(3.9)
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By the hypothesis f ∈ L∞([a,b]), we obtain

(s+1)
2
(

1− α+β

k

)
k2Γk(α)Γk(β )

b∫
a

b∫
a

(
bs+1− τs+1

) α

k −1

(
bs+1−ρs+1

) β

k −1
τsρs (τ−ρ)2 f (τ) f (ρ)dτdρ

≤ ‖ f‖2
∞

(s+1)
2
(

1− α+β

k

)
k2Γk(α)Γk(β )

b∫
a

b∫
a

(
bs+1− τs+1

) α

k −1

(
bs+1−ρs+1

) β

k −1
τsρs (τ−ρ)2 dτdρ

≤ ‖ f‖2
∞

(
s
kIα

a [1]
s
kIβ

a
[

f (b2)
]
+ s

kIβ
a [1] s

kIα
a [b

2]

−2s
kIα

a [b]
s
kIβ

a [b]
)
.

(3.10)

Thanks to (3.9), (3.10) and (2.9), we obtain (3.7).
For the second part of Theorem 3.1, we remark that,

(s+1)
2
(

1− α+β

k

)
k2Γk(α)Γk(β )

b∫
a

b∫
a

(
bs+1− τs+1

) α

k −1

(
bs+1−ρs+1

) β

k −1
τsρs (τ−ρ)2 f (τ) f (ρ)dτdρ

≤ (b−a) k
s Iα

a [ f (b)] k
s Iβ

a [ f (b)] .

(3.11)

So, applying Theorem 2.8 and thanks to (3.9), (3.11), we get
(3.8).

Remark 3.3. Taking α = β in the above theorem, we obtain
Theorem 3.1.

We give also the following estimation for the (k,s)−fractional
moment:

Theorem 3.4. Let X be a continuous random variable having
a p.d. f . f : [a,b]→R+. Then, for all k > 0,s ∈R/{−1} and
α ≥ k, we have

Γk(α− kn)
Γk(α)(s+1)n ∑

n
i=0(−1)iCi

nb(s+1)(n−i) k
sMi(s+1),α−kn

× k
sM2r,α − k

sM2
r,α

≤ 1
4

(
Γk(α− kn)

Γk(α)(s+1)n ∑
n
i=0(−1)iCi

nb(s+1)(n−i)

× k
sM2

i(s+1),α−kn

)2
(br−ar)2 ,

(3.12)

where n =
[

α

k −1
]
.

Proof. Using a (k,s)−fractional Gruss result [17], we can
write ∣∣k

sJα
a [p(b)] k

sJα
a [phg(b)]− k

sJα
a [ph(b)] k

sJα
a [pg(b)]

∣∣
≤ 1

4

(
k
sJα

a [p(b)]
)2
(L− l)2 .

(3.13)

In (3.13), we replace h by g, we will have∣∣ k
sJα

a [p(t)] k
sJα

a
[
pg2 (t)

]
− ( k

sJα
a [pg(t)])2

∣∣
≤ 1

4

(
k
sJα

a [p(b)]
)2
(L− l)2 .

(3.14)

Taking p(t) = f (t) and g(t) = tr, t ∈ [a;b] ; we obtain l =
ar,L = br. Hence, the inequality (3.14) allows us to obtain

0≤ k
sJα

a [ f (b)] k
sJα

a
[
t2r f (b)

]
−
(

k
sJα

a [tr f (b)]
)2

≤ 1
4

(
k
sJα

a [ f (b)]
)2
(br−ar)2 ,

(3.15)

this implies that

k
sJα

a [ f (b)] k
sM2r,α − k

sM2
r,α ≤ 1

4

(
k
sJα

a [ f (b)]
)2
(br−ar)2 .

(3.16)

By Theorem 2.8, we get (3.12).

Remark 3.5. Applying Theorem 3.3, for α = k = 1 and s = 0,
we obtain Theorem 3.2 in [13].

We present also the following estimation:

Theorem 3.6. Let X be a continuous random variable having
a probability density function f defined on [a,b]. Then, for all
k > 0,s ∈ R/{−1} , α ≥ k,β ≥ k, we have

Γk(α− kn)
Γk(α)(s+1)n ∑

n
i=0(−1)iCi

nb(s+1)(n−i)

k
s Mi(s+1),α−knM2r,β

+
Γk(β − km)

Γk(β )(s+1)m ∑
m
i=0(−1)iCi

mb(s+1)(m−i)

k
s Mi(s+1),β−kmM2r,α

≤ (ar +br)
Γk(α− kn)

Γk(α)(s+1)n ∑
n
i=0(−1)iCi

nb(s+1)(n−i)

× k
s Mi(s+1),α−kn−2arbr Γk(α− kn)

Γk(α)(s+1)n ∑
n
i=0(−1)iCi

nb(s+1)(n−i)

× k
s Mi(s+1),α−kn×Mr,β

+
Γk(β − km)

Γk(β )(s+1)m ∑
m
i=0(−1)iCi

mb(s+1)(m−i)

× k
s Mi(s+1),β−kmMr,α

× Γk(β − km)

Γk(β )(s+1)m ∑
m
i=0(−1)iCi

mb(s+1)(m−i) k
s Mi(s+1),β−km,

(3.17)

where n =
[

α

k −1
]

and m =
[

β

k −1
]
.

Proof. We take p(b) = f (b) ,g(b) = br and by Theorem 2.4
of [17], we can write[

k
sJα

a [ f (b)] k
sJβ

a
[
b2r f (b)

]
+ k

sJβ
a [ f (b)] k

sJα
a
[
b2r f (b)

]
−2 k

sJα
a [br f (b)] k

sJβ
a [br f (b)]

]2

≤
[(

L k
sJα

a [ f (b)]− k
sJα

a [br f (b)]
)(

k
sJβ

a [br f (b)]− l k
sJβ

a [ f (b)]
)

+
(

k
sJα

a [br f (b)]− l k
sJα

a [ f (b)]
)(

L k
sJβ

a [ f (b)]− k
sJβ

a [tr f (b)]
)]

,

(3.18)

This implies that

k
sJα

a [ f (b)]M2r,β + k
sJβ

a [ f (b)]M2r,α

≤ (L+ l)
[

k
sJα

a [ f (b)]Mr,β + k
sJβ

a [ f (b)]Mr,α

]
−2lL k

sJα
a [ f (b)] k

sJβ
a [ f (b)] .

(3.19)
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Substituting the values of l and L in (3.19) and by Theorem
2.9, we obtain (3.17).

We also prove the following result.

Theorem 3.7. Let X be a continuous random variable having
a p.d. f . f : [a,b]→R+. Then, for all k > 0,s∈R/{−1} and
α ≥ k, we have ∣∣∣∣∣ (b(s+1)−a(s+1))

α
k −2

(s+1)
α
k Γk(α+1)

Mr,α

− Γk(α− kn)
Γk(α)(s+1)n ∑

n
i=0(−1)iCi

nb(s+1)(n−i)

k
sMi(s+1),α−kn× k

sJα
a [br]

∣∣
≤ (L− l) (

b(s+1)−a(s+1))
α
k −2

(s+1)
α
k Γk(α+1)

×

(
(b(s+1)−a(s+1))

α
k −2

(s+1)
α
k Γk(α+1)

k
sJα

a
[
b2r
]
−
(

k
sJα

a [br]
)2

) 1
2

,

(3.20)

where n =
[

α

k −1
]
.

Proof. Using Theorem 3.8 of [17], we can write∣∣ k
sJα

a [1] k
sJα

a [ f g(b)]− k
sJα

a [ f (b)] k
sJα

a [g(b)]
∣∣

≤ (L− l)
k
s Jα

a [1]
2 .

×
(

k
sJα

a [1] k
sJα

a
[
g2 (b)

]
−
(

k
sJα

a [g(b)]
)2
) 1

2
.

(3.21)

If we put g(b) = br, in (3.21), we obtain∣∣ k
sJα

a [1] k
sJα

a [br f (b)]− k
sJα

a [ f (b)] k
sJα

a [br]
∣∣

≤ (L− l)
k
s Jα

a [1]
2(

k
sJα

a [1] k
sJα

a
[
b2r
]
−
(

k
sJα

a [br]
)2
) 1

2
.

(3.22)

Then, by (2.9), we get (3.20).

Using two fractional parameters, we establish the follow-
ing generalization.

Theorem 3.8. Let f be the p.d. f . of X on [a,b]. Then, for all
k > 0,s ∈ R/{−1} , α ≥ k,β ≥ k, we have

(b(s+1)−a(s+1))
α
k −2

(s+1)
α
k Γk(α+1)

Mr,α +
(b(s+1)−a(s+1))

β

k −2

(s+1)
β

k Γk(β+1)
Mr,β

− Γk(α− kn)
Γk(α)(s+1)n ∑

n
i=0(−1)iCi

nb(s+1)(n−i)

× k
sMi(s+1),α−kn

k
sJβ

a [br]

− Γk(β − km)

Γk(β )(s+1)m ∑
m
i=0(−1)iCi

mb(s+1)(m−i) k
sMi(s+1),β−km

≤

[(
L (

b(s+1)−a(s+1))
α
k −2

(s+1)
α
k Γk(α+1)

− Γk(α− kn)
Γk(α)(s+1)n ∑

n
i=0(−1)iCi

nb(s+1)(n−i) k
sMi(s+1),α−kn

)
(3.23)

×
(

Γk(β − km)

Γk(β )(s+1)m ∑
m
i=0(−1)iCi

mb(s+1)(m−i) k
sMi(s+1),β−km

−l (
b(s+1)−a(s+1))

β

k −2

(s+1)
β

k Γk(β+1)

)
+

(
Γk(α− kn)

Γk(α)(s+1)n ∑
n
i=0(−1)iCi

nb(s+1)(n−i) k
sMi(s+1),α−kn

−l (
b(s+1)−a(s+1))

α
k −2

(s+1)
α
k Γk(α+1)

)
×

(
L (

b(s+1)−a(s+1))
β

k −2

(s+1)
β

k Γk(β+1)

− Γk(β − km)

Γk(β )(s+1)m ∑
m
i=0(−1)iCi

mb(s+1)(m−i) k
sMi(s+1),β−km

)]
− Γk(α− kn)

Γk(α)(s+1)n ∑
n
i=0(−1)iCi

nb(s+1)(n−i) k
sMi(s+1),α−kn

)
×

[
(b(s+1)−a(s+1))

α
k −2

(s+1)
α
k Γk(α+1)

k
sJβ

a
[
b2r
]

+
(b(s+1)−a(s+1))

β

k −2

(s+1)
β

k Γk(β+1)

k
sJα

a
[
b2r
]
−2 k

sJα
a [br] k

sJβ
a [br]

] 1
2

,

where m =
[

β

k −1
]

and n =
[

α

k −1
]
.

Proof. Thanks to Theorem 3.10 of [17], we can state that∣∣∣ k
sJα

a [1] k
sJβ

a [ f g(b)]+ k
sJβ

a [1] k
sJα

a [ f g(b)]

− k
sJα

a [ f (b)] k
sJβ

a [g(b)]− k
sJβ

a [ f (b)] k
sJα

a [g(b)]
∣∣∣

≤
[(

L k
sJα

a [1]− k
sJα

a [ f (b)]
)(

k
sJβ

a [ f (b)]− l k
sJβ

a [1]
)

+
(

k
sJα

a [ f (b)]− l k
sJα

a [1]
)(

L k
sJβ

a [1]− k
sJβ

a [ f (b)]
)]

×
(

k
sJα

a [1] k
sJβ

a
[
g2 (b)

]
+ k

sJβ
a [1] k

sJα
a
[
g2 (b)

]
−2 k

sJα
a [g(b)] k

sJβ
a [g(b)]

) 1
2
.

(3.24)

In (3.24), if we take g(t) = br, we obtain∣∣∣ k
sJα

a [1] k
sJβ

a [br f (b)]+ k
sJβ

a [1] k
sJα

a [br f (b)]

− k
sJα

a [ f (b)] k
sJβ

a [br]− k
sJβ

a [ f (b)] k
sJα

a [br]
∣∣∣

≤
[(

L k
sJα

a [1]− k
sJα

a [ f (b)]
)(

k
sJβ

a [ f (b)]− l k
sJβ

a [1]
)

+
(

k
sJα

a [ f (b)]− l k
sJα

a [1]
)(

L k
sJβ

a [1]− k
sJβ

a [ f (b)]
)]

×
(

k
sJα

a [1] k
sJβ

a
[
b2r
]
+ k

sJβ
a [1] k

sJα
a
[
b2r
]

− 2 k
sJα

a [br] k
sJβ

a [br]
) 1

2
.

(3.25)

Finally, by Theorem 2.9, we obtain (33.
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