Malaya Journal of Matematik, Vol. 8, No. 4, 1650-1652, 2020

https://doi.org/10.26637/MJM0804/0054

On cartesian product of commutative,
self-distributive and transitive BE-algebra

Kulajit Pathak'™ and Pulak Sabhapandit?

Abstract

Keywords

AMS Subject Classification
06F35, 03G25, 08A30, 03B52.

In this paper we develop the idea of cartesian product of BE- algebras. Furthermore we introduced the cartesian
product on commutative, self-distributive and transitive BE-algebras.

BE-algebra, commutative BE-algebra, self-distributive BE-algebra, transitive BE-algebra.

' Department of Mathematics, B.H. College, Howly-781316, Assam, India.

2 Department of Mathematics, Biswanath College, Biswanath Chariali-784176, Assam, India.
*Corresponding author: 'kulajitpathak79@gmail.com; 2pulaksabhapandit@gmail.com
Article History: Received 04 July 2020; Accepted 24 September 2020

©2020 MJM.

Contents
1 Introduction...........ccoviiiiiiiiiiiieieas 1650
2 preliminaries.......c.cociiiiiiiiiiiiiiiiiiiaa, 1650
Cartesian Product of BE-algebras............... 1651
References.......ocvviviiiiicriernarrnerncrnnnnns 1652

1. Introduction

After the introduction of the concepts of BCK and BCI
algebras ([4,5]) by K. Iseki in 1966, some more systems of
similar type have been introduced and discussed by a number
of authors in the last two twenty years. K. H. Kim and Y.H.
Yon studied dual BCK algebra and M. V. algebra in 2007 ([6]).
It is known that BCK-algebras is a proper subclass of BCI-
algebras. There are so many generalizations of BCK/BCI-
algebras, such as BCH-algebras ([9]), dual BCK-algebras
([6]), d-algebras ([3]), etc. In ([2]), H. S. Kim and Y. H. Kim
introduced the concept of BE-algebra as a generalization dual
BCK-algebra. A. Walendziak ([1]) introduced the notion of
commutative BE-algebras and discussed some of its proper-
ties.

2. preliminaries

Definition 2.1. Let (A;x,1) be a system of type (2,0) con-
sisting of a non-empty set A,a binary operation” x” and a
fixed element 1. The system (A;x,1) is called a BE— algebra
([2,7,8]) if the following conditions are satisfied:

(i) axa=1
(i) ax1=1
(iii) 1xa=a
(iv) ax(bxc)=bx(axc),Va,b,c € A.

Note 2.2. In any BE-algebra we can define a binary relation
"< asa<bifandonlyifaxb=1,Va,b,€ A.

Lemma 2.3. In a BE-algebra the following identities are true

[2]:
1. ax(bxa)=1
2. ax((axb)xb) = 1.

Definition 2.4. Ler (A;x,1) be a BE -algebra. An element a
€ A is said to commute withb € A if (axb) xb = (b*a)* a.
If this condition is true for all a, b € A, then (A;x, 1) is called
a commutative BE-algebra [1].

Definition 2.5. A BE-algebra (A;x,1) is said to be self dis-
tributive ifax (bxc) = (axb) x (axc),Va,b,c € A

Definition 2.6. A BE- algebra (A;*,1) is said to be transitive
[10] if for any a,b,c € A,

bxc<(axb)x(ax*c).
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3. Cartesian Product of BE-algebras

In this section we study the properties of Cartesian product
of BE-algebras.

Theorem 3.1. Let (A;x,1) be a system consisting of a non-
empty set A, a binary operation ” *” and a distinct element
1. Let B=AXxA={(a1,a) : a1,ap € A}. For u,v € B with
u=(aj,a),v=(b1,by), we define an operation * ®” in B
as

u®v=(a;xbj,ap*by).

Then (B,®,(1,1)) is a BE-algebra iff (A; x, 1) is a BE-algebra.

Proof. Suppose that (B, ®, (1,1)) be a BE-algebra. Leta € A
and we choose u = (a, 1) € B. Then

() ueu=(1,1)= (axa,1x1) =

(1,1)

=akxa=1,since 1«1 =1.

@) uo(1,1)=(1,1) = (ax1,1%1) = (1,1)
=axl=1

3) (I,1)Qu=u= (1xa,1x1)=(a1)
S lxa=a.

(4) Leta, b, c € A and we choose u = (a,1),v=(b, 1), and
= (c,1). Then
uO(VoOw)=veo (uOw)
=(ax(bxc),1x(1x1))=(b
=ax(bxc) =bx(axc).

x(axc),l*x(1x1))

This proves that (A;x, 1) is a BE-algebra.
Conversely, suppose that (A;x*, 1) is a BE-algebra. Let u =
(3.1,8.2) € B. Then

(1) uOu= (alaaz)Q(alaaz)

= (a1 *ay,az*xaz)

= (1,1).

2) ue(1,1) = (aj,a) ©(1,1)

=(a;xLay 1)

(1,1).

(15 1)@(611,02)

G) (L)ou=

(l*al,l*az)

= (a1,2)

=1u.

(4) Letu = (aj,ap),v=(by,by), and w = (cy,cy) be any
three elements of B.
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Then

© ((b1,b2) © (c1,2))
© (by*xcy,byxca)
by*cy),az % (by*c3))
ayxc¢1),byx(az*c2))
b1,by) ® (a1 *cp,az*c2)

= (b1,b2) © ((a1,a2) © (c1,¢2))

Hence (B, ®,(1,1)) be a BE-algebra. O

Corollary 3.2. If (A;*,1) and (B;0,e) are two BE -algebras,
then C = A X B is also a BE— algebra under the operation
defined as follows: Foru = (aj,b;) and v = (az,by) in C,

uG®v= (a] *az,blobz)
Here the distinct element of C is (1,e).

Note 3.3. The above result can be extended for finite number
of BE-algebras.

Theorem 3.4. Let (A;,1) be a BE -algebra and letB =
A xA. Then

(a) B is commutative iff A is commutative.
(b) B is self distributive iff A is self distributive.

Proof. (a) First suppose that B is commutative. Let a and b be
arbitrary elements of A. We choose u = (a,1) and v = (b, 1).
since B is commutative, we have

(WOvV)Ov=(vou)ou.

This gives ((axb)*b,1) =
that

((bxa)*a,1), which in turns imply

(axb)xb= (bxa)x*a.

Hence A is commutative. Conversely suppose that A is com-
mutative. Letu= (a;,a;) and v = (b, by) be any two arbitrary
elements of B. Then

(uov)oOv=/(aj,a2) ®(by,b2)) ® (b,bs)
= (a; *by,ayxby) © (by by)
(a; xby) *by,(ag xby) xby)
= ((byxaj)*ap,(by*xay)xap)
= ((b1,b2) ® (a1,22)) © (a1, 22)
=(vOu)Gu

A~ Y~ Y~~~

Hence B is commutative.

(b) First suppose that B is self distributive. Let a, b and ¢ be
arbitrary elements of A. We choose u = (a,1),v = (b, 1) and
w = (c, 1). since B is self distributive, we have

uO(VOw) =uov)o (uew).
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This gives (a,1) ® 3]

turns imply that

(bxc,1)=(axb,1)® (axc,1), which in
[4]
x(bxc) = (axb)*(axc).
[5]
Hence A is self distributive.
Conversely suppose that A is self distributive. Letu = (aj,az),v = [6]

(b1,b2) and w = (cy,c2) be any three arbitrary elements of B.

Then [71
u® (vow) = (aj,a) ®((b1,b2) ®(cy,¢2))
= (a; *ap) © (b xc1,byxCp) 8]
= (a; *(by *cy),ax x (by*ca))
= ((a; *by) * (a1 *xc1), ((az*by) * (az x c2))
= ((a1#by) (a2 #b2)) O (a1 %¢1), (ar%c2)) )
=UoOv)Oow). [10]

Hence B is self distributive. O

Theorem 3.5. Let (A;*,1) be aBE -algebra and let B = A x
A. Then B is transitive iff A is transitive.

Proof. Let (A;*,1) be a BE-algebra and u = (a1,b;),v =
(a2,b2), and w = (a3,b3) be any three arbitrary elements of
B. Then

(VOW)O((UOV)© (uow))
= (V@W) ® ((3.1 *ap,by *bz)
=(voOw)o(((a; xaz)*(a; *a3)),((b; xby) * (by xb3)))

= (axxa3,byxb3) © (((arxaz)*(arxa3)), ((br*bz) * (by+b3)))

= ((ap*az)*((a;*az)*(ar*az)), (baxbs)*((byxby) * (by*b3)))
(1,1).

Therefore

@(a1 *a37b1 *b3))

vOw< (uOV)O (uow).

So B is transitive. Conversely assume that B be transitive. Let
a, b and c be three arbitrary elements of A. We consider the
elements u = (a,1),v = (b,1) and w = (c, 1) of B. Since B is
transitive, we have,

vOw<(uov)o(uow)
= (vow) o ((bov)o (uow))=(1,1)
(bxc)*((axb)x(axc)), ) (1,1)
= (bxc)*((axb)*(axc)) =
=bxc<(axb)x(axc)
Hence A is transitive. ]
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