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Abstract. In this paper, the notions of symmetric continuity, weak continuity, and weak symmetric continuity were
introduced in [P. Pongsrilam and T.Thongsiri, Weakly symmetrically continuous function, Chamchuri Journal of
Mathematics, vol 8(2016),49-65 ] are generalized by using natural density defined on N. Among the others, some basic
properties of a generalized form of symmetrically continuity is investigated with several useful examples.
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1. Introduction

The conception of continuity is one of the essential notions of mathematical analysis. Let X be a nonempty
subset of R and ¢ : X — R be a function. Continuity of the function ¢ at a point {y € X can be checked in two
ways:

(I) Forall € > 0, there is a § > 0 such that
| #(&) — ¢(&o) <€

holds for all £ which is satisfying | £ — & |< 4.
(M) If ¢(&,) tends to ¢(&p) when n — oo holds for all sequence (&) tends to &y when (n — c0).

The statement given in (I) is known as the Cauchy definition of continuity and (II) as the Heine definition of
continuity. It is well known that definitions (I) and (IT) are equivalent on the space, which has a countable basis.
It is more important to classify the discontinuity at that point rather than investigate the continuity of the
function. There are three discontinuity types at a point: removable discontinuity, jump discontinuity, and
infinite discontinuity. In 1958, Pervin and Levine [20] showed that a function with a removable discontinuity is
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continuous under certain conditions. In addition, in 1960, Halfer [12] proved, with minor modification, given by
Pervin and Levine [20] that the continuity and the removable discontinuity are equivalent under certain conditions.

In recent years, a characterization of symmetrical continuous functions at points of removable discontinuity
has been intensively studied. The symmetric continuity of functions emerged as an application of trigonometric
series theory. Mazurkiewicz [15] first gave symmetric continuity of functions [15] in 1919. Afterward, many
studies have been done in this direction [2, 4, 11, 13, 19, 21, 24, 25, 30]. Afterwards, many studies have been
done on this direction [2, 4, 11, 13, 19, 21, 24, 25, 30].

Let X be a nonempty subset of R. A function ¢ : X — R is called at a point {§; € X

(I) symmetrically continuous if for all € > 0 there exists § > 0 such that

|p(€o +A) — d(€o — A)| < €
holds, for every |A| < d. This can be also checked as limy_,o ¢(&o + ) — ¢(§o — A) = 0.

(II) weakly continuous if there are sequence &,, ' &, and sequence 7, “\, & so that

lim ¢(§n) = lim ¢ (n.) = 6(%o)

n—oo
(IIT) weakly symmetrically continuous if there is a sequence (\,) C RT with (\,,) — 0, n — oo such that

Tim (6(€0 + An) — ¢(€0 — An)) = 0.

In addition to symmetric continuity of functions, there are many studies on weak continuity [18, 22] and weak
symmetric continuity of functions [23, 29]. To ensure coordination between published studies, we will stick to
the notations used in the study [23]; SC for the set of symmetrically continuous functions, W C for the set of
weakly continuous functions and W SC for the set of weakly symmetrically continuous functions.

With the help of the definition of natural density given below, these spaces will be expanded and larger spaces
will be obtained. The smallness of a subset of natural numbers depends on its natural density. Natural density of
a subset A of natural numbers is determined by (if limit exists)

1
= i — N <
5(A) nlgr;onHkGA k <n}
where [{k € A : k < n}| denotes the number of elements of A.

Considering the definition of natural density, it can be say that a number sequence (&) is statistical convergent
¢ e Rifforevery e > 0,

lim l|{k’§n|€k7§|26}| =0.
n—oo N
It is denoted by the symbol st — lim &, = &.

Statistical convergence was first defined by Fast [8] and Steinhaus [28] in 1951. Later, in 1959, Schoenberg
[27] statistical convergence was reintroduced. In [9], Fridy gave specific results on statistical convergence. Last
ten decades, in literature there are several studies in different directions on statistical convergence [1, 3, 5, 7, 10,
14, 16, 17, 26].

The aim of this paper by using natural density to give the statistical version of continuous function, weakly
continuous function, weakly symmetrically continuous function, and strong weakly symmetrically continuous
function. Then, investigate the relationship between these new type continuities regarding inclusion with some
counterexamples.

Throughout this paper, we will consider X as a nonempty subset of R.
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Definition 1.1. [6] The function ¢ : X — R is called to be statistical continuous at a point & if for all sequence
(&n) in R such that lim,,—, oo &, = &o implies that Ve > 0,

6({n:1¢(&n) — (&) > €}) =0
holds.

Let
Le, (X) :={(&) C X : (&,) strictly increasing and 1i_>m &n="E0}

Ueo(X) :={(n,) C X : (ny,) strictly decreasing and lim n,, = }.
n—oo

Definition 1.2. The function ¢ : X — R is called to be statistical weakly continuous at a point & if the
undermentioned statements hold:

1. if Le, (X) # 0, then there exists (€,) € Le, (X) such that Ve > 0,
5({n:[o(&n) — ¢(S0)| = €}) =0,

holds,
2. ifUey(X) # 0, then there exists (1) € Ug,(X) such that Ye > 0,

5({n:[¢(nn) — ¢(&0)| = €}) = 0.

holds.

Let
SgO(X) ={(\n) C Rt : 1i_>m An=0and & + A\, &0 — A\ € X}
n o0

Definition 1.3. The function ¢ : X — R is said to be statistical weakly symmetrically continuous at &y if
Seo (X)) # 0, then there exists a sequence () € Se,(X) such that Ve > 0,

S({n: |p(éo + M) — (6o — An)| > €}) = 0.
holds.

Definition 1.4. The function ¢ : X — R is said to be statistical strong weakly symmetrically continuous at the
point & if for all real valued sequence (\,) with §o + A, &0 — A € X and lim,, o Ay, = 0 such that Ve > 0,

S({n: (€0 + An) — d(€o — An)| > €}) =0
holds.

Symbolically €%, #€°', W 7€ and .Y .7€*" will be used for the set of statistical continuous
functions, statistical weakly continuous functions, statistical weakly symmetrically continuous functions and
statistical strong weakly symmetrically continuous functions, respectively.

Lemma 1.5. Let ¢ : X — R be a function and £y € X. The undermentioned statements are true:

(i) ¢ € W L€ if and only if there exists such a set

T={t1 <te<..<ty,<..}

that 5(T) = 1 and lim, oo (¢(&o + At,,) — ¢(&o — Ae,,)) = 0.
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(ii) ¢ € SW . SE if and only if there exists such a set

T={t1 <te<..<ty,<..}

that 6(T) = 1 and limy,—, oo (@(E0 + At,,) — @(&0 — At,,)) = 0.
(iii) ¢ € WE*" if and only if there exists such a set

T={t1 <ta<..<t,<..}

that 5(T) =1and hmn—>oo ¢(§tn) = hmn—>oo ¢(77tn) = (b(fo)

Proof. We are going to bestow upon only the proof of (7). Statements (i) and (¢¢¢) can be proved by following
the same steps given in (i).
Assume that S¢, (X)) # 0 and 3(\¢) € Sg, (X) such that Ve > 0,

d({t € Nz [p(&o + At) — (o — Ae)| > €}) =0

holds. Putasetforj =1,2,...,
1
T :={n € N:|p(& + An) — (&0 — An)| < ;}

It is clear that
Ti DTy D...D Tj D Tj+1 Doy (1.1)

satisfies and for all j € N
o(Ty) = 1. (1.2)
Let an arbitrary element s; € T4. Considering (1.2) there exists so € T5 satisfying so > s and for all n > so
we have % > % Further, according to (1.2) there exists s3 € T3 with s3 > sg, such that for all n > s3, we
have

Thus, we obtain a sequence of positive integers
§1 <852 < ... <55 <8541 <.

thats; € T; (j = 1,2,...) and for all n > s;

Tin) _ j—1
n J

(1.3)

holds.

Let us consider the set T" as follows: Each natural number of the interval (1, s1) belongs to T further, any
natural number of the interval (s;, s;+1) belongs to T if and only if it belongs to T; (j = 1,2, ...). According to
the equations (1.1) and (1.3) foreachn, s; < n < s;41 we get

From this calculation it is apparent that §(7') = 1. Let € > 0. There exists a natural number j such that % <e
Letn > s;, n € T. Then, there exists such a number [ > j that s; < n < s;41. From the definition of 7', we
have n € Tj.
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Hence, . .
[6(60 +An) = 660 — An)| < 7 < i

Therefore,

|¢(§0 + )\n) - ¢(§0 - )\n)| <e€

for eachn € T withn > s;, i.e.,
tliglo(ﬁb(fo +At) = #(o — M) = 0.

For to prove converse implication, assume that there exists a set T = {t; < t2 < ... < t,, < ...} C N with
0(T) = 1 such that

Jim (¢(So + At ) — @60 = Ar,,)) = 0
is satisfied. So, for any € > 0, it can choose a number ny € N that for each n > ny we have
[6(S0 + Ae,) — &(So — Ae, )| <€ (1.4)
Put A, = {n € N:|¢(& + An) — #(& — An)| > €}. Then, from (1.4) we get
Ac CN —{tno41,tngt2, - -
Therefore 6(A.) = 0 and this completed the proof. [ |
Theorem 1.6. Let ¢ : X — R be a function. If ¢ € €t then ¢ € W .S €.

Proof. Let ¢ be statistical continuous at ;. Then, for every sequence (£,,) in R for which &, — & (n — o)
implies that Ve > 0,
6({n € N:|¢(&n) — &(S0)| = €}) = 0. (1.5)

Since (1.5) is provided for every sequence (£,,) in R which is convergent to &, then, we can choose (§,) =
(&0 + An) such that (\,,) € Rt and \,, — 0. Therefore,

5({n € N:[6(& + M) — 6(&)| > 51) = 0. (1.6)
Similarly, we can choose (&,) = (€9 — A,) such that (\,) € RT where A, — 0 and equation (1.5) implies that

5({n € N:[6(60 — An) — #(&0)| > 53) = 0. (17)
S0, S¢, (X)) # 0 and from (1.6) and (1.7) we have

{n € N:[¢(So + An) — d(60 — An)| = €} C

€ {n € Nefg(o + M) = 0(60)| = 5} U{n € N:[o(0 — M) = 0(&0)| = 5}

NN e

and related inequality

8({n € N:[g(60 + Aa) = (60 — M| 2 €}) <
< 6({n € N:[6(60 + M) = 9(60)| = 51 +6({n € Ne6(60 = M) = 9(&0)| = 3))

holds. This implies that
d({n € N:|p(§o + An) — d(§o — An)| > €}) = 0.

Hence, ¢ is statistical weakly symmetrically continuous at .

e
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Theorem 1.7. Let ¢ : X — R be a function. If ¢ € €', then ¢ € W E*™".

Proof. If ¢ € € then, for every real valued sequence (&,,) in X for which &, — & (n — oo) implies that
Ve > 0,
6({n € N:|¢(&n) — &(&0)| = €}) = 0.

If L¢, (X) and Ug, (X) are not empty, then there are (£,) € L¢,(X) and (1,,) € Ug,(X) such that §,, — & and
nn — &o holds. Since ¢ statistical continuous, then

5({n:|p(&n) — d(&0)| = €}) =0

and
5({n:|o(mn) — ¢(So)| = €}) =0
are satisfied. This prove our assertion. |

Theorem 1.8. Let ¢ : X — R be a function. If ¢ € €, then ¢ € LW L€

Proof. Let ¢ be a statistical continuous function at . Then, for every sequence (£,) in R for which &, — &
(n — oo) implies that Ve > 0,

5({n:1¢(€n) — ¢(&0)| > €}) = 0. (1.8)
If we choose (&,) = (&0 + A\n) for A, — 0 when n — oo, then, (1.8) implies that Ve > 0,
5({n € N:[¢(60 + An) — #(&0)| > 53) =0. (19)

Similarly, if we choose (&,,) = ({0 — A) for A,, = 0 when n — o0, Ve > 0, from (1.8) we have
5({n € N: (60 — An) — 9(&0)| = 5)) = 0. (1.10)
Therefore, Ve > 0 we have
{n e N:|p(o + An) — (S0 — An)| = €} C
€ {n € N:[9(& +An) — 9(60)| = 5} U {n € N: [8(60 — M) — 0(E0)]| 2
and from (1.9), (1.10) following inequality
6({n € N:|p(§o + An) — 0(§o — An)| = €}) <
< 8({n € N:[@(8 + Mn) = @(&0)| > 51) +0({n € N: o0 — M) — 9(60)] = 5})

}

DN ™

holds. Hence,
d({n € N:[@(&o + An) — #(€o — An)| > €}) = 0.

Hence, ¢ is statistical strong weakly symmetrically continuous at &g. |
Theorem 1.9. Let ¢ : X — R be a function. If p € S W SE°", then p € W S €.

Proof. Suggesting that ¢ is statistical strong weakly symmetrically continuous at &y. Then, for sequence V() €
R with £y + Ay, &0 — A\ € X satisfying lim,, ., A,, = 0 such that Ve > 0,

5({n € N:[¢(80 + An) — @(€0 — An)| = €}) = 0.

We can choose a subsequence (A, ) of (\,) such that (\,,) € RT with &, + A\, ,& — A, € X satisfying
An, — 0 (ng, — 00).
Therefore, Ve > 0

o({n € N: (o + Any) — d(€0 = Any)[ = €}) = 0.

Thus, ¢ is statistical weakly symmetrically continuous at .

i
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Following examples are related to Theorem 1.6, Theorem 1.7, Theorem 1.8 and Theorem 1.9.
Example 1.10. Let K = {% :n € Z — {0}} U {0} a set and definea ¢ : R — {—1,0,1} by
0, §EK,

P€) =9 2, E>0NEEK,
-2, (<0NEE K.

If we consider (M) as

)\ni:{ %’ Tl?ékd,

n%ﬂ, n=k3,
then, it is clear that (A\,,) € Up(R), (=) € Lo(R) and

0, n # k3,

wuw¢wn—{2n:k3

holds. This implies that for all € > 0,
{n € N:|p(An) — ¢(0)| > €} C {k*: k € N}.
Therefore, 6({n € N: [¢p(\,) — ¢(0)| > €}) = 0. Similarly, we have

0, n # k3,

wvam—¢mn={2n_k3

and 6({n € N:|¢(=X,) — #(0)] > €}) = 0. Therefore, ¢ is statistical weakly continuous at 0. Now, let us
consider following sequence
At Z{tl?ﬂt?ékz’

&, t =k
It is clear that (M) € So(R) and

0, t# k2,

[9(0 4+ At) — @(0 — Ay)| = {4 Py

So, for any € > 0 we have
{t € N: o0+ A) — d(0 — \p)| > €} C {k?: k € N}
and this inclusion implies that

5({t € N:[p(Ae) — d(=Ae)| = €}) = 0.
Therefore, ¢ is statistical weakly symmetrically continuous at 0.

Now, let define

N 4, m# 3k —1,
" A, m =3k —1.

me>

such that A, = 0 (m — 00). Then,

0, m # 3k —1,

|¢(0+Am)¢(0Am)|{4 m=3k— 1.

e
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Let S C N be a finite set and for any € > 0, we have
{m eN: o0+ M) — (0 — X)) > €} D{3k—1:k e N}S

and

6(fm € N: [p(Am) — ¢(=Am)| = €}) =

W=

Hence, ¢ is not statistical strong weakly symmetrically continuous at 0.
Also, ¢ is not statistical continuous at 0. Because A, — 0 (m — o) for Vm € N, we have

0, m=#3k—1,

|p(Am) — ¢(0)] = {2 m =3k — 1.

There exists S C N finite set and for Ve > 0 such that
{m e N:|gp(Am) — ¢(0)] = €} 2 {3k —1: k € N}\S

satisfies. So,

S({m € N: 60| = ) > 5 #0.

Example 1.11. Ler K = {1 :n e N}, L = {n[jﬁ neN}, M={-1:neN},P= {—n[jﬁ :n e N}

and X = KU LU M U P U{0}. Define a function ¢ : X — R by

1, eeKuPU{0},
¢(¢) '{5, £e LUM.

For all sequence (\,) € So(X), we have

1+ L1, ()€K,

n[jﬁ - 1‘7 (An) € L.

[6(0 +An) = 6(0 = An)| = {

So, for any € > 0, there exists finite set S C N such that

{n € N: 60+ An) — 60— A)| = ¢} = {

is true. Hence, we have
5({n € N:[3(0 + M) — 60 — Ay)| = €}) > 0.

Thus, ¢ is not statistical weakly symmetrically continuous at 0. Also, it is known from Theorem 1.9 that the
function ¢ is not statistical strong weakly symmetrically continuous at 0. Let n, € Uy(X) and &, € Lo(X) as

follows
1 2 2 2
77t:={ \}5, AR and §m::{ m+W’m7ék’

,L’ m = kZ’
m

respectively. Then, we have

1601) — 9(0) { O tRE

n) — =

t tl/\i/i_l"t:ka’
A
MM
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and
{t € N:|g(m) — $(0)| > €} C {k*: k €N}
is satisfied for all ¢ > 0. Hence,
5({t € N: [¢(n:) — #(0)| = €}) = 0.

Similarly,
— Oa m ?é k27
[0(&m) — ¢(0)| = { |% + 1| ,m= k2,

and
{m € N: [¢(&m) — 6(0)] = €} € {k* : k € N}
implies that
6({m € N:[¢(&m) — ¢(0)] = €}) = 0.
Therefore, ¢ is statistical weakly continuous at 0.

Example 1.12. Lt K = {1 :n e Z-{0}}, L = {2 :ne N}, M = {- 2

n4+/n n—++/n
X = KU LU M U{0}. Define the function ¢ : X — R by
1, (€K,
P(£) ==
e X —K.
Let (A\,) € So(X) as
\ { 5 n#AR
n = V2 12
e = k
So, we have
0, n # k2,
|¢(O + >\n) - ¢(O - )\n)| = 22 — k2
n_}'_\/ﬁ ’n_ )

and for every € > 0,
{n € N: 60+ An) — 6(0 = A)| = €} € {k? : k € N}
imply that
5({n € N: [9(An) — &(=An)| = €}) = 0.
Therefore, ¢ is statistical weakly symmetrically continuous at 0. For all (n,,) € Up(X),

1, mmekK,

B(1m) — 6(0)] = { Aol

Hence, for Ve > 0, there exists S C N finite set such that

N, nm €K,

{m € N:[¢(nm) — ¢(0)] = €} = {N\S Nm € L.

Therefore,
6({m € N:[¢(n) — #(0) = €}) > 0.

Thus, ¢ is not statistical weakly continuous at 0.

189
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As a summary of the Theorems and Examples given above, we can provide the following inclusions:

G) SWIC" CWIC" ad W SC" ¢ SWSEC
(i) SWSECEWE and W EC" & IWSEC
(i) € ¢ W SC" and W SEC" L WET

(v) SHSEC" 6 W SEC" ¢ 6 and WE™ ¢ 65
V) € CIWSEC", 6 CHWSE" and € C HE*

2. Some algebraic properties of new continuities

This section examines the algebraic properties of the set of #.¢*". The results concluded that the set %7€

does not form a linear space over real numbers.
Theorem 2.1. Let ¢ : X — R be a function. If p € W .€*" and c € R then, |p|, cp € W .SE€*".
Proof. Suppose that S¢, (X) # (). Then, there exists a sequence (\,,) € S¢,(X) such that

5({n:1¢(&o + An) — d(6o = An)| > €}) = 0

holds for all € > 0. So, the following inclusion
{n € N:{|¢] (0 + An) — 8] (0 — An)| Z €} €
C {n e N:[§(&o + An) — &(80 — An)| = €}

implies that

d({n € N: 8] (&0 + An) — [@] (€0 — An)| > €}) <
<6({n e N:[¢(&o + M) — d(&o — An)| > €})

is true. Then,
5({n € N:{|g] (§o + An) — [¢] (€0 — An)| > €}) = 0.

Therefore, |¢| is statistical weakly symmetrically continuous at ;.
Additionally, ¢ € R and Ve > 0 the following inclusion

{n € Ni[(co)(éo + An) = (cd)(§0 = An)| = €} C
C {n € N:|6(& + M) — B0 — M)l =

and related inequality
5({n € N:[(co)(§o + An) — (c@) (S0 — An)| = €}) <
< 6({n € N:[9(& + An) = 660 — M)l 2 =)
hold.

So, we have

§({n € N:|(co) (&0 + An) — (cd) (&0 — An)| = €}) = 0.

Hence, c¢ is statistical weakly symmetrically continuous at &q.

Theorem 2.2. Let ¢ : X — Rand 1) : X — R be functions. If ¢ € W .S€*" and | € S W SE*" then, ¢ + 1),

& — 1, max{¢, v} and min{¢, v} € W .SE€*".

190
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Proof. Suppose that ¢ is statistical weakly symmetrically continuous function at the point £y and 1 is statistical
strong weakly symmetrically continuous function at the point &y. Then, S¢,(X) # () implies that there exists a

sequence () € Sg, (X) such that Ve > 0,
5({n € N:[¢(80 + An) — ¢(€0 — An)| = €}) = 0.
From Theorem 1.9, 1) is statistical weakly symmetrically continuous function at the point &y. Then,

d({n € N: (&0 + An) — (€0 — An)| = €}) = 0.

holds. Therefore, following equality

{n € N:|(@+¥)(60 + M) = (64 ) (60— M) 2 ¢} =
= {n € N:[9(& + M) — 6(€0 — M| > 5}V
U{n € N: (€ + An) = (60 — M)l 2 5}

implies that

6({n € N:[(¢+ 1) (o + An) = (@ + ) (€0 — An)[ = €}) = 0.
Similarly, we have
6({n € N: (¢ = 1) (o + An) = (¢ = ¥) (€0 — An)[ = €}) = 0.

Consequently, ¢ + 1 and ¢ — 1) are statistical weakly symmetrically continuous at the point &.

Now, the following inequality
Imax{¢, ¥} (§o + An) — max{g, ¥} (§o — An)| <

< [9& + ) ; $(60 = An)l | [¥(€0 + An) ; Y€ — Al
Ll = vlteo + ) 1o vl =l

< [6(60 + An) ; O(&0 — Al [¥(€0 + An) ; Y€ —An)l

(6 = 060+ M) = (@ = )& = M)l _

< (60 + An) = 0(&0 — An)2+ [¥(&0 +An) = ¥ (€0 = An)

_|_

implies that

{n € N: max{9, 4} (€0 + M) — max{9,%}(6 — M| 2 ¢} ©
C {n € Nef6(6o + M) = 060 — M)l 2 5}

}

N

U{n € N:[¢(o + An) = 9(60 — An)| =

holds. So, we have

5({n € N:lmax{a, ¥ }(&o + \n) — max{p, ¥} (&0 — \n)| > €}) = 0.

Similarly, the following inequality

‘min{(ba 1/}}(50 + )‘n) - min{¢7 w}(fo - )\n)| <

e
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< p(&0 + An) = D& — An)| + [ (€0 + An) — ¥(&0 — An)l

implies that

{n € N:|min{¢, }(€o0 + An) — min{¢, 9} (€0 — An)| = €} C
C{n e N:[9(&o + An) = &(§0 — An)| 2
U{n € N: [1h(§o + An) — ¥(&0 — An)| 2
holds. Hence,
6({n € N: [min{¢, ¢} (S0 + An) — min{g, ¥ }(§o — An)| = €}) = 0.
Thus, the functions max{¢, ¢} and min{¢, ¢} are statistical weakly symmetrically continuous at &. [ |

Example 2.3. (Exp.3.3. in [23]) Let A = {L :n € Z—{0}} and B = {% :n € Z — {0}}. Consider the
functions ¢, : R — R as follows:

¢, &eAu{o}, §, €§eBU{0},
¢(§): _]-7 £>O/\£¢Av and w(&): _27 £>0/\£¢Ba
1, &<0AE¢A, 2, £<0ANEEB.

The functions ¢ and 1) are weakly symmetrically continuous at 0 (see in [23]). By Lemma 1.5 the functions ¢
and v are also statistical weakly symmetrically continuous at 0.

-3, E>0NEE AUB,
3, E<ONEE AUB,
E—2, £E>0NEE€A,
(@+Y)E) =qE+2, E<ONEEA,
E—1, £€>0NE€ B,
E+1, £E<0ANE€EB,

0, §=0,
1, E>0NEE AUB,
-1, E<O0NEE AUB,

£+2, £>0ANE€A,
(@-v)(€) =9€-2, €<O0NEEA,
—£—1, £€>0ANE€B,
—£+1, £E<0ANEEB,
0, §=0,

—1, £€>0AE¢ AUB,
E<O0ANEE AUB,
&, €E>0ANE€AUB,
2, E<OANEEA,
E<ONEEB,
0, ¢&£=0,

max{¢, Y }(§) =

e
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-2, £€>0AE¢ AUB,
1, E<ONEE AUB,
. o _2a §>0/\§€7

min{e, Y} (§) = 6 E<ONECAUB,
-1, £€>0AN€€ B,
0, £E=0.

For¥(\,) € So(R) and Ve > 0,
6, An ¢ AU B,

|(¢+¢)(O+)‘n)*(¢+w)(07)\n)|: |2)‘7L—4|7 )\HEA,
2A, — 2|, A, €B.

There exists a finite subset of natural numbers S such that

N, A ¢AUB,

{neN:(¢+¢)(>\n)—(¢+w(_)‘")|Ze}:{N\S i€ AUB

Hence,

5({n € N:[(¢ +¥)(An) = (@ + ) (=An)[ = €}) > 0.

Therefore (¢ + 1) is not statistical weakly symmetrically continuous at 0. Similarly, for ¥n € N,

2, An ¢ AU B,
(@ =)0+ An) = (@ —=V)0=A)[ = [2An +4], A € A,
|—2\, — 2|, A\, € B,

3, An ¢ AU B,
|max{¢aw}(0 + )\n) - max{¢71/)}(0 - An)‘ = |)\n - 2| ) )‘n S A7
[An — 1], X, € B,

3, An ¢ AU B,
[min{¢, ¥} (0 + An) —min{g, 9} (0 = Ap)[ = ¢ [-An = 2], A, € 4,
|-An — 1|, M\, € B,
ForVe > 0,

5({n € N:[(¢ = ¥)(An) = (@ =) (=An)[ Z €}) > 0,
6({n € N: |max{¢, 1} (An) — max{@, Y} (=An)| = €}) > 0,

5({n € N: min{6, ¥} (hn) — mingg, BH(—An)| > e}) > 0.
Hence, the functions ¢ — 1, max{¢, ¢} and min{¢, 1)} are not statistical weakly symmetrically continuous at 0.

Theorem 2.4. Let ¢ : X — R be a statistical weakly symmetrically continuous function at the point &y and let
¥ : X — R be a statistical strong weakly symmetrically continuous function at the point &. If ¢ and 1 are
locally bounded at &y, then ¢ is statistical weakly symmetrically continuous at .

[V =)
MIM

e
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Proof. Suppose that ¢ is statistical weakly symmetrically continuous and 1 is statistical strong weakly
symmetrically continuous at the point . Then, S¢ (X) # ( implies that there exists a sequence
(An) € Sg,(X) such that Ve > 0,

€
0({n € N:[d(&o + An) = @(&0 = An)| = 51) =0
holds. Also from Theorem 1.9, v is statistical weakly symmetrically continuous function at the point &y. Then,
€
3(fn € N:[th(€o + An) = ¥(€o = An)| = 5}) = 0.

holds for Ve > 0.
Because of ¢ and ¢ are locally bounded at &, there exists K, M > 0 and § > 0 such that |¢(£)| < M and

(&) < K forall € (§ —d,&0 +96) N X.
Since (A,,) € S¢,(X), we can pick N € N such that §o + A, {0 — An € (§o — 6,60 +0) N X forVn > N
such that

[(0¥) (€0 + An) — (¢¥) (&0 — An)| =
= [¢(&o + An)¥ (€0 + An) — B(§0 — An)¥(§0 — An)| <
< 1860 + An)| [¥(&0 + An) — ¥(€0 — An)| +
+ (&0 — An)l [0(€o + An) — ¢(§0 — An)| <
< M 9o + An) — ©(&0 — An)| + K |9(&0 + An) — (S0 — An)
holds. So, following inclusion

{n € N:[(¢1) (€0 + An) = (¢9)(§o — An)| = €} C

C {n € N:M. |60 + M) = (€0 — Aa)| > }U

€

Un € NiK[6(8o + An) = 6(6o = M)l > 5}

implies that

5({n € N:|(¢9) (€0 + An) = (99) (S0 — An)| = €}) = 0.

Therefore, ¢ is statistical weakly symmetrically continuous at &. |

The following example shows that if ¢ € #.7€*" and ¢ € S W .F€*" but at least one of ¢ or ¢ is not
locally bounded, then ¢tp ¢ # /€.

Example 2.5. Consider the functions ¢, : R — R defined by

NIRRT
_ d — ) In(J¢]+1) e’e
o) =¢ and 4(5) {O, otherwise,
For every (A\,) € Rwith A, — 0, we have for every ¢ > 0
d({n € N:[p(An) — d(=An)| > €}) =0

and

d({n € N [h(An) —¥(=An)| > €}) = 0.

e
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Then, ¢ and 1) are statistical strong weakly symmetrically continuous at 0. The function ¢ is locally bounded
at 0 however 1 is not. By Theorem 1.9, the function ¢ is statistical weakly symmetrically continuous at 0.
Additionally,

#u 5 ¢ [_l’ l]
_ I mmED ere
(#v)($) {0, otherwise.
Hence, VA, € 5o(R) and Ve > 0 we have
2)\n
[(p)(0 4 An) = (89)(0 — An)| = (v + 1)

{n e N:[(09)(0+ An) = (¢9)(0 = An)| = €} =N

6({n € N: [(¢9)(An) — (¢90)(=An)| = €}) > 0.
Hence, ¢ is not statistical weakly symmetrically continuous at 0.

Theorem 2.6. Let ¢ : X — R be a statistical weakly symmetrically continuous function at £y. Suppose that
@(&) # 0 for V¢ € X and % is locally bounded at &y. Then, é is statistical weakly symmetrically continuous at

€o-

Proof. Suppose that ¢ be a statistical weakly symmetrically continuous at a point &y and let ¢(§) # 0 for V¢ € X
and % is locally bounded at &;. Let S, (X) # 0 then, there exists a sequence (\,,) € Sg,(X) such that Ve > 0,

5({n € N:[$(Eo + An) — B0 — An)| = €}) =0

and 34, M > 0 such that ‘%‘ < M, for V¢ € (§o — 0,&0 + 0) N X. Since (\,) € S¢,(X), then we can pick
N € Nsuch that £ + Ap, §o — A € (&0 — 0,80 + ) N X for Vn > N.
So, following inequality

1 1

1
‘¢(€0 + ) d(&o— An)

=060 + M) = 660~ M) | e e =
< M 1(E0 + M) — 66 — )

and related inclusion
1

1
‘sb(ﬁo T ale | 29 E
C{neN:M?*|p(& + M) — d(&0 — Mn)| > €}

{neN:

holds. Then,
1

1
‘¢(§0 ) 66— )

Therefore, 1 is statistical weakly symmetrically continuous at &. |

6({n e N: >e}) =0.

Theorem 2.7. Let ¢ : X — R be a statistical weakly symmetrically continuous function at a point £y and locally
bounded at &y. Let 1 : X — R be a statistical strong weakly symmetrically continuous function at a point &y. If
W(&) #0forall £ € X and i is locally bounded at & then, % is statistical weakly symmetrically continuous at

€o-

Proof. It is omitted because of similarity with Theorem 2.6. |

Theorem 2.8. Let ¢ : X — Y and ) : Y — R. Suppose that ¢ € W /€ and 1 be a uniformly continuous on
Y. Then, 1o ¢ € W.SE€*".

e
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Proof. Suppose that ¢ is statistical weakly symmetrically continuous at £y and v is uniformly continuous on Y.
Then, Se, (X) # () implies that there exists a sequence (\,,) € Se, (X)) such that Ve > 0,

6({n € N:|p(§o + An) — &(&0 — An)| 2 €}) =0
and Ve > 0,36 = 6(¢) > 03 |¢o — (1| < & implies that for ¥(o, (; € Y
[P (Co) —¥(CG)] < e (2.1
There is N' € N such that for all n. > N
[6(60 + An) — @60 — An)| < 6. (2.2)
By equation (2.1) and (2.2),
(¢ 0 ) (S0 + An) = (10 @) (S0 — An)l = [(¢(80 + An)) — 1h(d(E0 + An))| < €

So, we have below inclusion

{n e N:[(¢o9)(€o+ An) = (Vo) (S0 — An)| = €} ©{1,2,..N}

and

6({n € N:|(¢ 0 @) (€0 + An) = (¥ 0 9)(§0 — An)| = €}) = 0.

Consequently, i o ¢ is statistical weakly symmetrically continuous at &. |

The following example shows that when ¢ € #.7%€*" but 1) is not uniformly continuous on the domain, it
willbe 1o ¢ ¢ W .7E€"

Example 2.9. Define ¢, : R — R by

1, £#0,
= § =
v(©) {07 Ty o) = geone

The function ¢ is statistical weakly symmetrically continuous at O and 1) is not uniformly continuous on R.

ﬁ» EFONEF (b + 5),
0, otherwise,

(od)(&) = {

forallk € Z. For¥(A,) € So(R) and € > 0,

(¥ o) 0+ An) = (¥ og)(0—N,)| = )\n%s()\n)

{neN:[(¥od)(An) = (Yo@)(=An)[ Z €} =N
6({n € N:[(¥ 0 9)(An) = (Y0 @)(=An)| = €}) =1 > 0.

Hence, 1 o ¢ is not statistical weakly symmetrically continuous at 0.

e
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3. Conclusion and some Remarks

P. Pongsriim-T. Thongsiri in [23] classified functions with removable discontinuity, and SC, WC and W.SC'
classes were created. In this study, functions with removable discontinuities were subjected to a new classification
with the help of natural density, and the following inclusions diagram was obtained. (Note that £ — D means
that £ C D)

C \
wC ¢t SC wSsC
WEst W SEC — WS

As a continuation of this study, the first question that comes to mind is to make a similar extension by taking
a different kinds of densities instead of natural density, for example, logarithmic density, uniform density, and
density produced by a regular matrix, generalized density, etc.

Maybe the other problem is determining whether there is any class of functions between X and Y where
X € {SC,WC,WSC}andY € {SW SC" , WE* , W.SEC"}.
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