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1. Introduction

In an attempt to generalize the notion of metric space,
several mathematicians proposed different generalizations and
studied fixed and common fixed point results under different
contractive conditions. In this direction, Mustafa and Sims
[1] introduced G-metric spaces as a generalization of metric
spaces in 2006 and proved existence of some fixed points. In
2012, Sedghi, Shobe and Aliouche [2] introduced S-metric
spaces by generalizing G-metric spaces and investigated some
of its properties. But, in 2014 Dung, Hieu and Radojevic [3]
showed by an example that the class of S-metric spaces and
the class of G-metric spaces are not the same. Thereafter, in
2014, S.Sedghi, N.V.Dung [4] generalized some results in [2]
and in [5], J.K. Kim, S. Sedghi, N. Shobkolaei established a
common fixed point theorem for R-weakly commuting maps
in S-metric spaces. For more fixed point results on S-metric

spaces, we refer to ([6]-[10]). On the other hand, in 2004,
Rohan et al. [11] combined the definitions of compatible,
compatible of type(P) and introduced compatible of type(R)
in Banach spaces and studied some fixed point results for such
mappings.

The aim of this paper is to define an almost weakly generalized
contraction and compatibility of type(R) in S-metric spaces
and to prove a common fixed point theorem using associated
sequence[12] with respect to four self maps.

2. Preliminaries

In this section, we recall some definitions and results
which will be used in the results.

Definition 2.1 ([2]). Let X be a non-empty set. Then we
say that a function S : X3 — [0,00) is an S -metric on X iff it
satisfies the following for all o, 3,y and 6 in X,

(PI1) S(et,B,7y)=0ifa=B=y
(P2) S(o,B,7) <S(x,0,0)+5(B,0,0)+5(7,6,0).
Here (X,S) is called a S -metric space.

Example 2.2 ([2]). Let (X,d) be a metric space. Define
§:X3 —[0,00) by

S(Ot,ﬁ,’)/) = d(a’ﬁ) +d(ﬁ7’}/) +d(%a)
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fora,B,y€ X. Then S is an S-metric on X and S is called the
S-metric induced by the metric d.

Example 2.3 ([8]). (X,S) is a S -metric space where X =
[0,1] and

0, fa=p=vy
max{a,f3,y}, otherwise

st~ {

fora,B,yeX.

Definition 2.4 ([4]). We say that a sequence () in S-metric
space converges to a point & € X iff S (o, 0, ) = 0, as
1N — oo,

Definition 2.5 ([4]). We say that a sequence (0,) in S-metric
space (X,S) is a Cauchy sequence in X iff S (a, Gy, 065)) —
0,as n,& — .

Definition 2.6 ([4]). We say that a S-metric space (X,S) is
said to be complete iff every Cauchy sequence in X converges
inX.

Lemma 2.7 ([6]). In S-metric space (X,S), we have
S(a,0,7) = S(1,7, @),
foro,yeX.

Lemma 2.8 ([4]). Let (X,S) be a S -metric space. If there
exist sequences () and (By) in X such that limp e 0y =

Definition 2.9. We say that two self maps f and R of an
S-metric space (X,S) are compatible of type R if

lgn S(fRay,, fRa,,Rfoy,) =0

and
lgns(ff(xn,ffan7RR(Xn) :07
Nn—soo

whenever a sequence {,} in X such that

lim fo,, = lim Roy, = 7,
n—yo0 n—yo0

for some y € X.

Definition 2.10 ([10]). Let f,g,R and T be four self maps of
a S -metric space (X, S) such that fX C TX and gX C RX and
let oy € X. since fX C TX and oy € X, there exists a point
ay € X such that fog =Tay. Now goy € gX and gX C RX
implies that there exists a point 0,y € X such that go; = Rog.
This will imply that there exists a point oz € X such that
fap =Toz, since fX C TX. similarly, goz € gX and gX C
RX implies that there is a point oy € X such that goz = R0y.
By continuing in this process, we get a sequence (0y) in X
such that foby =T 0y 1 and gy 11 = Ry 12 for n > 0.
We call this sequence (0y) as an associated sequence of 0t
with respect to the four self-maps f,g,R and T.
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Example 2.11. Consider S-metric space (X,S), where X =R
and

S(o,B,y) = o=y +[B -7
for a, B,y € X. Now we define four self-maps f,g,R and T on
X by fa = %,ga = %,Ra =atand Ta=a* fora€X.
Let o € X and choose oy as 0y = %for n € N. Then

agn 0‘8 4 Otg
we have fazn =35 = 320+T and T(in+1 = OCZnH = 2041

. o3 o
form € N. similarly, gty 11 = 2’;“ = 52,10” and ROy 12 =

4
a§n+2 = 5;% for m € N. Therefore fory = T 0y 1 and
80on+1 = Rooy 2 for all n € N U{0} and hence (o) is an
associated sequence of the point oy € X with respect to f,g,R
and T. Similarly, one can easily get that the sequence (0t)

defined by oy = 7% for n € N, is also an associated
sequence of the same point o of f,g,Rand T.

Proposition 2.12. Suppose f and R are two self maps of S
-metric space. If f and R are compatible of type (R) and

lim foy, = lim Ray, =7,

for some y € X, then lim,,_,. Rf 04, = fv if f is continuous.

Proof. Since f and R are compatible of type (R), we have
lim §(fRot, fRO, Rf0p) =0

and lim, . S (ff o, ff oy, RRay,) = 0 whenever a sequence

{0, } in X such that lim,, e f 0, = lim,_. R, = ¥ for some
Y € X. Now, since f is continuous,

lim ffa, = lim fRoy, = fy.
n—soo n—soo
So by triangle inequality, we have

S(Rf oy, Rfay, fy) <25 (Rfa,,Rf oy, fRot,)

+S(f7.f7, fROw).
Letting n — oo, we get limy,_,00 S (Rf 0y, Rf Oy, f¥) = 0, which
implies that lim,, .. Rf 0y, = f7. O

Proposition 2.13. Suppose f and R are two self maps of
S-metric space. If f and R are compatible of type (R) and

fY=Ryfor some yin X, then fRy= ffy=Rfy=RRY.

Proof. Since f and R are compatible of type (R), we have
lim, 0 S (fROy,, fRO,,Rf 04,) = 0 and

1im S (/£ G £ 0, RROG) = 0,
Jim

whenever a sequence {0} in X such that lim, . fa, =
lim,,_y R0, = y for some y € X. Let o, = y forn > 1. Then
limy, e f 04 = lim, 0o RO, = ¥, since fY=RYy. As f and R
are compatible of type (R), we have

S(fR’}/afR'}/aRf’}/) = }E?os(fRamfRamean) =0,

which implies that fRy = Rfyandhence fRy= ffy=Rfy=
RRY, since fy =Ry. O
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3. Main Results
Let y : [0,00) — [0,0) be a function such that
(i) it is continuous
(i) non-decreasing and
(iii) y(k) =0iff k=0.

Let ¢ : [0,00) — [0,0) be also a continuous function satisfying
¢ (k) = 0 iff k = 0. We begin with the following lemma which
plays important role in the main result.

Lemma 3.1. Suppose in a S-metric space (X,S), there are
four self maps f,g,R and T on X and D > 0 satisfying,

v(S(fa, fa,gB)) < W(P(Ohﬁ))—¢(P(0¢aﬁ))+DK(0¢a3ﬁ)l)
@a3.
for a,B € X, where

P(a,B)

=max {S(Roc,Roc, TB), % [S(Ra,Roc,foc) +S(TB,TB,gB)

% [S(Ra,Ra,gﬁ) +S(Tﬁ,Tﬁ,fa)] }
and

K(a, ) = min{S(Re,Rax,gB),S(TB, TP, fat)},

and (X, S) is complete. Then for any associated sequence (0t)
of a point oy € X with respect to f,g,R and T, the sequence
(foo,gan, fan,g0a,...... ) converges in (X, S).

Proof. Let () be an associated sequence of a point o € X
with respect to the four self maps f, g,R and 7. Then we have
fooy =Ty and goon 1 = Ry for n > 0. Now we
construct a sequence (f3;) as follows:

Bon+1:= fooy = Taony1 and Boyi 1= g0on41 = R0y 12

forn > 0. Clearly (B, ) is same as (fap, gou, f02, 803, ... ... ).
Now let us show that (f3;) converges in (X,S). Since (X,S) is
complete, it is enough to show that () is Cauchy sequence
in (X,S).

Case(i). For this, we assume that B, # Bon1 for all n €

NU{0}. Now for each n € NU{0}, we have

V(S (fa2n7fa2n7ga2n+1)) < II/(P(OCZm a2n+1))
— ¢ (P(02n, 02n+1)) + DK (02, Oy 11)
where

P(azn;OQnH)

=max {S(Razn,Razn,T(xan) ,

—_

E |:S (R(in,R(Xer,fazn) +S(Ta2r]+1,T(X2rl+1,fa2n):| ’

—_—

3 [S (RazanOCZnaganH) +S(T052n+17Ta2n+1afa2n)] }
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and
K (¢tay, 0y +1) =min {S (R0, ROy, 8000 +1) ,
S(Ta2n+17 T(X2n+1>fa2n)} .

Then we have

P((in,agn+]) = max {S(ﬁ2n7ﬁ2ﬂaﬁ2n+l)7

1

5 {S (ﬁ2n7ﬁ2n7ﬁ2n+1) +S(ﬁ2n+17ﬁ2n+17ﬁ2n+2)} P
1

3 [S(ﬁzn,ﬁzmﬁzmz)+S(ﬁzn+17ﬂzn+1,ﬁzn+1)}}

and

K (0ay, 00n+1) =min {S (B2, B2n, Ban+1),

S(Ban+1,Ban+1,Bon1) }
=0.
This will imply that
P(0an, 0an 1) < max {S(Bay, Ban, Brn+1)
% [S (BZnaﬁZn,ﬁan) +S(ﬁ2n+1,ﬁ2n+17ﬁ2n+2)]
% (28 (Bans Bons Ban+1) + S (Bon+1, Ban+1 ,ﬁ2n+2)]} -

If
S (Bans Bans Ban+1) < S(Ban+1,Ban+1,Ban+2) 5

then we must have
P (0o, 0n+1) < S(Ban+1, Bon+2, Bon++2) -
Note that

Y (S (Ban+1,B2n+1, Ban+2))
<y (P(02n, 0n+1)) — ¢ (P(c2n, Con+1))
< V’(P(OQT/,O‘ZT]H))-

By definition of non-decreasing of v, we have
S(Bon+1,Bon+1.Ban+2) < P(Q2n, Con1).

Therefore we must have

P(0an, 0n+1) =S (Ban+1,Ban+1, Ban+2) -
By (3.1) we have
V(S (Ban+1,B2n+1,B2n+2))
<Y (S(Ban+1,B2n+1,Ban+2)) — ¢ (S (Ban+1, Ban-+1, Ban+2)) -

This implies that, —¢ (S(Ban+1,Ban+1,Ben+2)) > 0. It fol-
lows that ¢ (S (ﬁ2n+1,ﬁ2n+1,ﬁ2n+2>) = 0. By definition of

¢, we have S(Bon+1,Bon+1,Bon+2) = 0 and hence By 41 =
Bon+2-contradiction. Therefore we have

S(Ban+1,Bon+1,Bon+2) < S (Bans Bons Bon+1)
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and hence

P(02n,0n+1) = S (Ban, Ban, Ban+1) -

By using (3.1) we get that

v (S (Ban+1,Ban+1,Ban+2))
< W (S(Ban;Ban;Ban+1)) — ¢ (S(Ban, Ban, Ban+1))
< W(S(ﬁZnaﬁZWBZUH)) .

Therefore
W (S (Ban+1:Ban 1, Ban+2)) S W (S (Bans Bans B 1))
for each n € NU{0}. By definition of ¥ we have
S(Ban+1:Ban+1: Bon+2) < S (Ban, Bans Ban+1)
for all n € NU{0}. This shows that the sequence

(S(ﬁ2n’ﬁ2n7ﬁ2n+1))

is a decreasing sequence of real numbers. Then there exists
2 > 0 such that limp e S (B2, Ban, Ban+1) = X-

Now letting 1 — oo in (3.1) we have w(x) < w(x)— o (x)-
This will imply that —¢ () > 0. It follows that ¢ () = 0 and
hence y = 0. Therefore we must have

%ﬂs(ﬂznaﬁznaﬁznﬂ) =0.

Similarly, by taking ot = 041, = Gtoy+2 in (3.1) we can
get that
%i_l}}os(ﬁznﬂaﬁzml,ﬁzmz) =0.

Therefore limy e S (By, B, By+1) = 0. This shows that (B;;)
is a Cauchy sequence in (X,S). This implies that (f3;) con-
verges in (X, S), since (X,S) is complete.

Case(ii). Now let By = Bay 41 for some n € NU{0}. Then
we have

1
P (0o, 00n11) = Es(ﬁ2n+] Bon+1:Bon+2)
< S(Ban+1,Bon+1,Pon+2) -

Therefore, we must have

P (0o, 00n+1) < S(Ban+1,Ban+1, Bant2) -
From (3.1) we can write that

V(S (Ban+1,Bon+1,Ban+2)) S W (P(02n,00n+41))-

By definition of non-decreasing of v, we have

S(Ban+1,Ben+1,Ban+2) < P02y, 00n11).
Hence P (02, 0n+1) = S (Ban+1,Ban+1, Pan+2) and

K(agn,a2n+1) =0.
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By (3.1), we have
‘//(S (ﬁZnHaBZTHl 7ﬁ2ﬂ+2))
<Y (S(Ban+1,Ben+1,Ban+2)) — ¢ (S (Ban+1, Ban+1, Ban+2)) -

It follows that —¢ (S (BZrH—l R BZU‘H s ﬁ2n+2)) > 0. This will im-

ply that ¢ (S (Ban+1, Ban+1,Ban+2)) = 0 and hence Boy11 =
Bon+2. Now for each n € NU{0}, we have

v (S(foani1, fooni1,8002n+2))
<y (P(02n+1,00n+2)) — ¢ (P(Q2n+1,02n+2))
+DK (0 +1,00n+2) s

where,
P (0n41,00n42) = max {S (Ropy41,R0n41,T 0 +2)

1
3 [S (Rop11, R0 41, fOn+1)+S (T 042, T Cony2, fO2n42)]

1
3 [S (Rotyn+1, R0 +1,800n+2) +S (T Q2. T 0y 12, fOon+1)] }

and

K (041, 00512) =min {S (ROon+1,R00n41,8007+2) ,
S(Toany2,T0on 12, fOn+1)} -

Then we have
P(O‘an ) 05217+2) = max {S(ﬁznﬂ 7/32n+1 732n+2)

% [S (Ban+1:Ban+1, Ban+2) + S (Ban+2, Ban-+2, Ban+3)]

—_—

=[S (Ban+1, Ban+1, Ban+3) +S(ﬁ2n+2,ﬁ2n+z,ﬁzn+2)}}

(O8]

and

K (041, 00n42) = min {S(ﬁ2n+l,ﬁ2n+lvmn+2) )
S (Bon+2:Bon+2, Bon+2) } = 0.

Then we have

P(a2n+1 ) a2n+2) = max {S(ﬁ2n+laﬁ2n+laﬁ2n+2)
1
3 (S (Ban+1, Ban+1, Bon+2) + S (Ban+2, Bon+2, Bon+3)]

1

3 [S(Bon+1,Ban+1,Ban+3) +S(ﬁ2n+2752n+27ﬁ2n+2)]}

1
= 55(52n+2,ﬁ2n+2,ﬁ2n+3) ,

< S(Ban+2:Ban+2,Ban+3) -

Therefore

(by Ban+1 = Bon+2)

P(a2n+1,a2n+2) < S(B2n+27ﬁ2n+2,ﬁ2n+3)~
Notice that
V (S (Ban+2: Ban+2: B2n+3))

S Y (P(oon+1,00n42)) — ¢ (P(02nt1,00n12))
S Y (P(onn41,00n42)).
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By definition of non-decreasing of y, we have

S (Ban+2,Bon+2, Boan+3) < P(0on41,00n42).

Therefore we must have

S(Ban+2,Ban+2, Ban+3) -

P(a2n+1;0‘2n+2) =

By using (3.1) we get that

v (S (B2n+2, Ban+2, Ban+3))
<Y (S(Ban+2,Bon+2,Ban+3)) —

This will imply that —¢ (S (Ban+2, Bon+2, Ban+3)) = 0. It fol-
lows that ¢ (S(Ban+2,B2n+2,P2n+3)) = 0. Thus we have
o (S (ﬁ2n+27/32n+2>132n+3)) = 0 and hence .an+2 = ﬁ2n+3~
By continuing in this manner, we get that By = Bopy1 =
Bon+2 = Ban+3 = Ban+4 and going on. Thus we proved that
(Bn) is eventually constant sequence in (X,S) and hence ()
converges in (X,S). From both cases, we conclude that (S3)
converges in (X, S) and hence the result is proved. O

Remark 3.2. The converse of the Lemma 3.1 may not hold
and the following example illustrates this.

Example 3.3. Consider the S-metric space (X,S), where X =
[2,13) with S-metric

5(0‘7[377’) =

fora,B,y€ X. Clearly (X,S) is not complete. Now we define
four self-maps f,g,R and T on X as follows:

la—Bl+I|B—vl+|y—«,

_ )2 ifa=2 (2, ifa=2
f(Ol) _{ 3, lfOC?éZ g(OC) '_{ 37 lf(X?éz

R(a) := at2 and T (@) := 72,f0r aeX.
Also we define 9. y': 0,50) = [0,%0) by 9 (k) := & and y(k) =

3k for a € [0,0) respectively.

(i) Clearly fX = gX = {2,3} and hence fX C TX and
gX CTX.

(i) Let o, B € X be such that oo = B = 2.

Then we have

v(S(fo, fa,gf)) =35(2,2,2) =0

forany D > 0. Now consider o« =2 and 3 # 2. Then we have

V(S(fa. fa,gB)) = 35(2,2,3) =3.2/3 2| =6
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O (S(Ban+2; Ban+2:Boan+3)) -

Now we compute the following.

Pla,B) = max{ (2 2, ’3;2>,

e =

Therefore P(a, ) = 11.This will imply that y(P(o
3(11) =33 and ¢(P(ct,B)) = %. Thus we have

B)) =

V(S(afaeB)) =6 < (33 < +D(e.p)

=y(P(a,B)) - ¢(P(a, ) + DK(a, B),

for any D > 0. Let us consider o0 # 2 and B = 2. Then we
have

v(S(fa, fo,gB)) =

Now look at the following.

35(3,3,2) =6.

22 3)*““”}
[““ +S(°‘32’°‘§22)H
2{2 06;2‘3]
)
{ | Dl
oot 52

Thus P(o, B) = 11.1t follows that that w(P(c, B)) =3(11) =
33 and ¢(P(a,B)) = ¥ Thus

|ox — 4|2[

| — 4|2[

V(S(a faep)) =6 < (33~ +DK(@.p))
=y(P(a,B))—o(P(a, B)) + DK(a, B),
forany D >0. Let oo £ 2 and B # 2. Then we have

v(S(fo, fa,gf)) =35(3,3,3)=0

<3p(a.p) - T%P)
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forany D > 0. In all the cases, D = 0 satisfying the inequality

V(S(fa fa.gB)) < 3P(a, B) — %P

8
+DK(a,pB)
forall o, B € X.

(iii) Let (o) be an associated sequence of oy € X with
respect to the four self-maps f,g,R and T. Now consider
o = 2.Then we have foy =2 =T oy for some o € X. This
will imply that @) =2 and goy = 2. Also we have goiy = Roy
for some oy € X. It follows that ap =2 and fo, =2 Then
we have fon =2 =T o for some o3 € X. This implies that
oz =2 and go = 2.By continuing this process, we get the se-
quence (fop,g0u, [0, 805, . ... .. )as (2,2,2,2,...... ) con-
verging to 2.

Let us consider the case o # 2.Then we have foy =3 =
T oy for some o € X. This will imply that o) =4 and goi; = 3.
Also we have goiy = Ray for some 0 € X. It follows that
oy =4 and foy = 3 Then we have fop =3 = T ag for some
oz € X. This implies that a3 = 4 and gaz = 3. By continuing
this process, we get the sequence (fy, g, 00,803, .. ..... )
as (3,3,3,3,....) converging to 3. From above cases, we con-
clude that any associated sequence (0ty) of any ¢t € X with re-
spect to the four self- maps such that (fo, g, f0p,803, . ...)
converges in (X,S).

Theorem 3.4. In a S-metric space (X,S), if there are four
self-maps f,g,R and T on X and D > 0 satisfying

(Al)
v(S(fa, fo,gB)) < w(P(a, B)) — ¢ (P(e, B)) + DK (e, B)
for a,B € X where

P(a,B) =max{S(Ra,Ra,TB),S(Ra,Ra, f)
+S(TB,TB,8B),S(Ra, Rax, g}

and
K(a,B) = min{S(Ro,Ret,TB),S(TB,TB,gB)}.

(A2) fX CTX and gX C RX

(A3) the sequence (fo,g0u, f0, 804G, . ... .. ) converges to
a point y € X in (X,S) for any associated sequence
(o) of a point o € X with respect to the four self-
maps and

(A4) the pairs (f,R) and (g,T) are compatible of type(R) , then
v is the unique common fixed point for f,g,R and T
provided one of the four mappings is continuous.

Proof. Suppose that the condition (A3) holds. Then fop, =
T op+1 and gorn 1 = ROy 12 for 1 > 0 and hence fopy —
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Y, T Oant1 — ¥,800n+1 — Y and Rooyn 12 — 7.

Assume that R is continuous. Since (f,R) is compatible
of type (R), it follows that RRoy, fR0, — Ry. We first
claim that Ry = y. For each n € NU{0}, we have

lI/(S(fR(in,fROtzn,g(inH)) < V/(P(RaZn,(xZnH))
- (P (P (Ra2n7 a2n+l)) +DK (Razm a2T]+l) 9
where

P (Roty, 0ay+1) =max {S (RRGn, RROGy, T 0on11)
S(RRazy, RR0Gy, fROGY )
+S8(Togni1,T00n11,800n+1),
S (RROt,, RRO,, 8007 41) }

and
K (Raun, 0o +1) = min {S (RRotzy,RR0Gy, T 00y 11)
S(Toani1,T0n11,800041)} -
On letting 1 — oo, we have

T}I_I&P (RO, Oy 11)

=max{S(RY,RY,7),S(7,7,7) +5(7,7,7),S(RY,RY, ) }
=max{S(RY,RY.7),0+0,S(RY,RY,7)}
=S(Ry,Ry,7)

and

lim K (Ragy, 0n+1) = min{S(RY,RY,7),S(Y,7,7)} = 0.

n—eo
This will imply that
V(S(Ry,Ray,Y)) < w(S(Ry,Ray, 7))
—¢(S(Ry,Ray,7)) +D =0.

It follows that @ (S(RY,RY,Y)) = 0 and hence S(Ry,RY,y) =
0. Therefore Ry = 7. Let us now show that fy = y. For each
n € NU{0}, we have

W(S (f’}/7f%ga2n+1)) < W(P(% a217+|)) - ¢ (P(% a2n+1))
+DK(’Y7 O‘2Tl+l)a

where

P(Ry,00n+1)
=max {S(Ry,Ry,T 0y 1) ,S(RY,RY, f7)
+8(Toan+1,T0n11,802n+1), S(RY,RY,802n1) }

and

K (7,00n41) =min {S (Ry,Ry,T011),
S(Tonn+1,T 0y 11,800041)} -
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Now letting 1 — oo, we have

,,liinmp (Ry, 02 +1)

= max{S(RY,RY,7),S(RY,RY, fY) +S(7,7.7),S(RY,RY,7)}
=max{S(7.7,7),S(: V. V) +S(v., 7. 7). S(v, 7. 7)}
=max{0,5(y,7, 1Y) +0,0}

=S(1.7.f7)

=S(fv.fv.7)

and

lim K (¥, 0an+1) = min{S(Ry,RY,7),5(7,7,7)} = 0.

n—e0

Therefore, we must have

V(S(fr, f7,7) S w(S(fY. f1,7) — 0 (S(f7, f7,7)).

This will imply that —¢ (S(fy, fv,7)) = 0. It follows that

O(S(fY,f7,7)) =0 and hence S(f7,fy,y) =0. This will
imply that fy=17. Since fy=7y and fX C TX, there exists
0 € X suchthat y=T6, = fy.

For each n € NU{0}, we have

<y (P(7,61)) =9 (P(1,61)) +DK(7,6),

where

P(y,61)
= max {S(Ry,Ry,T6:),S(RY,RY, f7)
+S(T91,T91 ,g91) ,S(R}/,R}/,gel)}
=max{S(¥,%,7),S(¥:1,7) +S(.7,861),5(7,7.8601)}
=5(7,7,861).

and

K(% 91) = mln{S(%YvTel) aS(TelaTelagel)}
=min{S(7,7,7),5(7,7,261)}
=0.

Therefore we must have

This will imply that —¢ (S(7,7,g61)) > 0. It follows that
0 (S(7,7,861)) =0 and hence S(y,7,£61) = 0. This will im-
ply that g6; = 7. Since the pair (g,7T) is compatible of type
(R), we have gT 0, = Tg6; and hence gy = T'y. Finally we
show that Ty = y. For each € NU{0}, we have

V(S(fY.f7.87)) S w(P(Y,7)) — 0(P(v,Y)) + DK(7,7),
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where

P(y,y) =max{S(RY,RY,T7),S(RY.RY. f7)
+S(Ty,Ty,g7),S(RY,RY,87)}
=max{S(7,%,T7),S(7,7,7)
+S(Ty, Ty, TY),S(v,7,TY)}
=S(v,7.Ty)
K(y,y) =min{S(y,7,Ty),S(TY,TY,87)}
=min{S(y,7,77),8(Ty,Ty,T7y)}
=0.

Therefore we have,

V(S yTY) S w0 yTY) - o(S(r 7. TY)).
This will imply —¢(S(y,7,T7y)) > 0. It follows that

o(S(y,7,Ty)) =0.

This implies that S(y, v, Ty) = 0 and hence Ty = y. Therefore
fY=gYy=Ry=Ty=1, showing that ¥ is a common fixed
point for f,g,R and T Now let us show the uniqueness of
common fixed point for f,g,R and T. For this, let p € Xbe
another common fixed point for f,g,R and T. Then we have
fp =gp =Rp =Tp = p. Now we consider,

v(S(v,7.p)) = w(S(fY.f7.8P))
<wy(P(v,p) — ¢ (P(v,p)) +DK(7,p),

where

P(y,p) =max{S(Ry,RY,Tp),S(RY,RY, f7)
+S(Tp,Tp,gp),S(RY,RY,8p)}
=max{S(7,7.p),S(v,7,V) +S(p,p,p),S(v.1:p)}
=S(v,7,p)

and

K(7.p) = min{S(Ry,Ry,Tp),S(Tp,Tp,gp)} =0.

It follows that

v(S(1.1,p)) S w(S(y,7,p) — 0(S(7,7,P))-

This will imply that —¢(S(y,7,p)) > 0 This implies that
#(S(7,7,p)) = 0 and hence S(¥,7,p) = 0. Therefore y = p
and hence the result proved. As an application of the above
Theorem, we deduce the following result. 0

Corollary 3.5. Suppose that {fi}i_;,{g1})—1 , {Rm},—, and
{1}, _, are finite families of self maps of an S -metric space
(X,8) with f =TTi_, fr.8 =I1_18,R=11,_ 1 Rnand T =
IT,_, T such that all the conditions of the above Theorem
are satisfied. Then f,g,R and T have a unique common fixed
point.

Corollary 3.6. Suppose in a S-metric space (X,S), there are
four self-maps f,g,R and T on X and D > 0 satisfying
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(H1)

S(fa,fa,gB) < P(a,B)—¢(P(a, B)) + DK (e, B)
Sor a,B € X where

P(a,B)) =max{S(Re,Rat, TB),S(Ra, R, fx)
+S(TB,TPB.gB),S(Ra,Rax, g ) }

and
K(a,p)=min{S(Ra,Ret, TB),S(TB.TP,gB)}-
(H2) fXCTXand gX CRX

(H3) The sequence (fo,g0u, f0n,80a,. ... .. ) converges to
a point y € X in (X,S) for any associated sequence
(o) of a point oy € X with respect to the four self
-maps

(H4) The pairs (f,R) and (g,T) are compatible of type(R),then
Y is the unique common fixed point for f,g,R and T
provided one of the four mappings is continuous. Then
Y is the unique common fixed point for f,g,Rand T.

Proof. We define y : [0,00) — [0,00) by w(k) =k for k €
[0,00). Therefore, the hypothesis of Theorem 3.4 is satisfied
and hence the result proved. U

4. Conclusion

We obtained a common fixed point result for four self
maps by defining an almost generalized weakly contractive
condition and compatible mappings of type(R) in S-metric
spaces. Further, this result was utilized to prove a fixed point
theorem for four families of self maps.
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