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Initial coefficient estimates for subclasses of bi-univalent functions
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Abstract. The purpose of the present paper is to introduce a new subclasses of the function class Σ of normalized analytic
and bi-univalent functions in the open disk U. We obtain estimates on the first two Taylor-Maclaurin coefficients |a2| and |a3|
for functions of this subclasses.
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1. Introduction

Let A denote the class of all analytic functions f(z) of the form

f(z) = z +

∞∑
k=2

ak z
k (ak ≥ 0, n ∈ N = {1, 2, 3, ...}) (1.1)

which are analytic and univalent in the open unit disk

U = {z : z ∈ C; |z| < 1}.

We shall denote the class of all functions in A which are univalent in U by S, for details (see [9]; see also the
work [7], [8], [17]). For 0 < q < 1, we introduce the family of new functions defined as follows:

Qq
λ(β) =

{
f ∈ A : Re

(
(1− λ)

f(z)

z
+ λDqf(z)

)
> β, β < 1, λ ≥ 0

}
(1.2)

where Dq stands for q-derivative of the function f(z) introduced by Jackson [14]. For q → 1− it reduces to class
of analytic function introduced by Ding et al. [6].
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For function f(z) ∈ A given by (1.1) and 0 < q < 1, the q-derivative of a function f(z) is defined by (also
refer [12], [21])

Dqf(z) =
f(qz)− f(z)

(q − 1)z
; (z ̸= 0, q ̸= 0), (1.3)

from (1.3), we deduce that

Dqf(z) = 1 +

∞∑
k=2

[k]qak z
k−1 (1.4)

where

[k]q =
1− qk

1− q
. (1.5)

It is well known that every function f ∈ S has a inverse f−1, defined by

f−1(f(z)) = z, (z ∈ U)

and

f−1(f(w)) = w,

(
|w| < r0(f); r0(f) ≥

1

4

)
where

f−1(w) = w − a2w
2 + (2a22 − a3)w

3 − (5a32 − 5a2a3 + a4)w
4 + ... .

A function f(z) ∈ A is said to be bi-univalent in U if both f(z) and f−1(z) are univalent in U. We denote by Σ

the class of all functions f(z) which are bi-univalent in U and are given by the Taylor-Maclaurin series
expansion (1.1). The familiar Koebe function is not a member of Σ because it maps the unit disk U univalently
onto the entire complex plane minus a slit along the line − 1

4 to −∞. Hence image domain does not contain in
U. A systematic study of the class Σ of bi-univalent function in U, which is introduced in 1967 by Lewin [17].
Ever since then, several authors investigated various subclasses of the class Σ of bi-univalent functions. By
using Grunsky inequalities Lewin showed that |a2| < 1.51. Subsequently, Brannan and Clunie [4] conjectured
that |a2| ≤

√
2. Netanyahu [18], showed that max

f∈σ
|a2| = 4

3 . In 1985 Branges [1] proved Bieberbach conjecture

which state that, for each f(z) ∈ S given by Taylor-Maclaurin expansion (1.1) the following coefficient
inequality holds true:

|an| ≤ n; (n ∈ N− 1),

N being positive integer.
Brannan and Taha [6](see also [5]) introduce certain subclass of the bi-univalent function class Σ similar to

the familiar subclasses S∗(α) and K(α) of starlike and convex functions of order α (0 < α ≤ 1), respectively.
According to Brannan and Taha [6] (see also [3]) a function f(z) ∈ A is in the class S∗

Σ(α) of strongly bi-
univalent functions of order α (0 < α ≤ 1) if each of the following conditions is satisfied

f ∈ Σ and
∣∣∣∣arg(zf ′(z)

f(z)

)∣∣∣∣ < απ

2
; (0 < α ≤ 1, z ∈ U)

and ∣∣∣∣arg(wg′(w)

g(w)

)∣∣∣∣ < απ

2
; (0 < α ≤ 1, w ∈ U),
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where g is the extension of f−1 in U. Recently, several researchers such as (see [2, 11, 13, 15, 16, 19]) obtained
coefficients |a2| and |a3| of bi-univalent functions for the various subclasses of the function class Σ. For a further
historical amount of functions of class Σ, see the recent pioneering work by Srivastava et al. [22, 23]. The
coefficient estimate problem involving the bound of |an|(n ∈ N \ {1, 2}) for each f ∈ Σ given by (1.1) is still an
open problem.

The main aim of the present investigation is to introduce and study two new subclasses of the function class
Σ and find estimates on the initial coefficients |a2| and |a3| for functions in these new subclasses of the function
class Σ using q-differential operator.

2. Coefficient bounds for the function class Hq
Σ(α, λ)

We now introduce the following class of bi-univalent functions.

Definition 2.1. : A function f(z) given by (1.1) is said to be in the class Hq
Σ(α, λ) if the following conditions

satisfied:

f ∈ Σ and
∣∣∣∣arg((1− λ)

f(z)

z
+ λDqf(z)

)∣∣∣∣ < απ

2
; (0 < α ≤ 1, λ ≥ 1, z ∈ U) (2.1)

and ∣∣∣∣arg((1− λ)
g(w)

w
+ λDqg(w)

)∣∣∣∣ < απ

2
; (0 < α ≤ 1, λ ≥ 1, w ∈ U) (2.2)

where the function g is given by

g(w) = w − a2w
2 + (2a22 − a3)w

3 − (5a32 − 5a2a3 + a4)w
4 + · · · . (2.3)

We note that for λ = 1 and q → 1−, the class Hq
Σ(α, λ) reduces to the class Hα

Σ introduced and studied by
Srivastava et al. [24] and for q → 1−, the class Hq

Σ(α, λ) reduces to the class BΣ(α, λ) introduced and studied
by Frasin and Aouf [11]. We begin by finding the estimates on the coefficients |a2| and |a3| for function in the
class Hq

Σ(α, λ).
In order to derive our main results, we have to recall here the following lemma.

Lemma 2.2. [9] If p ∈ P then |ck| ≤ 2 for each k, where P is the family of all functions p analytic in U for
which Re{p(z)} > 0

p(z) = 1 + c1z + c2z
2 + c3z

3 + ... for z ∈ U.

For functions in the class Hq
Σ(α, λ) the following result is obtained.

Theorem 2.3. Let f(z) be given by (1.1) be in the function class Hq
Σ(α, λ), 0 < α ≤ 1; 0 < q < 1 and

λ ≥ 1.Then

|a2| ≤
2α√

2(1− λ+ [3]qλ)α+ (1− α)(1− λ+ [2]qλ)2
(2.4)

and

|a3| ≤
4α2

(1− λ+ [2]qλ)2
+

2α

(1− λ+ [3]qλ)
. (2.5)
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Proof: It follows from (2.1) and (2.2) that

(1− λ)
f(z)

z
+ λDqf(z) = [p(z)]α (2.6)

and

(1− λ)
g(w)

w
+ λDqg(w) = [q(w)]α (z, w ∈ U), (2.7)

respectively, where
p(z) = 1 + p1z + p2z

2 + ...

q(w) = 1 + q1w + q2w
2 + ...

in P . Now, upon equating the coefficients of z and z2 in (2.6) and (2.7), we get

(1− λ+ [2]qλ) a2 = αp1, (2.8)

(1− λ+ [3]qλ) a3 = αp2 +
α(α− 1)

2
p21, (2.9)

− (1− λ+ [2]qλ) a2 = αq1 (2.10)

and

(1− λ+ [3]qλ) (2a
2
2 − a3) = αq2 +

α(α− 1)

2
q21 . (2.11)

From (2.8) and (2.10), we obtain
p1 = −q1 (2.12)

and
2 (1− λ+ [2]qλ)

2
a22 = α2

(
p21 + q21

)
. (2.13)

Also, from (2.9), (2.11) and (2.13), we find that

2 (1− λ+ [3]qλ) a
2
2 = α (p2 + q2) +

(α− 1) (1− λ+ [2]qλ)
2
a22

α
. (2.14)

Therefore, we obtain

a22 =
α2

2(1− λ+ [3]qλ)α+ (1− α)(1− λ+ [2]qλ)2
(p2 + q2) . (2.15)

Applying lemma 2.2 for the coefficients p2 and q2, yields

|a2| ≤
2α√

2(1− λ+ [3]qλ)α+ (1− α)(1− λ+ [2]qλ)2
, (2.16)

which gives desired estimate on |a2| as asserted in (2.4).
Next, in order to find the bound on |a3|, we subtract (2.11) from (2.9), We thus get

2 (1− λ+ [3]qλ) a3 = α (p2 − q2) +
α2

(
p21 + q21

)
(1− λ+ [3]qλ)

(1− λ+ [2]qλ)
2 . (2.17)

Applying lemma 2.2 for the coefficients p1, q1, p2 and q2 in above equality, we get

|a3| ≤
4α2

(1− λ+ [2]qλ)2
+

2α

(1− λ+ [3]qλ)
. (2.18)

This completes the proof.
If we choose λ = 1 and q → 1− in Theorem 2.3, we have the following result.
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Corollary 2.4. ([24]). Let f(z) given by (1.1) be in the class Hα
Σ, (0 < α ≤ 1). Then

|a2| ≤ α

√
2

2 + α
(2.19)

and

|a3| ≤
α(3α+ 2)

3
. (2.20)

If we take q → 1− in Theorem 2.3, we have the following result.

Corollary 2.5. ([11]). Let f(z) given by (1.1) be in the class BΣ(α, λ), (0 < α ≤ 1) and (λ ≥ 1). Then

|a2| ≤
2α√

(λ+ 1)2 + α(1 + 2λ− λ2)
(2.21)

and

|a3| ≤
4α2

(λ+ 1)2
+

2α

2λ+ 1
. (2.22)

3. Coefficient bounds for the function class Hq
Σ(β, λ)

We now introduce the following class of bi-univalent functions.

Definition 3.1. : A function f(z) given by (1.1) is said to be in the class Hq
Σ(β, λ) if the following conditions

satisfied:

f ∈ Σ and Re

(
(1− λ)

f(z)

z
+ λDqf(z)

)
> β; (0 ≤ β < 1, λ ≥ 1, z ∈ U) (3.1)

and

Re

(
(1− λ)

g(w)

w
+ λDqg(w)

)
> β; (0 ≤ β < 1, λ ≥ 1, w ∈ U). (3.2)

For functions in the class Hq
Σ(β, λ) the following result is obtained.

Theorem 3.2. Let f(z) be given by (1.1) be in the function class Hq
Σ(β, λ), 0 ≤ β < 1; 0 < q < 1 and

λ ≥ 1.Then

|a2| ≤ min

{
2(1− β)

(1− λ+ [2]qλ)
,

√
2(1− β)

(1− λ+ [3]qλ)

}
(3.3)

and

|a3| ≤ min
{

2(1− β)

(1− λ+ [3]qλ)
,

4(1− β)2

(1− λ+ [2]qλ)2
+

2(1− β)

(1− λ+ [3]qλ)

}
. (3.4)
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Proof: It follows from (3.1) and (3.2) that

(1− λ)
f(z)

z
+ λDqf(z) = β + (1− β)p(z) (3.5)

and

(1− λ)
g(w)

w
+ λDqg(w) = β + (1− β)q(w) (z, w ∈ U), (3.6)

respectively, where
p(z) = 1 + p1z + p2z

2 + ...

q(w) = 1 + q1w + q2w
2 + ...

in P . Now, upon equating the coefficients of (3.5) and (3.6), we obtain

(1− λ+ [2]qλ) a2 = (1− β)p1, (3.7)

(1− λ+ [3]qλ) a3 = (1− β)p2, (3.8)

− (1− λ+ [2]qλ) a2 = (1− β)q1 (3.9)

and
(1− λ+ [3]qλ) (2a

2
2 − a3) = (1− β)q2. (3.10)

From (3.7) and (3.9), we obtain
p1 = −q1 (3.11)

and
2 (1− λ+ [2]qλ)

2
a22 = (1− β)2

(
p21 + q21

)
. (3.12)

Also, from (3.8) and (3.10), we have

2 (1− λ+ [3]qλ)a
2
2 = (1− β) (p2 + q2) . (3.13)

Applying lemma 2.2 for (3.12) and (3.13), we get

|a2| ≤ min

{
2(1− β)

(1− λ+ [2]qλ)
,

√
2(1− β)

(1− λ+ [3]qλ)

}
, (3.14)

we get desired estimate on |a2| as asserted in (3.3).
Next, in order to find the bound on |a3|, we subtract (3.10) and (3.8), we get

2(1− λ+ [3]qλ) a3 = (1− β) (p2 − q2) + 2(1− λ+ [3]qλ) a
2
2, (3.15)

which, upon substitution of the value of a22 from (3.12), yields

|a3| =
(1− β)2

2(1− λ+ [2]qλ)2
(p21 + q21) +

(1− β)

(1− λ+ [3]qλ)
(p2 − q2). (3.16)

On the other hand, by using (3.13) into (3.15), it follows that

|a3| =
(1− β)

2(1− λ+ [3]qλ)2
p2. (3.17)

Applying lemma 2.2 for (3.16) and (3.17), yields

|a3| ≤ min
{

2(1− β)

(1− λ+ [3]qλ)
,

4(1− β)2

(1− λ+ [2]qλ)2
+

2(1− β)

(1− λ+ [3]qλ)

}
. (3.18)

This completes the proof.
The next Corollary can be easily obtained from Theorem 3.2.
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Corollary 3.3. . Let f(z) given by (1.1) be in the class Hα
Σ, 0 ≤ β < 1. Then

|a2| =


√

2(1−β)
3 , for 0 ≤ β ≤ 1/3

1− β, for 1/3 ≤ β < 1
(3.19)

and

|a3| ≤
2(1− β)

3
. (3.20)

Remark 3.4. Corollary (3.3) provides an improvement for the estimates obtained by Srivastava et al. ([24]).

Corollary 3.5. ([24]). Let f(z) given by (1.1) be in the class Hβ
Σ, (0 ≤ β < 1). Then

|a2| ≤
√

2(1− β)

3
(3.21)

and

|a3| ≤
(1− β)(5− 3β)

3
. (3.22)

If we choose q → 1− in Theorem 3.2, we have the following result.

Corollary 3.6. ([11]). Let f(z) given by (1.1) be in the class BΣ(β, λ), (0 ≤ β < 1) and (λ ≥ 1). Then

|a2| ≤
√

2(1− β)

2λ+ 1
(3.23)

and

|a3| ≤
4(1− β)2

(λ+ 1)2
+

2(1− β)

2λ+ 1
. (3.24)

Remark 3.7. . For λ = 1 the results obtained in this paper are coincides with the results discussed in ([2]).

4. Acknowledgement

The authors are thankful to the referee for his valuable suggestions which improved the presentation of the
paper.

References

[1] L. D. BRANGES, A proof of the biberbach conjecture, Acta. Math., 154(1985), 137–152.

[2] S. BULUT, Certain subclasses of analytic and bi-univalent functions involving the q-
derivative operator, Commun. Fac. Sci. Univ. Ank. Sér. A1 Math. Stat., 66(1)(2017), 108–114,
https://doi.org/10.1501/Commua1- 0000000780.

[3] D. A. BRANNAN, J. CLUNIE AND W. E. KIRWAN, Coefficient estimates for a class of starlike functions, Canad.
J. Math., 22(1970), 476–485.

225



M. G. Shrigan and P. N. Kamble

[4] D. A. BRANNAN AND J. CLUNIE (EDS.), Aspect of contemporary complex analysis, Proceedings of the NATO
Advance Study Institute held at the University of Durham, Durham, July 1-20, 1979, Academic Press, New
York and London, 1980.

[5] D. A. BRANNAN AND W. E. KIRWAN, On some classes of bounded univalent functions, J. London Math. Soc.,
2(1)(1969), 431–443.

[6] D. A. BRANNAN AND T. S. TAHA, On some classes of bi-univalent functions, in Mathematical Analysis and
its Applications, S. M. Mazhar, A. Hamoui, N. S. Faour (Eds.) Kuwait; Februay 18-21, 1985, in : KFAS
Proceedings Series, Vol. 3. Pergamon Press, Elsevier science Limited, Oxford, 1988, pp. 53-60.

[7] N. E. CHO AND J. A. KIM, Inclusion Properties of certain subclasses of analytic
functions defined by a multiplier transformation, Compt. Math. Appl., 52(2006),323–330,
https://doi.org/10.1016/j.camwa.2006.08.022.

[8] J. H. CHOI, M. SAIGO AND H.M. SRIVASTAVA, Some inclusion properties of a certain family of integral
operators, J. Math. Anal. Appl., 276(2002), 432–445, https://doi.org/10.1016/S0022-247X(02)00500-0.

[9] P. L. DUREN, Univalent Functions, Grundlehren der Mathematischen Wissenschaften, Band 259, Springer-
Verlag, New York, Berlin, Heidelberg and Tokyo, 1983.

[10] S. S. DING, Y. LING AND G. J. BAO, Some properties of a class of analytic functions, J. Math. Anal. Appl.,
195(1995), 71–81.

[11] B. A. FRASIN AND M. K. AOUF, New subclass of bi-univalent functions, Appl. Math. lett., 24(2011), 1569–
1573, https://doi.org/10.1016/j.aml.2011.03.048

[12] G. GASPER AND M. RAHMAN, Basic Hypergeometric Series, Cambridge University Press, Cambridge, 1990.

[13] S. G. HAMIDI AND J. M. JAHANGIRI, Faber polynomial coefficient estimates for bi-univalent functions defined
by subordinations, Bull. Iranian Math. Soc., 41(5)(2015), 1103–1119.

[14] F. H. JAKSON, On q-definite integrals, Quart. J. pure Appl. Math., 41(1910), 193–203.

[15] J. M. JAHANGIRI AND S. G. HAMIDI, Coefficient estimates for certain classes of bi-univalent functions, Int.
J. Math. Math. Sci., Article ID 190560 (2013), 4 pp, https://doi.org/10.1155/2013/190560.

[16] J. M. JAHANGIRI AND S. G. HAMIDI, Advances on the coefficient bounds for m-fold symmetric bi-close-to-
convex functions, Tbilisi Math. J., 9(2)(2016), 75–82, https://doi.org/10.1515/tmj-2016-0021.

[17] M. LEWIN, On a coefficient problem for bi-univalent functions, Proc. Amer. Math. Soc., 18(1967), 63–68.

[18] E. NETANYAHU, The minimal distance of the image boundary from the origin and second coefficient of a
univalent function in |z| < 1, Arch. Rational Mech. Anal., 32(1969), 100–112.

[19] S. PORWAL AND M. DARUS, On a new subclass of bi-univalent functions, J. Egypt. Math. Soc., 21(2013),
190–193, https://doi.org/10.1016/j.joems.2013.02.007.

[20] M. G. SHRIGAN, Coefficient estimates for certain class of bi-univalent functions associated with κ-Fibonacci
Numbers, Gulf Journal of Mathematics, 14(2022), 192–202, https://doi.org/10.56947/gjom.v14i1.1096.
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