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Abstract
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1. Introduction

Many numbers and polynomials sequences can be defined,
characterized, evaluated, and classified by linear recurrence
relations with certain orders. The third order recurrence se-
quence have been generalized in two ways mainly, first by
preserving the initial conditions and second by preserving
the recurrence relation. There is a many generalizations of
numbers and polynomials of third order in literature which
are defined recursively. For exemple, Soykan and Tasdemir
in [13], given the Gaussian generalized Tribonacci numbers

{GVn}nZO = {G‘/ﬂ (GVOa GVl ) GVQ)}nZ() by

GV, =GV 1 +GVy2+GVy3,n >3
GVO:C0+i(CZ—C1 —Co), GV =1 +ico,
GVy) =cr+ic.

Let now we define some generalizations for some numbers
and polynomials of third order linear recurrence sequences,
we begin by the recurrence relation of generalized Gaussian
Padovan numbers {GN, },,~, = {GN, (a,b)},~ as:

GN, =aGN,,_»+GN,_3,n>3
GNy=1+bi, GNy =GN, =1+1i °

Special cases of {GN, },~, are Gaussian Padovan num-
bers GN, (1,0) = GP, and Gaussian Pell Padovan numbers
GN, (2,—1) = GR,. We formally define them as follows:

Gaussian Padovan numbers is defined by

GP, =GP, >+ GP,_3, foralln > 3,

with initial conditions GPy = 1, GP; = GP, = 1 +i and Gaus-
sian Pell Padovan numbers is defined by

GR, =2GR,_» + GR,_3, forall n > 3,

with initial conditions GRy =1 —i, GR; = GRy = 1 +1, see
the paper [5].
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Also, we define the generalized trivariate Fibonacci poly-
nomials {W, (x,y,7)},>¢ as follows

W, (x,y,8) = xWy—1 (6, 3,8) +yWa—2 (x,3,8) +
tWy_3 (x,y,¢), n >3
Wo (x,y,t) = a, Wy (x,y,t) = b+ cx,
W (x,v,1) = dx+ey + fx.
(1.1)

,b=d=1} and

If we take {a = c = =0,b
,e=2}in (1.1) we give the

e =
{a=3,b=d=0,c=f=
following definitions.

!
1

Definition 1.1. [6] For any integer n > 0, the trivariate Fi-
bonacci polynomials, denoted by {H, (x,y,t)}, is defined
recursively by

Hn (XJJ) :)Canl (X7y7f) +yHn72 (X»)’J)
+1tH, 3 (X,y,l) ’

with the initials
Hy (X,YJ) =0, H; (xayvt) =1and H, (x7y7t) =X.

Definition 1.2. [6] For any integer n > 0, the trivariate Lu-
cas polynomials, denoted by {K, (x,y,t)},~ is defined recur-
sively by

I(ﬂ (%)’aﬂ :-XKVL—I (-xayat) +yKn—2 (%)’aﬂ
+[K,1_3 (x7y7t)7

with the initials

Ko (x,y,1) =3, Ky (x,,1) = x and K> (x,y,1) = x> +2y.

Next, we define the generalized Gaussian Padovan polyno-
mials {GM,, (x)},~, by the following third order recurrence
relation:

GM, (x) = axGMy,_» (x) + GM,,_3 (x), n >3
GMo (x) = 1 +bi, GMy (x) = GMy (x) = 1 +i
(1.2)

If we take {a=1, =0} and {a=2, b= —1} in the
relationship (1.2), then we get the recurrence relations of
Gaussian Padovan and Gaussian Pell Padovan polynomials
{GP, (x)},~¢ and {GR,, (x) },~( given in the Table 1.

Gaussian Linear Initial

polynomials recurrence conditions
sequences

Gaussian | GP,(x) =xGP,_5 (x)+ | GPy(x) =1,

Padovan GP,_3(x),n>3 GP (x) =1+1,
polynomials Gh(x)=1+i

Gaussian | GR, (x) =2xGR,_» (x) | GRo(x) =1—1,

Pell +GR,_3(x),n>3 GR; (x) =141,

Padovan GRy (x) =1+i

polynomials
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Table 1. Gaussian Padovan and Gaussian Pell Padovan
polynomials.

In this part we define some generalized Vieta polynomials.

Definition 1.3. [11] For n € N, the generalized Vieta-Jacobsthal
polynomials, denoted by {GJ;M (x)} is defined recurrently
by

neN

{ G (X) = Gt (x) = 253Gy pa (x), n > 2
Gk,O (x) = O, Gk7] (x) =1 ’

Definition 1.4. [11] For n € N, the generalized Vieta-Jacobsthal-
Lucas polynomials, denoted by {gk_ﬂ (x)} is defined recur-
sively by

{ Sin (%) = g1 (x) — 28xgp 2 (x), n > 2 _

neN

8ro(x) =2, gr1(x)=1

Definition 1.5. [12] For n € N, the generalized Vieta-Pell
polynomials, denoted by {Pk7,, (x)} is defined recurrently
by

neN

{ Pk,n (x) = ZkXPk’n_l (x) — Pk,n—2 ()C) , n 2 2 )
Pk70 (x) = 0, Pk71 ()C) =1

Definition 1.6. [/2] For n € N, the generalized Vieta-Pell-
Lucas polynomials, denoted by {Qk,n (x)} is defined re-
cursively by

{ Okn (x) = 2520 1 (x) — Qppn (%), n>2
Oko (x) =2, Qg1 (x) = 2%x :

Definition 1.7. [12] For n € N, the generalized Vieta-modified
Pell polynomials, denoted by {qy., (x)}n oy I8 defined recur-
sively by

{ qk,n (x) = 2kxélk,nfl (X) —Gkn—2 (x) ,n>2
Gro (x) =1, ge1 (x) =28x

neN

The remainder of this paper is organized as follows:

o In section 2, we first give the notion of the symmetric
function and then we present and prove our main result
which relates the symmetric function defined in this
section with the symmetrizing operator 3, p, .

e In section 3, we derive the new generating functions
of generalized Gaussian Padovan numbers, generalized
Gaussian Padovan polynomials and generalized trivari-
ate Fibonacci polynomias. In particular, the generating
functions of Gaussian Padovan numbers and polynomi-
als, Gaussian Pell Padovan numbers and polynomials,
trivariate Fibonacci polynomials and trivariate Lucas
polynomials are obtained.

e In section 4, by making use of the symmetric func-
tion we obtain the new generating functions of general-
ized Vieta-Jacobsthal polynomials, generalized Vieta-
Jacobsthal-Lucas-polynomials, generalized Vieta-Pell
polynomials, generalized Vieta-Pell-Lucas polynomials
and generalized Vieta-modified Pell polynomials.
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2. Preliminaries and main results

In this section, we give definitions and properties of the
symmetric functions (for more details, we can see [7]). Let us
now start at the following definitions.

Definition 2.1. Let k and n be two positive integers and

{p1,P2,....,Pn} are set of given variables the k-th complete
homogeneous symmetric function hy (p1,pa, ..., pn) is defined
by
hk(PlaP27---aPn): Z p111p122 pi’;’ (kZO)a
i\ +ig+...+ip=k
with iy,iy,...,i, > 0.

Remark 2.2. Set hy (p1,p2,...
Fork <0, we set hi(p1,p2,...

,Pn) = 1, by usual convention.
.pn) = 0.

Definition 2.3. [/] Let A and P be any two alphabets. We
define S, (A — P) by the following form:

IGIP(l—pZ) -

p

T as) Zs (A—P)z 2.1
acA

with the condition S,(A— P) =0 for n < 0.

Equation (2.1) can be rewritten in the following form

5 5.4 P = (isnwzn) (isn<_P>Zn) |
n=0 n=0 n=0

where
—P)= Z Sn—j(=P)S;(A).
Jj=0

Remark 2.4. Tuking A = {0} in (2.1) gives

oo

Y Su(=P) =[] (1—-p2).

n=0 pEP

Definition 2.5. [2] Given a function g on R", the divided
difference operator is defined as follows

g(Plf" sPDisPi+1,° " 7Pn)
Oy i (8) =
plpH»l( ) [)i—Pi+1
o g(Ph yPi—1,Di+1,Pis Pi+2," 7pn)
Pi— Pi+1
Definition 2.6. Let n be a positive integer and P, = {py, p> } be

set of given variables, then, the n-th symmetric function S, (p1 +
D2) is defined by

pn+] pn+l
Su(Py) = Su(p1+ p2) = —"2—
pP1—p2
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with
So(P) = So(pi+p2) =1,
Si(k) = Si(p1+p2)=p1+p2,
S2(P) = Sa(pi+p2)=pi+pip2+p

Definition 2.7. [3] Given an alphabet P, = {pi,p2}, the

symmetrizing operator 3;‘1 p, I8 defined by
Pig(p1) — phg(p2)
6p1p2g(p1) = , for all k € Ny.
2.3)
If g (p1) = p1, the operator (2.3) gives us
k1 k1
k p] P2 o
8y 8(P1) = T =Sk(p1+p2).

The following theorem is one of the key tools of the proof
of our main results. It has been proved in [4]. For the com-
pleteness of the paper we state its proof here.

Theorem 2.8. Given two alphabets P, = {p1,p2} and Az =
{a1,a2,a3}, we have

Z Sn (A3 ) (9,,1 P2 (P?H )Zn

=0
_ So(—A3)—p1P2Sa(—A3)22—p1 p2S3(—A3)S1 (Py)Z

()Z Su(—A3)pl" ZOSn(*A3)pZZ”
P

n=0

2.4

with S()(—A3) =1, S2(—A3) =ai1ar+ajaz+aras, Sg(—A3) =
—aijaas.

Proof. LetY  (Sn(A3)7" and Y. S,(—A3)Z" be two sequences
n=0

such that § S,(A3)7" = ——1——. On one hand, since

n=0 §OSH<7A3>ZA
g(p1) = Z Su(A3)pi" and g(p2) = ZOSn(Aa)pSZ”,Wehave
n=0 n=
Op1p8(P1) = Opipy (Z Sn(A3)P’1lZn>
n=0

P1 L Su(A3)piZ" —p2 ¥ Su(A3)ph"
n=0 n=0

PL—p2

n+1 n+1
Sn(A3) Pr —P 7
0 P1—p2

( )aPlPZ (PYH)Z”-

I
s

3
Il

I
ok
N

i

)
b
&

On the other part, since g(p;) = =——

and g(p2) =
;OS11(7A3)P7ZYI
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P1 P2

— "o
): Sn(—A3)pi" ):Osn(—A3)PgZ”
n=

. PL—P2
p1 L Su(—A43)p5"—p2 ): Su(—A3)pl"

iOS”(*As)p"Z"> < L Su(— A3)17’2’Z">

717
2Z">

117253( —A3)81(P)2°
<Z Sn(— A3)P§Z">

- o \P1Py—pop!
E,Sn( A3) Pl 7

lz”) < g Sn(—
—p172S2(—A3)?
Sn(—A3)p!

( A

< N
gMg\_/ /\

n

This completes the proof. O

3. The generating functions for some
well-known generalized nhumbers and
polynomials of third-order linear
recurrence sequences

In this part, we now derive the new generating functions of
generalized Gaussian Padovan numbers, generalized trivariate
Fibonacci polynomials and generalized Gaussian Padovan
polynomials. The technique used is based on the theory of the
so called symmetric functions.

e For the case A3 = {ay,a;,a3} and P, = {1,0} in theo-
rem (2.8) we deduce the following lemma.

Lemma 3.1. Given an alphabet A3 = {ay,a;,a3}, we have

— 1

LS ) = S e (= e

3.1)

with

b4
l—a1z) (1 —azz)

— Z alazalzn:(

Z
(1—a12) (1 —azz)’

By applying the operator &,,4, to the identity

<~ Z Sh—1 (a1 —l—ag)z” =
n=0

B z
 (I—a12) (1 —axz)’

Z Snfl (al +a2)zn

n=0
we obtain
oo Z
B S "=,
amn;) n—1 (a1 +a2)z azas(lfalz)(lfazz)
o z
N s s n_g .
VEO arazSn 1(a1+a2)z “2’3(1—6111)(1—021)
o z 1
o Sn1 (a1 +ar+az)?" = 5
n;() n 1( 1 2 3) (l—alz) “2“3(1—(121)
o 1
& ZSn71(a1+a2+a3)Z":(1—Zalz) 3 '
n=0 H(I—CliZ)
i=2
Therefore

z
Sn—1(43)7" = .
LS (A = S T g ()
Hence, we obtain the desired result. O

Proposition 3.3. Given an alphabet Az = {a;,a2,a3}, we
have
2

Y Su2(A3)2" = < (3.3)

(1—a1z) (1 —asz) (1 —a3z)’

Proof. By applying the operator &

aasz

to the identity

z
(1—aiz)(1—azz)’

Y Sii(a+a) =

n=0
(1—a1z) (1 —axz) (1 —a3zz) =1 —(a; +apx+a3) wehave
2 ’3 (=)
_ 3 z
+(a1a2 a3 agag)z a1z 5a()2a3 Z Sn—1 (dl + a2) "= 6c(z)2a3 _ _
= (I—a1z) (1 —azz)
Proposition 3.2. Given an alphabet Az = {a;,a2,a3}, we
have o z
& o Sn—1 (a1 +a =90,,
o0 ) ; Z 2y Sn—1 (a1 +az) 2" 2B (1 —ayz) (1 —axz2)
Y Su-1(A3)" = . (32)
n=0 (1=a2)(1=a:2) (1= a32) & ZS (a1+ar+a3)" = 50 !
= n—2 1 2 3 (1 _alz) anas (1 _aZZ)
Proof. By applying the operator 521 a, to the identity o . .
=) = ZSniz(a1+a2+a3) == (l—a]Z) 3 .
Z al?' = ! ) n=0 (1 —aiz)
= l1—az i=2
Therefore
we get - 2
Z
Sp—2(A3)7" = .
nn_ s 1 nZO ! ( ) (1*(11Z)(17(12Z)(17a32)
uluz Zalz ¢1151217Z .
This completes the proof. O
1759 X
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This part consists of three cases.
Case 1. The substitution of

ai+ay+az=0
ajar +ajas +axaz = —a (3.4)
ajaaz = 1
in the relationships (3.1), (3.2) and (3.3), we obtain
)NV P R — (3.5)
= l1—az?-72
Y Sui (A3 = (3.6)
= 1—az?—23
Sy 2(A3)' = —F—— 3.7
ng:on 2( 3)Z l—az2—23’ ( )

respectively.

Multiplying the equation (3.5) by (14 bi) and adding it
to the equation obtained by (3.6) multiplying by (1 +) and
adding it to the equation obtained by (3.7) multiplying by
(1—a+i(1—ab)), then we obtain

o [ (14+bi) S, (A3) + (14+0)Su-1(A3) ) »
%( +(1—a+i(1—ab))S,,,2(lA3) )Z

C1+bi+(1+i)z+(1—a+i(1—ab))z?
- 2 3 ’

1—az-—z

and we have the following theorem.

Theorem 3.4. For n € N, the new generating function of
generalized Gaussian Padovan numbers GN,, is given by

1+bi+(1+i)z+ (1 —a+i(1—ab))?
2 3 ’

(3.8)

Y 6N, =
n=0 I—az"—z

with

GNy = (14 bi) S (A3) + (1 +)Su—1 (A3) +
(1 —a+i(1 —ab))Sn_z (Ag).

Proof. The generalized Gaussian Padovan numbers can be
considered as the coefficients of the formal power series

g(z) = Y GNuZ".
n=0

1760

Using the initial condition, we get

GNo +GNiz+GN2Z2 + Y GN,2"
n=3

8(2)

oo

= GNo+GNiz+GNZ* + Y. aGN, 7"
n=3

GN,_37"
3

_|_

n

o

= GNo+GNiz+GNrZ* +a* Y GN,Z"

n=1

+Z3 Z GNnZn
n=0

= GNy+GNiz+ GN»z> — aGNyz?

= =

+az? Z GN, 7" +7° Z GN,7"

n=0 n=0
= 1+bi+(1+i)z+(1—a+i(l—ab))Z
+ (az* +2°) g(2).

Hence, we obtain
(1—a?~2)glz) = 1+bi+(1+i)z

+(1—a+i(1—ab))Z*.

Therefore
(5= 1+bi+(1+i)z+ (1 —a+i(l —ab))Z?
§1= 1—az? -2 '
Thus, this completes the proof. O

e By putting ¢ = 1 and b = 0 in the relationship (3.8), we
obtain the following corollary.

Corollary 3.5. [9] For n € N, the generating function of
Gaussian Padovan numbers GP, is given by

= . 1+ +i)z+id?
Y GP.: =%
n=0 -z

with
GP, = Sn(A3) + (1 + i)Sn_l (Ag) + iSn_z(A3).

e Puta =2 and b = —1 in the relationship (3.8), we can
state the following corollary.

Corollary 3.6. [9] For n € N, the generating function of
Gaussian Pell Padovan numbers GR,, is given by

(=5} 17- 1 . 71 3. 2
ZGRnZ"Z i+ ( +l)22+( - +3i)z ,
n=0 1-2z—z

with
GR, = (1—i)Sn(A3)+(1+i)Sn71(A3)

+(—1430)Si—2(A3).
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Case 2. The setting of
ay+ax+az=x
ajay +ajaz +azaz = —y

ajaraz =t

in the relationships (3.1), (3.2) and (3.3), we obtain

— 1

S A = — 3.9
ngb n(43) 1 —xz—yz> —13 G2
) DR/ P — (3.10)
= 1 —xz—yz2 — 123
o 2

Spa(A)d = — 3.11
n;) n-2(43) 1 —xz—yz? =123 G-1D

respectively.

Multiplying the equation (3.9) by (a) and adding it to
the equation obtained by (3.10) multiplying by (b + (¢ — a) x)
and adding it to the equation obtained by (3.11) multiplying
by ((d —b)x+ (e —a)y+ (f —c)x?), then we obtain

> ClSn(A3) + (b+ (C_a)x)snfl(A3) n

ZO( +((d—b)x+ (e —a)y+ (f — ) ) Su2 (A3) )Z

_at+(bt(c—a)x)z+((d—b)x+(e—a)y+(f—c)x’)7
1 —xz—yz2—1t73

and we have the following theorem.

Theorem 3.7. For n € N, the new generating function of
generalized trivariate Fibonacci polynomials W, (x,y,t) is
given by

a+(b+(c—a)x)z+((d—b)x+(e—a)y+ (f —c)x*)Z
1—xz—yz>—t73

(3.12)
with
W, (x,y,t) = aSy(A3) + (b+ (¢ — a)x) S,—1(A3)

+((d=b)x+(e—a)y+ (f—c)xz)Sn,z (A3).

Proof. The generalized trivariate Fibonacci polynomials can
be considered as the coefficients of the formal power series

oo

glx,y,t,2) =Y Wu(x,y,0)2".
n=0

1761

Using the initial condition, we get
WO (XJJ) +Wl (x7y7t)Z+W2 (%)’J)Zz

+ Y Walx,y,0)2"
n=3

glx,yt,z) =

= Wo(x,0t)+ Wi (x,3,6)z+Wa (x,3,1) 2

=

+ Z (Xanl (XJ’J) +yWn72 (xayat))zn

n=3

+ ) Wz (x,,0) 2"

n=3
= WO(XJJ)'FWI (x,y,t)z+W2(x,y,t)Z2

+xz Yy W, (x,3,0)7" +y7 Z Wy (x,y,1) 2"
— n=1

+17° Z W, (x,y,t) 7"
n=0
= W()(X,)’,t)‘i’W] (X,y,[)Z+W2()C,y,t)ZZ
_x(WO (X,y,t) +Wl (x,y,t)z)z—yWo (XJ’J)ZZ

2

+ (xz 4y +12°) Y Wi (x,y,1)"
n=0

= a+(b+(c—a)x)z+((d=b)x+(e—a)y
+(f—c)x D)+ (xz+yz2+t23)g(x,y,t7z)~

Hence, we obtain
(1 —xz—yZ —tz3)g(x,y7t,z) =a+(b+(c—a)x)z+

(d=b)x+(e—a)y+ (f —c)x*).
Therefore

a+(b+(c—a)x)z
1 —xz—yz2 —12?

g('x’y7t7z) =

(d=b)x+(e—a)y+(f—c) )
+ 2 _ 4,3 :
1 —xz—yz=—1tz
Thus, this completes the proof. O

e Bysettinga=c=e=f=0and b=d =1 in the
relationship (3.12), we obtain the following corollary.

Corollary 3.8. [9] For n € N, the generating function of
trivariate Fibonacci polynomials H, (x,y,t) is given by

oo

Z
H,(x,y,){! = — 55—
n;) n (X,,1)2 p——T

with
Hn (-xayvt) = Sn—l(A3)~

e Puta=3,b=d=0,c=f=1and e =2 in the rela-
tionship (3.12), we can state the following corollary.

N %,
= 7

(N
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Corollary 3.9. [9] For n € N, the generating function of  Proof. The generalized Gaussian Padovan polynomials can

trivariate Lucas polynomials K, (x,y,t) is given by

oo

Y Ki(xy,0)2"

T s —v2 —13°
= l—xz—yz=—tz

3 —2xz—y7?

with
K, (x,,1) =38, (A3) — 2xS,—1(A3) — ¥Sy—2 (A3).
Case 3. The substitution of
ar+a+az=0
aiax +aiaz+aaz = —ax

ajaaz = 1

in the relationships (3.1), (3.2) and (3.3), we obtain

- 1

S, (A3)'= — 55— 3.13
ngo n( 3)Z l_axzz_z37 ( )
- z
I e 614
— 4
ZOSn—Z (AS)Zn = m7 (3.15)
n=

respectively.

Multiplying the equation (3.13) by (1 + bi) and adding
it to the equation obtained by (3.14) multiplying by (14i)
and adding it to the equation (3.15) multiplying by (1 —ax+
i(1 —abx)), then we obtain

i( (1+bi) Sy (A3) + (1+1)S,—1(A3) >z”

=\ +(1—ax+i(1—abx)) Sy (A3)

~ 1+bit+ (14+i)z+ (1 —ax+i(1 —abx)) 2
- 2 3 ’

1—axz—z

and we have the following theorem.
Theorem 3.10. For n € N, the new generating function of

generalized Gaussian Padovan polynomials GM,, (x) is given
by

o . . o . . 2
ZGMn(X)Z”: 1+bi+ (141)z+(1 261)6;‘1-1(1 abx))z ’
= 1 —axz®—z
(3.16)
with
GM, (x) = (1+0bi)S,(A3)+ (140)S,—1(A3)+

(1 —ax+i(l —abx))S,—2 (A3).

1762

be considered as the coefficients of the formal power series

glx,z) = ioGM,, (x)7".

Using the initial condition, we get

g(x,2) = GMy (x) + GM; (x) z+GM> (x) 2> + i GM,, (x) 7"

n=3

= GMy(x)+GM, (x)z+GM, (x)z* +

=

Y (axGM,_» (x) + GM,_3 (x)) 2"
n=3

= GMy(x)+GM, (x) 2+ GM (x) 2> +

axz? Z GM, (x)7"+7° Z GM, (x)Z"

n=1 n=0

= GMy(x)+GM, (x) 2+ GM, (x) 22 — axGMy (x) 2* +

axz? Z GM, ()" +7° Z GM, (x)7"
n=0 n=0

= 1+bi+(1+i)z+ (1 —ax+i(l —abx))z?
+ (axz® +2%) g(x,2).
Hence, we obtain

(1—axz® —2%) g(x,2) = 1+ bi+ (1 +i)z

+(1—ax+i(1—abx))z>.

Therefore
(r.2) = 14+bi+(14i)z+ (1 —ax+i(1 —abx)) 2>
g6 = 1—axz?2-73 '
Thus, this completes the proof. O

e By taking a = 1 and b = 0 in the relationship (3.16),
we obtain the following corollary.

Corollary 3.11. [9] For n € N, the generating function of
Gaussian Padovan polynomials GP, (x) is given by

+(14+i)z+(1—x+i)2
3 )

o 1
GP,(x)7" =
,;) (x)z 1—xz2—z

with
GP, (x) =Sn(A3)+(141) Su—1(A3)+ (1 —x+1i) Su—2 (A3)..

e Puta=2and b= —1 in the relationship (3.16), we can
state the following corollary.
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Corollary 3.12. [9] For n € N, the generating function of
Gaussian Pell Padovan polynomials GR,, (x) is given by

> 1—i+ (14 1—2x4i(142x))z?
ZGRn(X)Zn: l+( +l)Z+( 5 x:_l( + X))Z ’
= 1 —2xz5—z
with
GR,(x) = (1—10)Su(A3)+(1+1i)Su—1(A3)+

(1=2x+i(142x))S, 2 (A3).

4. Construction of generating functions
of some well-known generalized Vieta
polynomials

In this part, we now derive the generating functions of
generalized Vieta-Jacobsthal polynomials, generalized Vieta-
Jacobsthal-Lucas polynomials, generalized Vieta-Pell polyno-

mials, generalized Vieta-Pell-Lucas polynomials and general-
ized Vieta-modified Pell polynomials.

e For the case A3 = {a;, —a2,0} in the relationships (3.1)
and (3.2) we deduce the following corollaries.

Corollary 4.1. Given an alphabet A, = {a,—ay}, we have

1
— (a1 —ar)z—arar®’

Y Su(ar+[-ax))d" = 1 “.1
n=0

Corollary 4.2. Given an alphabet A, = {a|,—ay}, we have

- z
Sp1 (a1 +[—a2]) " = . 4.2)
n;) nt (@t [-ao]) 1— (a1 —a)z—arax??
This part consists of two cases.
Case 1. Assuming that
a; —ap = 2*x
ayjay = —1
in the relationships (4.1) and (4.2), we obtain
I —— 43)
= 1 —2kxz+22
- z
Sn S P . — 4.4
Y Sioi (a1 +[-a))z e T——— (4.4)

n=0
respectively, and we have the following corollary.

Corollary 4.3. For n € N, the generating function of gener-
alized Vieta-Pell polynomials Py, (x) is given by

Z

T 1 2kxg 422 *5)

Z Pen(x)2"
n=0
with

Pk,n (x) =81 (a1 + [—az]) .
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Multiplying the equation (4.3) by (2) and adding it to the
equation obtained by (4.4) multiplying by (—2Fx), then we
have the following proposition and corollary.

Proposition 4.4. For n € N, the generating function of gen-
eralized Vieta-Pell-Lucas polynomials Qy , (x) is given by

(4.6)

= n 2 —2kxz
L 00 =

Corollary 4.5. The following identity holds true:
Ok (x) = 25,1(611 + [—az]) — kaSn_l (a1 + [—Clz}).

e Based on the relationships (4.5) and (4.6) and with
k = 1, we obtain the following corollaries.

Corollary 4.6. For n € N, the generating function of Vieta-
Pell polynomials t,, (x) is given by

- z
()" = ————,
,; n(®) 1 —2xz+22
with
I (x) =81 (a1 + [—az]) .
Corollary 4.7. For n € N, the generating function of Vieta-
Pell-Lucas polynomials s, (x) is given by
— 2 —2xz
sp(X) = ———,
,;0 »%) 1 —2xz+22
with
s (x) =28, (a1 + [—az]) — 2xS,—1 (a1 + [—a2]).
Multiplying the equation (4.4) by (—2¢~'x) and adding it

to the equation (4.3), then we have the following proposition
and corollary.

Proposition 4.8. For n € N, the generating function of gen-
eralized Vieta-modified Pell polynomials qi , (x) is given by
1-2¢1xz

T2kt 47

Y an ()2
n=0

Corollary 4.9. The following identity holds true:
qk.n (x) = Su(a1 +[~a2]) — 2k*lxsnfl (a1 + [~a2]).
Case 2. By taking

ar—ay =1
ajay = —2kx
in the relationships (4.1) and (4.2), we obtain

> 1
Sular+[-a)) = ——
,;) (a1 +[~a])z 1 —z+2kxz2

— z

Snf - ":7’
1 (a1 +[—a2])z T T

n=0

respectively, and we have the following corollary.
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Corollary 4.10. For n € N, the generating function of gener-
alized Vieta-Jacobsthal polynomials Gy , (x) is given by

Z

T2 10

Z G (x)Z"
n=0
with

Gin (x) = Sn—1 (611 + [—az]) .

Multiplying the equation (4.8) by (2) and adding it to the
equation obtained by (4.9) multiplying by (—1), then we have
the following proposition.

Proposition 4.11. For n € N, the generating function of gen-
eralized Vieta-Jacobsthal-Lucas polynomials gi , (x) is given
by

2—-z

T 1zt 2k “@.11)

Z 8k.n (x) Zn
n=0
with

8in (x) =28, (a1 + [—az]) — Su—1 (a1 + [—a2)).

e Based on the relationships (4.10) and (4.11) and with
k =1, we obtain the following corollaries.

Corollary 4.12. For n € N, the generating function of Vieta-
Jacobsthal polynomials G, (x) is given by

z
= L -z 2

with
Gy (x) = Su—1(a1 + [—a2)).

Corollary 4.13. For n € N, the generating function of Vieta-
Jacobsthal-Lucas polynomials g, (x) is given by

Y o=
n:()gn Tl o2

with

gn (x) =28y (a1 + [~az]) — Sp—1(a1 + [~az]).

5. Conclusion

In this paper, we have generalized the work of Saba, Bous-
sayoud and Abderrezzak [9] by introduced the generaliza-
tions of some numbers and polynomials. Some important
generalizations of generating functions are produced. By mak-
ing use of theorem (2.8), we have obtained propositions and
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corollaries which is led to generating function for a class of
generalized vieta polynomials.

The results obtained in this work are promising, but there
are other perspictives to follow in the field. Future work
should be based on the extension of the generating functions
of binary products of Gaussian generalized Tribonacci num-
bers with generalized polynomials of second-order linear re-
currence sequences.
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