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1. Introduction

Neutrosophic sets and system has been developed from
intuitionistic fuzzy system with three components 7" Truth,
F-Falsehood, I-Indeterminacy. This concepts developed by
Floretin Smarandache [10]. Neutrosophic sets and system
have wide range of applications in the field of decision
making, Artificial Intelligence, Information Systems,
Computer Science, Applied Mathematics, Mechanics,
Medicine, Management Science Electrical & Electronic, etc.,
New kind of open sets and closed sets are introduced every
year in Topological spaces, Neutrospohic Topological spaces
introduced by A.A. Salama [22] et al., R. Dhavaseelan [7]
introduced  Neutrosophic  generalized closed sets.
Neutrosophic semi closed sets are introduced by P. Ishwarya,
[11] et al, V.K. Shanthi [23] et al., introduced Neutrosophic
generalized semi closed sets. Aim of this paper is we
introduce and study about Neutrosophic g*S closed sets and

Neutrosophic g#S open sets in Neutrosophic topological
spaces and its properties and Characterization are discussed
details.

2. Preliminaries

In this section, we recall needed basic definition and
operation of Neutrosophic sets and its fundamental Results.

Definition 2.1 ([10]). Let X be a non-empty fixed set. A
Neutrosophic set A} is aobaect having the form

T:{ < xnuA’l‘ (x)aGAT (x)v’YAT (x) >ilx € X}7

Hax (x)-represents the degree of membership function
Oy (x)-represents degree indeterminacy and then
Yax (x)-represents the degree of non-membership function.

Definition 2.2 ([10]). Neutrosophic set
AT ={< x,pa; (), 04 (x), 741 (x) > x € X}, on X and
Vx€X then complement of A7 is,

A€ ={ < X, Yax (%), 1 =04 (%), pas (x) > :x € X}

Definition 2.3 ([10]). Let A} and A} are two Neutrosophic
sets, VxeX

1={ < X, pa; (%), 041 (), 74 (x) >: x €X}
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Ar={ < x,las (x), 005 (%), Yag (x) >: x € X}
Then
ATCA S pax (%) <pas (%),
Oy (%) <0uy (%) & Yux (¥) 275 () }-

Definition 2.4 ([10]). Let X be a non-empty set, and Let A}
and A% be two Neutrosophic sets are

T:{ < xnuA’l‘ (x) ) GAT (x) 7YA’1‘ (X) >ix € X}7
A;:{ < xnu'A; ()C) ) GA; (x) 77A§(x) >ixe X}
Then
1. AjNA;= {< X, Hax (x) Mgy (x), Oax (x) NOgs (%),

Yay ()73 () > v € X }

2. AjuAz={ < x g () Ut (), 0 (x) Ui (x)
Yag (0)N7a3 (%) >:xex}.

Definition 2.5 ([22]). Let X be non-empty set and Ty be the
collection of Neutrosophic subsets of X satisfying the
following properties:

1. Oy, INETN
2. TiNnTyety forany T\, TH€Ty
3. UTiety forevery {T;:icJ}Cy

Then the space (X ,Ty) is called a Neutrosophic topological
space(N-T-S). The element of 1ty are called N.OS
(Neutrosophic open set) and its complement is N.CS
(Neutrosophic closed set)

Example 2.6. Let X ={x} and VxeX

6 6 5 5 7 9
A1_<x710710310>7A2_<x710710710>

6 7 5 5 6 9
A=~ L 2N g2 2 2
3 <x’10’1o’10>’ 4 <x’10’10’1o>
Then the collection ty={0y,A1,A2,A3,A4 15} is called a N-
T-Son X.

Definition 2.7 ([2,7,11,12,23,24]). Let (X,ty)be a N-T-S and

1={ < x4 (x), 041 (%), 74 (x) >:x €X}
be a Neutrosophic set in X. Then A] is said to be

1. Neutrosophic o-closed set (N.oCS) if
N.cl(N.int(N.cl(A})))CA],

2. Neutrosophic semi closed set (N.SCS) if
N.int(N.cl( A}))CAT,
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3. Neutrosophic B-closed set (N.BCS) if
N.int(N.cl(N.int(A})))CAT,

4. Neutrosophic generalized closed set (N.GCS) if
N.cl(A7)CH whenever A{CH and H is a N.OS,

5. Neutrosophic o generalized closed set (N.aGCS) if
Neu acl(A})CH whenever A{CH and H is a N.OS,

6. Neutrosophic generalized semi closed set (N.GSCS) if
N.Scl(A})CH whenever A{CH and H is a N.OS,

7. Neutrosophic generalized 3 closed set (N.GB) if
N.Bcl(A7)CH whenever ACH and H is a N.OS.

3. Neutrosophic g*S closed sets

Definition 3.1. A Neutrosophic set A} of a Neutrosophic
topological space (X,ty) is called Neutrosophic g" semi
closed set (briefly A .g*SCS) if N .Scl (A7)CU whenever
AiCUand Uis A .og-open set in (X,Ty).

Example 3.2. Let X= {ay, az}, tv= {ON, A}, 1}, isaN.T.
on X where AT—< (120,% ﬁ) (—0 )36 ﬁ)> Then the
Neutrosophic  set A2—< (10 % % (% % io)>zs a

N g'S-inX.
Theorem 3.3. Every ¥ closed set is N .g"SCS.

Proof. LetAjbea .4 closedsetina A7 X. Let A]CU,
where U is .#". gOS in X. Since A] is closed, we have
N cl(AT) =

N Scl(A}) = A[CU.

That is .#".Scl(A})CU. Hence A} is .4 .g"SCS. O

Example 3.4. Let X = {al, az} TN {ON, A1}, isa N.T.
on X where AT:< (10, 010 ) » 70 Then the
Neutrosophic  set A2—<x ( % % ,(%,%,%)) is
N .g"S-in X but not N closed se

Theorem 3.5. Every ¥ SCS is N .g"SCS.

Proof. LetAjbea 4 SCSina A7 .7X. Let A{CU, where
U is A4 .ag0S§ in X. Since A} is .4/ .SCS, we have
N Scl(A}) =AjCU. Thatis 4 .Scl(A7)CU. Hence Aj is
N .g"SCS. O

Example 3.6. Let X= {a|, 612} = {0y, Al,l} isaN.T.
on X where A1—< (10, o %) (—0,—0 —0)> Then the
Neutrosophic set A2—< ,(170,% %) (% % io)> is a

N .g*SCS in X but not N SCS.
Theorem 3.7. Every A .aCS is N .g*SCS.

Proof. Let A} be a A4.aCS in a /T SX. Let AJCU,
Where U is .4 .0tg open set in X. Since A is A4.aCS, we
have .#".Scl(A}) = AjCU. That is .4/ .Scl(A])CU. Hence
Atis A .g"SCS. O
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Example 3.8. Let X= {a;, ax}, v

= 1
on X where AT=<x,(li0,l%,]5—0),(l%,l%, ]0)> Then the
Neutrosophic  set A§:<x,(%,15—0,1—60),(%,15—0,%)> is

N .g*SCS in X but not N .0CS.
Theorem 3.9. Every A .g"SCS is A .gSCS in N T.X.

Proof. Let A} be a JV.g#SCS in X. Let AJCU, where U is
¥ open and so .4 0.g open set. Since A7 is N .g"*SCS, we
have

N Scl(A])C A Scl(AT)CATCU.

That is .4".Scl(A})CU and hence Aj is .#".gSCS. O
Example 3.10. Let X= {ai, a»}, tv= {On, A}, 11}, isa
N.T. on X where A’l‘:<x,(1—20,%7 %),(%,i”(]». Then

10
the Neutrosophic set A5= <x, (17—0, l%, 1%) (167 70 T)> is a
N .gSCS in X. But not N .g"SCS.

Theorem 3.11. Every ./ .g"SCS is N .gBCS in N T ./X.

Proof. Let A} be a .A#.g*SCS in X. Let A{CU, where U is
4 open set and so .#".a.g open set. Since A} is N .g'SCS,
we have .A4.Scl(A7)CU. Therefore

[~

N .Scl(A])C A .gBcl(A})CAICU.
That is 4".gBcl(A7)CU. And hence A} is .4".gBCS. O

Example 3.12. Let X= {ay, az,a3}, tv= {On, A}, Iy}, isa
N.T. on X where

wely (23 T\ (553 5) (35 7
=\"\10’10°10/°\ 10’10’10 /°\ 10’10’10 ) /~

Then the Neutrosophic set

N 5 5 5 2 5 7 3 5 7
A2: X\~ 7 A~ )\ 77~ T TA
10°10° 10 10°10° 10 10710710

isa N .gBCSin X. But not N .g"SCS.

Remark 3.13. The following diagram shows the relationships
of g* semi closed sets with some other Neutrosophic sets.

N.closedset ——> WN.a .closedset ———>  V.Semi .closed set

\\i/

N.g*S closed set

/

N.gSclosedset ——— 5 N.gB .closed set
Theorem 3.14. In a V7.7 X, if a Neutrosophic set A is
both N .0gOS and N .g"SCS, then A} is N .SCS.

Proof. Suppose a Neutrosophic set A} of a .4".7.% X is both
A .ag0S and A .g"SCS. Now A;CA%, where A} is .
open set and so A] is A4 .0gOS. This implies that
N Scl(A7)CA3, since Aj is /V.g#SCS. Also, we have
A;C A .Scl(A7), which implies .4.Scl(A}) = A}. Hence A}
is A .SCS. O
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Theorem 3.15. If a Neutrosophic set A} is N g*SCS in X
such that A CASC A .Scl(A}), then A} is also a N .g"SCS
inX.

Proof. Let U be an .4#".agOS in X, such that A3CU, then
ACU.  Since A} is 4/ .g"SCS, then by definitions
N .Scl(A7)CU. Now A3C. A .Scl(A7),

N Scl(A5)C AN Scl(A})) = A Scl(A})CU.
That is .4".Scl(A3)CU. Hence A3 is a .4 .g"SCS. O
Theorem 3.16. A Finite union of A .g*SCS is a N .g"SCS.

Proof. Let A} and A} be 4 .g"SCSs in a A T.7X. To
prove that AJUAJ is JV.g#SCS. Let AJUASCU, where U be
A .0gO0S. Then A{CU, A3CU and so 4 .Scl(A7)CU and
N Scl(A5)CU since A% and A3 are .4.g"SCSs. This implies
that

N Scl(A])UAN Scl(A3)CU,

and so A" .Scl(ATUA%)CU. Hence A{UA} is A .g"SCS. Thus
a finite union of .4 .g"*SCS is a .4".g"SCS. We introduce
N .g'S0S. O

4. Neutrosophic g*S open sets

Definition 4.1. A Neutrosophic set A} of a N/ T /(X ,ty) is
called.V .g"S open set (briefly N .g"SOS) if its complement
AiCis N .g"SCS.

Theorem 4.2. A Neutrosophic set A} of aV' TS X is
N g'SOS iff FC.N Sint (A}), whenever F is N .0gCS
and F CAj.

Proof. Suppose A} is .4 .g"SOS. Then A€ is .4 .g"SCS.
Let .F be A .agCS in X and F CA}. Then A{CC.ZC, 7€ is
N .agOs. Since ATC is A .g"SCS, we have
N Scl(ATC)CFC, which implies FC A Sint(A}). As
N Scl(AXC) = (N Sint (AT))E.

Conversely, assume that .#C .4 .Sint(A}), whenever
FCA and F is A .agCS ina N T.SX. Let A;°CG,
where G is ./ .agOS in X. Then GCCA?, where GC is
A . agCSs, which implies that G°C .4 .Sint(A}), implies
that (A .Sint (A7))°C(GE)C.  That is . .Scl(A;)CG.
Hence A€ is .4".g"SCS and so A% is A .g"SOS. O

Theorem 4.3. Every .V . open set is aV .g*SOS.

Proof. Let A% be a¥ .open set in a 4" 7.% X. ThenA; is
A . closed set. And so ATC is .4 .g"SCS. Hence A7 is
N .g"S0S. O

Example 4.4. Let X = {ay, ar}, tv={On, A}, Iy}, isaN.T.
on X where

el (23 6\ (55 5 (T 5 3
=\"\10°10°10/)°\ 10’10’10/ °\ 10’10’10 )/~

of
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Then the Neutrosophic set

aim (O3 8 (L5 83Yy (2 5 8

> \"7\10"10°10/°\10°10°10/°\ 10’ 10" 10/~
the Neutrosophic set A3 is N .g*SOS but not a N open set in
X.

Theorem 4.5. Every A .S open setis a N .g*SOS.
Proof. Let A} be a ./ .S opensetina /.7 .7X. Then A’]‘C

is A/.SCS. And so A€ is #".g"SCS. Hence A is .A4".g"SOS.

O

Example 4.6. Let X= {ai, az,a3}, tv= {0y, A}, Iy}, isa
N.T. on X where

At 356\ (55 5\ (85 2
=\*\10°10°10)'\10°10°10 ) '\ 10° 10" 10 ) /-

Then the Neutrosophic set

we (05 8\ (L 5 8) (2 5 8
27\ \10°10’10/°\10°10°10 / 7\ 107 10’ 10

N .g"SOS. But not a N .SOS in X.
Theorem 4.7. Every . .aOS isa N .g"SOS.
Proof. Let A} be a A0S in a N T.X. Then A€ is

A .aCS. And so A€ is A".g"*SCS. Hence A} is A .g"SOS.

O

Example 4.8. Let X= {aj, az,a3}, tv= {0y, A}, Iy}, isa
N.T. on X where

aim e (226N (25 5 (T 35 3
=\"\10°10°10)"\10°10°10 )"\ 10’ 10" 10 ) /~

Then the Neutrosophic set

we (05 8\ (1L 5 8) (2 5 8
27\"\10’10°10/°\10°10°10 / 7\ 10" 10’ 10

is N .g"SOS but not a N .a0S in X.
Theorem 4.9. Ina .V 7.7X, every A .g"SOS is N .gSOS.

Proof. Let A bet .g*SOS in a N 7.#X. Then A€ is
A .g"SCS in X. And so A} is 4 .gSCS. That is A} is
AN .gSOS in X. O

Example 4.10. Let X= {ay, az}, tv= {On, A}, Iy}, isaN.T.
on X where

el (25 8\ (35 7
=\"\10°10°10/)°\ 10’10’10 ) /°

Then the Neutrosophic set

At 357\ (456
2=\*"\10'10°10) 10" 10° 10

isa ./ .gSOS in X. But not N .g*SOS.
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Theorem 4.11. In a N TS X, every N .g"SOS is
N .gBOSs.

Proof. Let A} be A .g"SOS in a N F7.#X. Then AIC is
A .g"SCS in X. And so AT is 4 .gBCS. That is A is
N .gBOS inX. O

Example 4.12. Let X= {ay, a2,a3}, tv= {Oy, A}, Iy}, isa
N.T. on X where

At 25 7\ (55 5\ (357
=\"\10°'10°’10/°'\10°10°10 ) '\10°10° 10 ) /"

Then the Neutrosophic set

aimlp (223 (23 8) (3 5 6
2=\"\10’10°10/)°\10° 1010 )\ 10" 10" 10

is A .gBOS but not N .g*SOS.

Theorem 4.13. If A .Sint(A7)CA5CAT and if A is
N .g"SOS, then A is N .g*SOS ina N T SX.

Proof. We have 4".Sint(A})CA3CA7. Then
ACcAsC Ty Scl(A)

and since (A1€) is .#".g"SCS and then, we have A% is
A .g*SCS in X. And hence A3 is N g*S0S ina N TS
X. O

Theorem 4.14. A Neutrosophic set A} is N £'SCS and
N Scl(AN)N(A Scl (A})) =0y, then N .Scl(AT)N(ALC) is
N g'SOS in X.

Proof. Let A% be 4 .g"SCS in a ¥/ T7X. Let
FC N Scl(A)N(ALC), F is A. agCS in X. Then F is
zero and so FC N .Sint(N .Scl(A})N(ALC).  Then,
N Scl(ADN(ATC) is A .g"SOS in N T .7X. O

Theorem 4.15. Finite intersection of A .g'SOS s
aN .g*sos.

Proof. Let A} and A3 be N g%SOSsets in a N 7.7 X. To
prove that ATNA% is .#".g"SOS. Let F CATNA} where .Z be
A . agCS. Then . CAj, FCA;. Then FC 4 .Sint (A]),
FC N/ .Sint(A3) as A} and A5 are .4 .g"SOS.Then
FCN Sint (ADN.A Sint (A5)= A .Sint(ATNA3). That is
FCN .Sint (A]NA3). Hence AjNAj is JV.g#SOS. Thus
finite intersection of .4".g"SOS is a.#".g"SOS. O

Definition 4.16. For any Neutrosophic set a in any N T &,
N g Scl(AY) =n{U : U is N .g"SCS and A;CU.
N .g"Sint(A5) = UV : V is A .g"SOS and A D U.

Theorem 4.17. Ina V7.7 (X,T), a Neutrosophic set A} is
N .g"S closed iff At=A .g"Scl(A}).
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Proof. Let A} be a 4 .g"SCS in a N 7.7 (X,T). Since
A;CAY and A} is A .g"SCS, A} €{F 1 F is N .g"SCS and
A;CF} and AC.Z implies that Ai=N{.Z: .Z is . .g"SCS
and A} C.Z} thatis Aj=4".g"Scl(A?).

Conversely, Suppose that AT = A4 .g#Scl(A*f), that is

=n{F : Fisa N .g"SCS and AICF}. This implies
that AT€{.7 : F is a A .g"SCS and A{C.Z}. Hence A’ is
N .g'SCS. O

Theorem 4.18. In a. V' 7.7 X the following results hold for
Neutrosophic N .g*S-closure.
1) N .g"Scl(0y) = Oy.

2) N .g*Scl(A}) is N .g"SCS in X.
3) N .g"Scl(AT)C N .g"Scl( *)zfA;l‘CA*
4) /V.g#Scl(JV g"Scl(A)) = A .g"Scl(AY).

5) N .g"Scl(A; UAZ)DJV g Scl(AHuN . g#Scl( 3).
6) N .g"Scl(A{NAS)C A .g"Scl(A})NA .g*Scl(A3).

Proof. The easy verification is omitted. O

Theorem 4.19. In a AT .7X, a Neutrosophic set A} is
N .g'SOS iff At = N .g"Sint(AY).

Proof. Let A} be a N .g*SOS in X. Since A]CA7T and A}
is A .g"S0S, A} {.F : F is N .g"SOS and A1 D.Z implies
that A} = U{.Z : F is A .g"SOS and A{D.Z. Thatis A} =
N .g"Sint(A}).
Conversely, suppose that At = N .g"Sint(AT), that is
=U{%: ﬂ is a .4 .g"SOS and A*D.Z}. This implies
that Ae{F 1 Fisa N .g"SOS and A;D.Z}. Hence A is
N g#SOS O

Theorem 4.20. Ina N T .X, the following results hold for
Neutrosophic N .g#S interior.

1) N .g"Sint (Oy) = O.

2) N .g"Sint(A}) is N .g*SOS in X.

3) N .g"Sint(A )c/ " Sint (A%}) U‘AEQA;

4) JV.g#Sint(Ji/ g"Sint(A})) = JV g"Sint(A 4)

5) N .g"Sint(A5UAS) DN . g#Slnt( DU " Sint (A3).

6) N .g"Sint(A;NAS)CA .g" Sint (A) NN .g" Sint (A).

Proof. The routine proof is omitted. O

Definition 4.21. A A7 .7 (X ,ty) is called a Neutrosophic-
TS* space if every N .g*SCS is a N closed set.

Theorem 4.22. A NV 7.7 (X ,ty) is called a N .TS* space
ifevery N .g*SOS is a N open set in X.

Proof. Suppose X is Neutrosophic-T'S* space. Let V be
AN .g"SOS in X. Then V€ is .4 .g"SCS in X. Since X is
Neutrosophic-TS* space, V¢ is .#. closed set in X.
Therefore V is .4/ open set in X.

Conversely, assume that every .4".g*SOS in X is .4 open
setin X. Let .Z be .4".g*SCS in X, then .Z€ is .4 .g"SOS in
X. By hypothesis, .Z€ is .4 open set in X. Therefore .7 is
N closed set in X. Hence X is #.T'S* space. O

Theorem 4.23. Every A .T% space is N .TS* space.
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Proof. Let X be . T1 space. Let .% be 4. g#SCS in X.
Then % is A .gCS in X Since X is A" T1 space, & is A

closed set in X. Hence X is 4. T S* space. O

Definition 4.24. A V' T .7 (X ,ty) is called a Neutrosophic
#ST space if every A .gCSis a N .g"SCS.

Theorem 4.25. Every N .T% space is N *ST space.

Proof. Let X be a JV.T% space. Let A7 be .4 .gCS in X.
Since X is JV.T% space, the set A} is .4 closed set in X and

so A% is A .g"SCS. Hence X is A4 *ST space. O

Theorem 4.26. A N T .SXN . T% space iff it is N*ST
space and N .TS* space.

Proof. Suppose X is A .T% then. It follows that X is 4. T S*

space and 4 *ST space. Conversely, suppose X is both
N .TS* space and A*ST space. Let A be .4 .gCS in X.
Since X is (/V’_*ST space, A7 is JV.g#SCS. Also, since X is
N TS space, A] is 4 closed set. Thus X is
.T% N TS O

Theorem 4.27. A .V .7 .X is a Neutrosophic *ST space iff
every N .agOS inX isa N .g"SOS in X.

Proof. Assume that X is .4 *ST space. Let V be .4 .agOS
in X. Then V€ is .4".agCS in X. Since X is .A4".*ST space.
Therefore V is A .g"SOS in X.

Conversely, assume that every 4 .agOS in X is
N g"S0OS in X. Let .Z be A .agCS in X, then .Z€ is
A .0g0S in X. By hypothesis, .#€ is .4 open set in X.
Therefore .# is .4 closed set in X. O
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