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1. Introduction

In the past decades, there has been a growing interest in
the study of the fractional differential equations due to the
rigorous growth of the fractional calculus theory itself and
its applications in various fields such as chemistry, physics,
engineering, control theory, aerodynamics, electrodynamics
of complex medium and control of dynamical systems and
so on. In consequence, fractional differential equations is
obtaining much significance and attention. For details, we
refer readers to [12, 18, 19, 23] and references therein.

There are some approaches to the fractional derivatives
such as Riemann-Liouville, Caputo, Weyl, Hadamard and
Grunwald-Letnikov, etc. The most well known fractional op-

erator are perhaps the Riemann-Liouville fractional integral
and derivatives. Fractional operators are act as an magnifi-
cent tools for the mathematical modeling of the real world
problems. Later, Atangana and Baleanu proposed two new
fractional derivatives based on the Caputo and the Riemann-
Liouville definitions of fractional-order derivatives. Other
kinds of fractional derivative that look like the Riemann-
Liouville and Caputo ones can be seen in [6, 21].

In recent years, many researchers paid much attention
to ABC-derivative with several conditions in various spaces.
The Atangana-Baleanu fractional derivative is familiar to fol-
lowings nonsingularity as well as nonlocality of the kernel,
which acquires the generalized Mittag-Leffler function. Some
of the latest studies on ABC-derivatives such as, Jarad et
al. investigated a ODE’s in the form of AB-derivative [20].
Ravichandran et al. discussed in details the AB-fractional
integro-differntial equations. Atangana and Koca find the
chaos in a simple nonlinear system with AB-fractional deriva-
tives [10].

More precisely in [11], Khan et al. investigated Hyers-
Ulam stability for a nonlinear singular fractional differential
equations with Mittag-Leffler kernel. Sene discussed Stokes’
first problem for heated flat plate with AB-derivative [31].
Owolabi studied the modelling and simulation of a dynamical
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system with the Atangana-Baleanu fractional derivative [30].

To be concise, in this paper we are concerned with the
study of the existence and uniqueness of solutions of the
Atangana-Baleanu fractional derivative equation in the sense
of Caputo as follows

@D u)(1) = f(t,ut),u (,u(r)), 1<a<2,

(1.1)

u(a) = up. (1.2)

with ¢ € C[a, b], where 48D is the left Caputo AB fractional
derivative, u(t), (4B D*)u,

f€Cla,b], f(a,u(a),u'(a,u(a))) =0. Consider Du(t) = u' (¢, u(t

Then (1.1) becomes

(ABEDYu) (1) = f(t,u(r),Du(r)), 1<a<2, (1.3)

u(a) = ug (1.4)

The rest of this paper is organized as follows: In Section
2, we review some useful properties, definitions, proposi-
tions and lemmas of fractional calculus. The existence and
uniqueness of solutions for AB-fractional derivative results
are proved in Section 3. In section 4 is devoted to illustrate an
example numerically solved. Ulam-Hyer stability analysis is
considered in section 5.

2. Preliminaries

In this section, we presents some definitions, lemmas
and propositions of fractional calculus, which will be used
throughout this paper.

The definition of Riemann-Liouville fractional integral
and derivatives are given as follows:

e For o > 0, the left Riemann-Liouville fractional inte-
gral of order « is given as [20]

(o %u) (1) = ﬁ / N u(s)ds. @)

e For 0 < o < 1, the left Riemann-Liouville fractional
derivative of order « is given as [20]

(D%u)(t) = % (r(lla)/at(t—s)au(s)ds)
2.2)

e For 0 < a < 1, the Caputo fractional derivative of order
a is given as [20]

ED%) (1) = ﬁ /a t(tfs)_“u’(s)ds. (2.3)

Definition 2.1. /7] Let u € H'(a,b), a < b and o in [0,1].
The Caputo Atangana-Baleanu fractional derivative of u of

order « is defined by
! _ o
/ u'(5)Eq [—Oc (t=s) ] ds. (2.4)
0

(45 prta ) = 2L —

(1-a)
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where Eq, is the Mittag-Leffler function defined by Ey(z) =
Yoo Wnﬂ) [25, 32] and B() > 0 is a normalizing function
satisfying B(0) = B(1) = 1. The Riemann Atangana-Baleanu

[fractional derivative of u of order o is defined by

(ABRD®y) (1) = %%/{:u(s)&x [—a(tl__s()xa} ds. (2.5)

The associative fractional integral is defined by

(al“u) (1)

(1) 0 = o) + 5

)grhere oI% is the left Riemann-Liouville fractional integral

(2.6)

iven in (2.1).

Lemma 2.2. [7] Let u € H'(a,b) and « € [0,1]. Then the

following relation holds.
B (OC) —a o
g (@Ea <1_a<”‘> >

2.7

Lemma 2.3. [20] Suppose that & > 0, ¢(t)(1 — %d(t))‘l

is a nonnegative, nondegreasing and locally integrable func-
od(t) (l _l-a d

B(a) B(a)

on [a,b) and u(t) is nonnegative and locally integrable [a,b)

with

(@7D%u) (1) = (P D%u) (1) -

tionon [a,b), (1))~ is non-negative and bounded

u(t) < c(t) +d(t)(AB1%u)(r), (2.8)
then
c(t)B(a) o d(t)(t—a)®
“0) = Bay— (1—a)dl) (B(a) (- a)d(t)) |

(2.9)

Theorem 2.4. (Ascoli-Arzela Theorem)([15]) Let S be a com-
pact metric spaces.Then M C C(Q) is relatively compact iff
M is uniformly bounded and uniformly equicontinuous.

Theorem 2.5. (Krasnoselskii Fixed Point Theorem)([15]) Let
S be a closed, bounded and convex subset of a real Banach
space X and let Ty and T, be operators on S satisfying the
following conditions

o Ti(s)+T(s)CS

o T is a strict contraction on S, i.e., there existak € [a, D)
such that
1T (u) —Ti(v)|| < kllu—v| YVu,ves

o T, is continuous on S and T»(s) is a relatively compact
subset of X .

Then, there exist a u € S such that Tiu+ Tou = u
Proposition 2.6. ([4]) For0 < o <1,

GPI*(GPC D) (1)
= ulr) — () Ea(11) - - f‘au(a)Ew+1 (A1%)
=u(t) —u(a).
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Proposition 2.7. ([22, 28]) f'(u) € D satisfy the Lipschitz
condition.
i.e.,There exist a constant k > 0 such that

I1£' @) = 'O <k (Jlu=vl), u,veD. (2.10)

Definition 2.8. A continuous function u : [a,b] — R is called
a mild solution of the following Atangana-Baleanu fractional
derivative equation in the sense of Caputo

{ (@"D%u)(r) = (1),

u(a) = ug

I<a<?2,

foreacht € Cla,b], u(t) satisfies the following integral equa-
tion

u(t) = uo +4" 1%g(1)

3. Existence and Uniqueness

In this section, we prove the existence and uniqueness of
(1.3) and (1.4).

We need the following assumptions to prove the existence
and uniqueness results for the problem (1.3) and (1.4) by
using the Banach contraction principle.

A1 Letu € Cla,b] and f € (Cla,b] x R x R, R) is continuous
function and there exist a positive constants 2, , 1,
and )1 such that

£ (t,ur,v1) = f(tu2,v2) || < ([Jur —wa ||+ [[vi —v2)

for all uy,vi,uz,v2 in Y, My = max,cx || f(#,0,0)| and
M = max{M,, M, }. Let Y = C[R,X] be the set con-
tinuous functions on R with values in the Banach spaces
X.

A, Let ' € Cla,b] satisfy the Lipschitz condition. i.e., There
exist a positive constants 91,91, and 91 such that

19 (t,u) =D (1, v)[| < D ([lu—vl),

for all u,v in Y.
max{‘)?l,mg}.

My = max,ep || D(z,0)|| and N =

Az ForeachA >0,LetB; € {ucY :|ul| <A} CY where
A = ((1—p)~"luol|) and take p is (||| + 9| )).

A4 For each A9 > 0, Let By, € {u € C([a,b],R) : |lul]]| <A}
then B;L0 is clearly bounded, closed and convex subset
in C([a,b],R).

Lemma 3.1. If Ay and A, are satisfied, then the estimate
[Du()|| < t(Mljul +9), [[Du(t) —Dv(e)]| < Neflu—vl,
are satisfied for any t € R, and u,v €Y.

first derivatives — 1836/1841

Theorem 3.2. Let u(t) € Cla,b] such that (4B€D%u)(t) €
Cla,b]. Suppose that f € C([a,b] X R x R, R) satisfies A —
Aj. Then, if f(a,u(a),Du(a)) =0 and

(i * atare) <!

B(o)I'(a)
the problem (1.3) and (1.4) has an unique solution.

Proof. First, we have to prove that u(t) satisfies the problem
(1.3) and (1.4) if and only if u(t) satisfies the integral equation

u(t) = uo +2B 1% £ (t,u(t), Du(t)) (3.1)

Let u(t) satisfy (1.3). To apply the Atangana-Baleanu frac-
tional integral to both sides of (1.3), we get

GPI*GPED ) (1) =0P 1% f (1 u(1), Du(t))  (3.2)
Now, constructing use of Proposition 2.6, we get
u(t) —u(a) =" 1 £(t,u(t), Du(r)) (3.3)

Since u(a) = up from (1.4) and f(a,u(a),Du(a)) =0, (3.1) is
satisfied.  If u(r) satisfies (3.1), then by using that
fla,u(a),Du(a)) = 0 it is obvious that u(a) = u.

To apply the Riemann-Liouville Atangana-Baleanu fractional
derivative to both sides of (3.1) and utilize that
(AED* (A1) (1) = u(r). We get

(@™ D%u)(r) = uo ("D 1) (1)

+ (PR 1%)) (1) f (1, u(), Du(r))
(3.4)

Thus, we have

l—o

+ /(1 u(t), Du(r))

(ABRDO ) (1) = ugEq (“(z . a)“>
(3.5)

Then, the result is acquired by benefiting from theorem 3.2 in
[7]. Now, we define the operator

Tu(t) = ug +2B 1% f(t,u(t), Du(t)).

1836
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Then, by A3, [lu]| <A we get

ITu(o)]) < lluoll + %1% £ (1 u(e), Duo))|
£ u(r), Du(o))|
u(t), Du(r))|

< lluoll + || 52
)

o
+ ol f(

B(o)

< [luoll +%(9ﬁ(\\ull)+%\\ull)

() + e o) 1)

1—«
W(W(HMIIHWHMII)
(D full) + 9 [ul])

1-a ( a)*

s||uo||+p(;(a)+ (( g () )l

< [luol| + pull
<A(l—p)+pi
<A

t*—a

o
"B T(a+1)

< uoll + )Pllull

i.e., || Tu(t)|] < A. Now to prove uniqueness

(T (u) =T )|l
= [[3P1% F (e u(e), Due)) =42 1 £ (1, (1), Dv(0) )|
a6 D)~ e 0,50). (0

B(a)
+7a1“f(tvu(f)a®”(t))

11—«

7”]((1"”(1‘)791’{(1‘)) —f(t,v(t),@v(t))H
o

3@ () 1f 2, u(t), Du(e)) = f(2,v(2), Dv(1))

Since p < 1, we have ||Tu — Tv|| < ||ju — v||. Hence, the oper-
ator Tu(t),t € B, proved the existence and uniqueness condi-
tions and has a fixed point by Banach contraction principle in
Banach spaces X. O
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Next, we investigate the problem (1.3) and (1.4) has a
fixed point by using another fixed point technique, namely
Krasnoselskii’s fixed point theorem.

Theorem 3.3. If A; — A4 are satisfied and

M ([fu(e2) —uler) | + Nt Ju(r2) — u(t)l])],

then the problem (1.3) and (1.4) has a solution.

qglta—t1) =

Proof. For any constant A9 > 0 and u € By, defined two
operator T and 7> on B o 88 follows

(Tiu)(t) = o

(Bu)(t) = G°1%f(t,ult),Du(r)).
Obviously, u is a solution of (1.3) and (1.4) iff the operator
Tiu+ Tou = u has a solution u € By,
Our proof will be divided into three steps.

Step 1. || Tiu+ Tou|| < Ao whenever u € By,
For every u € B, we have

[(Ti)(2) + (Tau) (1)
< ol + 12" 1% £ (1, u(r), Du

(3.6)
(3.7)

@)l

11—«
< [Juol| + W(W(llull)mtllull)

a (t%—a)
+ m( ([fae]) +%H“||)m

<l + pogplu ||+mpu||
o (b-a)O

< ol +0 (Gt + aramiia) 1!

< o]l +pllu]

<A(1—p)+pA

<A

Hence,
Step 2. T, is a contraction on B, for any u,v € B),, according
to A4 and (3.6), we have

1(Thu)(1) =

which implies that ||T1u — T1v|| < R||luo — vo||, since R=1, Tj
is a contraction.
Step 3. 7> is completely continuous operator.

First we have to prove that 75 is continuous on By, . For
any u,,u C By, n=1,2,3.... withlim,_,||u, —ul =0, we
get limy,,, u, () = u(t), for t € [a,b].

Thus by Aj, we have

tim £ (¢, (1), D (1)) = £,

n—yoo

(Tiv) (¢]] < [Juo = voll = Rl[uo — vol|

u(t), Du(r))

forz € [a,b].
We can conclude that

sup [|f(z,un(t), Dun(t)) = £ (2,

s€la,b)

u(t),Du(t))]| -0 as n— o

1837
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On other hand, for 7 € [a, D]

| (Taun) (1) = (Tou) (1)

<IZP1% f (1,0 (1), Duun (1)) =57 1% £ (2
1—a g a u u

< o I41 Cs0). D 1)

—‘gBlaf(t,u(t),Du(t))H

a o
+m||‘231 St un(t), Duy(t))
—aB I f (e u(t), Du(t))]o“(2)
1-a
< Wszﬁfb] ||f(t7un(t)’©un(t)) _f(tv
(b—a)®
+Wy:$¢]”f(t’un(t)’gun(t))

_f<tau(t>7®u(t>)”

(1), Du(t))|

u(t), Du())]|

1—- (b—a)
= (B(a) " B(a)l a))
sup ||f(taun(l)7©un<t)) _f(t>

s€la,b]

Hence ||(Tou,)(t) —
continuous on B Ao+

u(t), Du())||

(Tou)(t)|| — 0 as n — 0. Therefore 75 is

Now, we have to show that Tou,u € B o is relatively com-
pact which is sufficient to prove that the function Tou,u € By,
uniformly bounded and equicontinuous, and V 7 € [a, b]

| Taul| < Ao, for any u € B, , therefore (Tou)(t),u € By,
is bounded uniformly.

Now, we prove that (Tu)(t),u € By, is a equicontinuous.

ForanyueBAO anda <t <1, <t, we get

[(Tau)(12) — (Tau) (11) |

)
< |ABI% f 1y, u(ts), Du(ty)) =28 1% f (11, u(ty), Du(rr)) ||
< %”f(tz,u(tﬂ,@u(tz)) *f(tl,bl(ﬁ),@u(tl))”

+ Ofx ol (IS (12, u(t2), Du(tz)) = f(tr,u(tr), Du(n))|

li( )
STog M ([Ju(e2) — uler) | + Nt Ju(rz) — u(n)]]))
%( (lJu(t2) = e |+ N [fua(z2) — u(en)))
(f*)(t2—11)
S%q(h f1)+1;:x)61(12—t1)%
= () ~ atare) 2
(Tou) (12) — (Tou) (11| — O as 12 — 1. Therefore, the opera-

tor 75 is a equicontinuous on B, . Hence, which implies 75 is
relatively compact on By, .

Therefore T is relatively compact subset of X by theorem
2.4 and, by theorem 2.5 we can conclude that 7, has atleast

first derivatives — 1838/1841

one fixed point. Therefore the operator T has a fixed point u
which is the solution of (1.3) and (1.4). ]

4. Ulam-Hyer stability

In this section, we study the Ulam-Hyer stability of (1.3)
and (1.4). Now, we present the definition of Ulam-Hyer sta-
bility.

Definition 4.1. Equation (1.3) is Ulam-Hyer stable, if for all
v(t) satisfying the inequality

42D v(t) — f(,v(2), Dv(1))| < e, @1
there exist a solution u(t) of (1.3) and (1.4) satisfying
|v(t)—u(t)\ <hy.€, thc.K. “4.2)

Theorem 4.2. Suppose that the hypothesis for existence of
solutions to (1.3) and (1.4) are satisfied with

m(1+m)siﬂ.

)

Then (1.3) and (1.4) is Ulam-Hyer stable.

Proof. If v(t) satisfies (4.1), there exists a function & () satis-
fying |£(1)| < € such that

a"CDMv(1) = f(1,v(1), Dv(r)) = £ (1), 43)
which is satisfies to
(1) = v(a) 4B 1 f(1, (1), Dv(1)) =28 1€ (1), (44
Therefore, we have
v(t) = v(a) =P 1% f(t,v(1), Dv (1))
= |ABI &)l
( )5() ( )1 ()
< ¢ | “E (1)
< e 601+ Fgse
l—a o
< Bla )li( )|+m|5(f)|( 1)(1)
-« 1 (b—a)
< () * e T )
Now let u(r) be the solution of (1.3) satisfies u(a) = v(a).
Then, we have
u(r) = v(a) +5" 1 (t,u(t), Du(r)). (4.5)

8%
aet“@ﬂ”ﬂ,
NS

1838
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Note that the existence and uniqueness of u(¢) is guaran- 5. Example

teed by theorem 3.2. we have . .
Consider the following problem

) —u()] = v 2F 1 (e, v(0), Do) aBCpi
B (4 (1)) —v(a) (o D )(t)_3\ﬂn) (u(t)+u'(r)), 1 €[1,2],
—a 1% f(t,u(r), Du(1))| B(a) =1 (5.1)
< (e) = (@), 1% £ (1, v(2),Dv(r) )|
P f(t,v(1), DV (1)) u(0) = 1 (5.2)
_2Blaf( u(e). () Notice that
< e(l(_) (la) (brzo“’))) F£(0,u(0),Du(0)) = 0
0PI £ (1, v(0),Dv(0)) and :
~flt,u0),Du(r) wecl
- 1—a 1 (b—a)® satisfy the Lipschitz conditions.
8 (B(a)+B(a) ) ) e e e L
+OR(1+ )31 (1) — u(t)] Y R

It is easy to see that
Now, by using the Gronwall inequality in lemma 2.3, we

get |f(t,u1,v1) — f(t,u2,v2))]

v(r) — u(?)| Sﬁ(lul—uzlﬂw—vzb,

l-a 1 (b-a)" forall ¢ € [1,2],u1,u2,v1,v2 € R
<e Ba)+B(a) F(OC)) _ 1 |M_v|

B(a) =3z
B(a) — (1 —a)M(1+N) S
E ( oaM(1+9)(t —a)* ) Usp—ﬁ,Now
*\B(ar) — (1— o) (1 +M)
(b

l-a  (b—a)®
p (B(a) " B<a>r<a>)

o) 1 1
B(a) (lB(a))Sm(l—f—‘ﬁ) W<1a+1“(()g)><l
a)—(l—o
aM(1+MN)(b—a)® By th'eorem 3.2, (5.1) and (5.2) has a unique solution. It can
a(B((x)(l(x)i)ﬁ(lJr‘ﬁ))' be written as
u(t) = li_r>1010un(t),
Therfore |v(¢) —u(t)| < hy.€, where where
(l-a 1 (b-a)® un(t) = 14+ —— 2B (1
o= (i) ey ) R
B(a) or
B(o) — (1 —a)M(1+91) up(t) =14 (1= o)tup—1(t) + & oI * (tup—1 (1))
< oM(1+MN)(b—a)® > =1+ (1—a)tu,—1(1)
“\B(a)—(1—a)M(1+N) )°

o t
+ m/ (t—5)* s u,_i(s)ds, n=1,2,3,...
0
Hence (1.1) is Ulam-Hyer stable. O
Solving (5.1) and (5.2), we apply the method proposed by
Mekkaoui and Atangana in [29], utilizing from the two-step
Lagrange polynomial interpolation.
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