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1. Introduction

Initially the basic concept of degree of equitable domina-
tion on graphs was introduced by V.S. Swaminathan and K.
M. Dharmalingam [10]. They [10] have discoursed briefly
about the degree of equitable domination graphs to determine
the complexity of the “equitable domination.” The equitable
domination in graphs was introduced by A. Alwardi and N.
D. Soner[1]. They have defined equitable dominating set of
a graph G as uv € E(G) and |deg(u) — deg(v)| < 1. K. M.
Dharmalingam and M. Rani [4] have stated in detail fuzzy
equitable minimal fuzzy equitable dominating set, dominating
set, fuzzy equitable independent set of fuzzy graphs, strong
or weak fuzzy equitable dominating set. A. Nagoor Gani and
K. Prasanna Devi [8] introduced the notions of edge domi-
nation and fuzzy graph’s independent edge dominating set.
G. Thamizhendhi and R. Parvathi [11] proposed a another set
of domination concepts which can be used with Intuitionistic
Fuzzy Graphs (IFGs). J. John Stephan, A. Muthaiyn and N.
Vinoth Kumar [6] introduced the idea of equitable domination

in an IFGs. Also, they [6] have used the concepts of intuition-
istic, minimal intuitionistic fuzzy equitable dominating set
and Intuitionistic fuzzy equitable independent set to obtain
results in IFGs.

W. L. Gau and D. J. Buehrer [5] had put up the concept of
vague set. N. Ramakrishna [9] also had deliberated about the
same concept. R.A. Borzooeiy, E.Darabianz, and H. Rashman-
lou [2,3] had studied the notion of domination in vague graphs
and did obtain the presence of strong domination numbers
through applications. Yahya Talebi and Hossein Rashmanlou
[12] suggested the concept of application of dominating sets
in vague graphs. The authors [7] had used the notion of edge
domination vague graph, independent edge domination, and
edge domination numbers of vague graphs and investigated a
few related properties with illustrations.

In this paper, we have introduced the notions of equitable
edge domination set, minimal equitable and equitable edge
domination number of vague graphs. Moreover, we have in-
vestigated some of the related properties in these concepts
with illustrations.

2. Preliminaries

In this section, we review some basic definitions and prop-
erties which are used to develop of main results.

Definition 2.1 ([5]). A vague set P in the universe of discourse
X is characterized by two membership functions given by

(i) Membership function’s true value tp : X — [0,1]



(ii) Membership function’s false value fp: X — [0,1].

Where t,(x) is the lower bound value of x derived from the
"evidence for x’, and fp(x) is the lower bound of the negation of
x derived from the ’evidence against x’ which comes to tp(x) +
fp(x) < 1. Thus the grade membership of x in the vague set
P is bounded by a subinterval [tp(x),1 — fp(x)] of [0,1]. The
vague set A is formulated as P = {(x, [tp(x), fp(x)]) /Jx € X }.
Here the interval [tp(x),1 — fp(x)] is called the value of x for
the vague set P and is denoted by Vp(x).

Definition 2.2 ([9]). A vague relation is created from the
vague subset X X Y That is,

R= {{(x,y),tR(x,y),fR(x,y)}/xEX,y € Y},

wheretg : X xY — [0,1] and fr: X xY — [0, 1] satisfies the
condition 0 < tg(x,y) + fr(x,y) < 1 forall (x,y) € X XY.

Definition 2.3 ([9]). Let G = (P, Q) be a vague graph, where
P=(tp, fr) and Q = (tg, fo) are vague sets on'V and Q C P X
P respectively. They defined as tg(uv) < min{tp(u), fp(v)}
and fo(uv) > max {tp(u), fp(v)} for all uv € Q.

Definition 2.4 ([9]). A vague graph G = (P,Q) is strong, if:
o (v,-vj) = min {lp (V,‘) ,fp (Vj)} ande (V,'Vj) =max {lp (V,‘) s
fr(vj)} forallvivj € Q.

Definition 2.5 ([3]). Let u be a node the vague graph G =
(P,Q), then the neighborhood of u is represented by

N(u) = {v € V/(u,v) which is a strong path }.

Definition 2.6 ([12]). Let e; be a path in vague graph G =
(P,Q). Then,

N; (e;) = {ei,ej € Q(G) : (ei,e)) is astronarcsin G} .
The cardinality of Ny (e;) is the edge vague degree of e; and is
denoted by d,(f).

Definition 2.7 ([12]). An edge (u,v) is said to be strong in
vague graph G = (P,Q), if, to(uv) > (t9)” (uv) and fo(uv) <
(fo)” (uv). Here

(t0)” (uv) = max{(tQ)k ) k=1,2,... n}
and
(fo)™ (uv) zmin{(fQ)k(uv) k= 1zn}

Definition 2.8 ([2]). Let G = (P,Q) be a vague graph. Let
u,v € P, then we can say that u dominates v in G if there exists
a strong edge between them.

Definition 2.9 ([2]). An edge in vague graph G = (P,Q) is
an isolated edge, if it is not adjacent to any strong edge in G

Definition 2.10 ([3]). Let G be a vague graph. If each edge
in G has a similar degree (m,n), then G is said to be an edge
regular vague graph.
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Definition 2.11 ([2]). The strong degree (Q) in vague graph
is:

ds(Q):< Z IQ(MV), Z fQ(”v)>
uEN;(v)

u€eN;(v)

Definition 2.12 ([2]). The strong degree cardinality of Q in
vague graph is

|dy(Q)| = Z tQ(”v)Jr(lz*fQ(uV))'

ueN;(V)

Definition 2.13 ([9]). The strong degree of edges in vague
graph is

dy(e) =dy (vj)+du (vi) =212 (viv;)  or
du(e)="Y, o (vive)+ Y, o (vv;)

vl-v,-EE \'[-v/-EE
r#j r#i

ds (6,']') =dgs (Vj)+dcy (V,‘)—262 (V,'Vj) or
ds (eij) = Z o (vivi) + Z o (vkvj)

v,-vjeE Vl‘VjEE

r#j r#i

Definition 2.14 ([7]). Let G = (P,Q) be a vague graphs and
eie; € Q. Then, we state that e; dominates ej, if e; is a strong
arc in adjacent to e;.

Definition 2.15 ([7]). Let D be a minimum dominating set
of a vague graph G. If e; € Q — D, then there exist e; € D.
such that e; dominates e; edge. Thus, D is called an edge
dominating set of D.

Definition 2.16 ([7]). The smallest vague cardinality of each
edge domination number of vague graph G is denoted by

d.(G).

3. Properties of Equitable Edge
Dominatiing Set

In this segment, we are introducing the equitable edge
dominating set of a vague graph for obtaining a few properties
with illustration.

Definition 3.1. Let G = (P,Q) be a vague graph. Let e;
and e; be any two edges of G. A subset D of Q is an eq-
uitable edge dominating set, if every edge e; € Q(G) — D.
Then there exists an edge e; € D such that eje; € Q(G) and
|deg (e;) —deg (e;)| < 1, where min{tp (v;), fp (v;) } > t0(e)
and max {tp (vi), fp (vj) } < fole) forall e € Q.

Note 3.2. The least cardinality of an equitable edge domina-
tion vague set is signified by v.(G).

Definition 3.3. A equitable edge dominating set D is said to
be a minimal vague equitable dominating set, if it is not an
appropriate subset of D.



Definition 3.4. (i) Ler G = (P,Q) be a vague graph. Then
D C Q(G) is said to be a strong or weak equitable edge
dominating set of G, if every edge e; € Q(G) — D is strongly
(weakly) dominated by some edge e; in D.

(ii) The smallest and largest value of degrees in the strong
edge G is defined respectively A;(G) = ,.cg(ymax | Ns (e;) |
and 5S(G) = eiGQ(G)min ‘NS (e,')|.

Example 3.5. Let G = (P,Q) be a vague graph as shown
in the figure 3.1. From the edge set Q = {61,62,63,64,65,},
we have {e1,es},{esec}t,{e1,e2},{e1,e6,es} which are eq-
uitable edge dominating sets where {es ec} is minimal equi-
table edge dominating set of G and ¥.(G) = 0.50 From the

v,(0.4,0.5) (0.3,0.7) v2(0.3,0.6)
e6(0.1,0.7)
e4(0.2, 0.6) e,(0.3,0.5)
(0.1, 0.4) e5(0.1, 0.6)
15(0.2, 0.4) 14(0.6, 0.3) v5(0.2, 0.3)
Figure 1

Figure 1, we have the degrees of edges are defined as follows:

deg(er) =(0.5,1.1),deg(e2) = (0.4,1.2),
deg(e3) =(0.6,1.7),deg (e4) = (0.4,1.0)
deg (es) =(0.3,0.5),deg (es) = (0.7,1.7).

Also, the degrees of edges of strong arcs as follows: |d (e1)| =
0.7,|d (e2)| = 0.7,|d (e3)| = 0.95,|d (es)| = 0.35,|d (es5)| =
0.8,|d (es)| = 1.00. Then, we have the least and greatest
degrees of arcs in G which are A;(G) =0.35, &,(G) = 1.00.

Proposition 3.6. Let G = (P,Q) be a vague graph. Then D
is an equitable edge dominating set of G, which is minimal, if
and only if, for all the edges in e; € D satisfies the following
conditions.

(i) Either N (e;)\D =0 or |deg (e;) — deg (e;)| > 2.

(ii) There exists an edge ej € Q(G) — D such that N (e) N
D = {e;} and |deg (e;) — deg(e;)| < 1.

Proof. Let G be a vague graph and D be the least equitable
edge dominating set of G. If the above conditions (i) and (ii)
are not satisfied, then for some edge e; € D, there exists an
edge e; € N (e;)N D such that, |deg (¢;) —deg(e;)| <1, and
for some edge e; € Q(G) — D, either N (e;) ND is not equal to
{ei} or |deg (¢;) —deg(e;)| > 2 or together. Therefore, D —
{e;} is an equitable edge dominating set, which is inconsistent
to the minimality of D. Hence, (i) and (ii) are true.

Then again, for every edge in a vague graph G there is a
strong edge ¢; € Q(G) such that one of the statements gets
satisfied. Assume D is not a minimal one, then there ex-
ists e; € D, such that D — {¢;} is an equitable dominating
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set. Therefore there exist e; € D — e; such that, e; is an
equitable dominating set of e;. Then the edge ¢; € N (e;) N
D, |deg(e;) —deg(e;j)| < 1 and ¢; are not equal to e;, which
is a disagreement to N (e;) N D = {¢;}. Thus D is a least
equitable edge dominating set. O

Proposition 3.7. If G = (P, Q) is a regular vague graph, then
YG) =1(G).

Proof. Let G be a regular vague graph where the edges deg
e; = dege; in G are strong. We can state that every edge
is denoted by b. Let D be an edge dominating set G, then
%(G) =D,

Let us consider e; € Q(G) — D Here D must be an edge
dominating set, where strong edge e;e; that exists is adjacent,
and also deg ¢; = dege; = b. Therefore, |deg (¢;) — deg (e;)| =
0 < 1 is an equitable edge dominating set D in the vague
graph G. So that, %,(G) < |D| = y(G) But %(G) > y(G) which
implies, ¥(G) = %.(G). O

Proposition 3.8. Let G = (P, Q) be a vague graph of order r.
Then

(i) 1(G) < %e(G) < r—A.(G)
(i) '}'E(G) < Ywe(G) < 7_66(6)'

Proof. Let G be a vague graph of order r. In G, every strong
equitable edge dominating vague set is an equitable edge
dominating vague graph. Hence %,(G) < ¥ (G). similarly we
know that all the weak equitable edge dominating set is also
a part of vague graph G. Let e;ej € E. If d,(e) = A.(G) and
d.(e) = 6,(G), clearly Q — N, (e) is a strong vague equitable
edge dominating set G. Therefore, we have

O

Proposition 3.9. Let G = (P,Q) be a vague graph and D be
a minimal edge dominating set of connected graph G. Then
Q(G) — D is an edge dominating set of G.

Proof. Let D be a minimal edge dominating set of G and
O(G) — D is not an edge dominating set. Then there is an edge
e; € D such that, e; is not dominated by any edge in Q(G) — D
and G is connected. since e; is a strong neighbor of at least one
edge in D— {e;},D — {e;} is an edge dominating set, which is
a denial to the minimality of D. This is true for all edges e; in
D. Then, at least one edge ¢; in Q(G) — D is present, such that
to(e) = tp(uj) Atp(vi) and fo(e) = fp(v;) A fp(vi). Thus,
O(G) — D is a dominating set. O

Definition 3.10. The edges e; and e are said to be edge
independent of a vague graph = (P,Q), if e; ¢ Ny (e;) and
ej & N (ei).



Example 3.11. Let G = (P, Q) be a vague graph, as shown in
the Figure 2 Here {e},e3,e4,e2} all edges in the are no strong
arc between them. These are all edges of independent vague
graph.

e;(0.2,0.6) v,(0.3,0.5)
1,(0.2,0.3)
aaflLU5) 2,(0.1,0.7)
04,05
vs( ) v,(0.1,0.6)
€,(0.1,0.8)
Figure 2

Proposition 3.12. Ler G = (P, Q) be a vague graph, then an
equitable dominating set of G having only strong edge is a
minimal equitable set, if and only if, it is an edge independent
set.

Proof. Let D be an edge independent set which are equitable
of a vague graph G having only strong arc. If the equitable
edge independent set D is maximal, then for every edge e; €
O(G) — D, the set DU{e;} is not an equitable independent set
of a vague graph.

That is, for every e; € Q(G) — D, there is an edge e; € D,
such that e; is strong neighbor to e;, So D is an equitable edge
dominating set, and also an edge independent set of G.

Conversely, D is each equitable edge independent and
edge dominating set in G.

To prove: D is maximal equitable edge independent set
of G having strong edges:

If D is not a maximal equitable independent set, there
exist an edge e; ¢ D, such that DU {e;} is a equitable edge
dominating set. Therefore there is no equitable edge in D
which is a strong neighbor to e; Thus, D cannot be a equitable
edge dominating set which is a contradiction. Therefore D is
a maximal equitable edge independent set of G having only
strong edges. U

Proposition 3.13. Let G = (P,Q) be a vague graph having
edge independent set that has only strong arcs. It tends be
a maximal vague independent set, if and only if, it is both a
edge independent set and also an equitable edge dominating
set.

Proof. Let G be a vague graph and M be a maximal edge
independent set of G having only a strong arc. Then for
every ¢; € Q — M, the set M U {e;} will not be a vague edge
independent set because in ¢; € Q — M the edge e € N; (e;).
Hence, M is an edge dominating set of G and hence it is vague
edge independent for set G.
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Conversely, the same M is mutually vague edge indepen-
dent as well as an edge dominating set of G.
To prove: We have to show that M is a maximal vague edge
independent set, with only strong arcs. since M is an equitable
edge dominating set of G, it has only a strong arcs. If M is
not a maximal vague edge independent set, then there exist an
edge e; ¢ M, so that M U ¢; is an equitable edge independent
set of G. since M U {e;} is vague edge independent set there
happens to be no edge in M that belongs to N; (e;), and hence
e; cannot be dominated by M. The statement that M is not an
equitable edge dominating set of G is true. Hence, it is con-
firmed that M should be a maximal vague edge independent
set of G having just strong arcs. O

Proposition 3.14. Let G = (P, Q) be a vague graph without
any equitable isolated edges. Here D be a minimal equitable
edge domination set and Q(G) — D is an edge dominating set
which is equitable.

Proof. Let G be a vague graph and D be the least value of equi-
table edge dominating set. Q(G) — D is not an equitable edge
dominating set of G. Then there exists an edge e; such that
e; € D is not an equitable edge dominating set in Q(G) — D.
The vague graph G has no isolated edge and there is no edge
e; € G, such that N (¢;) C D. Then, ¢; is adjacent to at least
one strong edge e; in Q(G).Q(G) — D is not an equitable edge
dominating set of G and ¢; is also not in Q(G) — D, D — {e; }
is an equitable edge dominating set which is a denial to Q(G)
that, it is the least value of a equitable edge dominating set.
Therefore, Q(G) — D is similar to the edges of the dominating
set D. O

4. conclusion

In this paper, we have introduced the notions of equitable
edge dominating set, equitable edge domination set of mini-
mal vague graphs and equitable edge domination number of
vague graphs. Moreover, we have studied some properties
with illustrations.
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