Connected .# domination
S. Midhun'” and Raji Pilakkat?

Malaya Journal of Matematik, Vol. 8, No. 4, 1894-1897, 2020

https://doi.org/10.26637/MJM0804/0093

Abstract

Keywords
Connected . domination, Graph Operations.
AMS Subject Classification

57K10, 57M15.

Article History: Received 14 July 2020; Accepted 22 October 2020

In this paper we introduce connected .# dominating set and minimum connected .% dominating set. Moreover,
we determine some bounds of minimum connected .% dominating set and some basic results.

1.2 Department of Mathematics, University of Calicut, Thenjippalam, Malappuram-673635, Kerala, India.
*Corresponding author: 'midhunkallada4@gmail.com; 2rajipilakkat@gmail.com

©2020 MJM.

Contents

Introduction.........ccoiviiiiiiiii e 1894
Connected .7 domination in graphs............. 1894
.1896

Homomorphism and connected . domination . 1896

Bounds of Connected .# domination number..

a A WO N =

Connected .# domination in Graph Operations. 1896
References.........coviiiiiiiiiiiiiiiiininnnnss 1897

1. Introduction

The present world is fighting against COVID-19 virus.
Almost half of the population in the world is in the grip of
this killer virus. No panacea or effective vaccine is invented
for eradicating the virus. Researchers all over the world is
pursuing their studies to tackle the problems of this pandemic.
Virus once enter in a body incubates within 14 days. To find
out whether one person is affected or not require tideous pro-
cess of tests. Different modes or models or tools have to be
employed to tackle or trace the pandemic without wasting
much time. Also it is impossible to test all the people. This
situation can be made into a mathematical problem by intro-
ducing a new type of [1] dominating set, namely minimum
connected .% dominating set. Similar kind of studies are done
by [3] Manju Raju, Kiran R. Bhutani, Babak Moazzez, S.
Arumugam.

[1] Let G = (V,E) be a graph and a subset D of V(G) is
said to be a dominating set if for every u € V' \ D there exists a
v € D such that u is adjacent to v. D is a minimal dominating
set of G if D\ {u} is not a dominating set of G for any u € D.

[2] For any subset F' of V(G), the induced subgraph (F') is
the maximal subgraph of G with vertex set F'.

[3]Let G = (V,E) be a graph and .% be a family of subsets
of V whose union is V. A dominating set D of G is called an
7 - dominating set if DN F # 0 for all F € .%. The minimum
cardinality of an .#-dominating set of G is called the .%-
domination number of G and is denoted by vz (G).

In this paper we consider only simple graphs. We use the
notations G for a graph, V(G) or V for the set of vertices of G
and .Z a collection of subsets of V(G) whose union is V(G)
and each element F of .%# induces a connected subgraph of G.
For undefined terms we refer [1-4].

2. Connected .7 domination in graphs

Definition 2.1. Let G = (V,E) be a graph and .% be a collec-
tion of subsets of V (G) whose union is V (G) and each element
F of F induces a connected subgraph of G. A dominating set
D ()fG is called connected % dominating set ifD NF£0VY
F € 7. The minimum cardinality of a connected F dominat-
ing set of G is called the connected F domination number of
G and is denoted by V.5 (G). Any connected ¥ dominating
set D with |D| = v.#(G) is called a ¥,z set. A connected F
dominating set S is said to be minimal connected ¥ domi-
nating set if S\ {v} is not a connected F dominating set for
everyv € S.

From the definition of a connected .#
graph G, ¥(G) < 7.7 (G).

% dominating set of a

Remark 2.2. If % is a family of vertex disjoint subsets of V
then Y.z is greater than or equal to |.F|.



As a consequence of this result we have the following
theorem.

Theorem 2.3. Let G = (V,E) be a graph and & be a collec-
tion of vertex disjoint subsets of V(G) such that each element
of F induces a complete graph in G. Then ¥, (G) = |.F|.

Proof. Suppose Y.z < |-#|. Let S = {uj,uz, - ,uy} be a
Yoo set. Then m < |.%|. Then at least one u; is in more than
one F in .#, a contradiction. Hence .2 > |.Z|.

On the other hand any subset S of V(G) containing ex-
actly one element from each F € .% forms a connected .%
dominating set. Hence the result. O

The following theorem gives a sufficient condition for a
family of subsets of V to satisty 7.4 (G) = y(G).

Theorem 2.4. Let G be a graph and a collection F of subsets
of V(G), which satisfies the condition U F =V(G). If (F)

is a connected and |F| > n—v(G) + lfor every F € .7 then
Yez (G) = 1(G).

Proof. Let S be a y-set of G. Given that |F| > n—y(G)+1
for every F € .%. Therefore |[F¢| < y(G) — 1. Thus FNS # 0,
for every F € Z. O

The converse of Theorem 2.4 need not be true. For exam-
ple, consider the graph K3 with vertex set V(G) = {vi,v2,v3}
and .Z = {{vi,v2}{v1,v3}}. Then .4 (G) = y(G) = 1, but
Z does not satisfy the hypothesis of Theorem 2.4.

Corollary 2.5. Let G be a graph. If |F| > n— 1+A( G T 1 for

every F in a collection F of subsets of V(G) then Y.z (G) =
Y(G).

Theorem 2.6. Let G be a graph and D be a minimal domi-
nating set of G. Then there exists a collection & of subsets of
V such that D is a minimal connected .% dominating set.

Proof. Let D be a minimal dominating set of G. Choose
F ={N]v];v € D}. O

Note that the minimal dominating set D with % = {N[v];v €

D} need not be minimum connected .% dominating set.

For example the set of all pendant vertices of the star
graph K , (n > 2) is a minimal dominating set but it is not a
minimum connected .% dominating set, where % = {N]v] :
v € D}

Theorem 2.7. Let G be a graph and % be a collection of
vertex disjoint subsets of V(G). If each F € .F induces a star
graph then ¥,z (G) = |F|.

Proof. 1f F satisfies the hypothesis of the theorem then by
Remark 2, ¥.#(G) > |.#|. On the otherhand the set of all
central vertices of stars in .%# forms a connected .% dominating
set. O

1895

Connected .# domination — 1895/1897

Theorem 2.8. Let G be a graph and % be a collection of
subsets of V(G). Then G has unique connected F dominating
set if and only if {v} € F for everyv € V(G).

Proof. Suppose that G has unique connected .%# dominating
set. If possible, assume that there isa v € V(G) such that {v} ¢
.Z. Then v must not be an iolated vertex of G. Hence V(G) \
{v} is a connected .# dominating set, Also D = V(G) itself
forms a connected .% dominating set, which is a contradiction.
Converse is trivial. O

Theorem 2.9. Let G be the complete graph K,,. Then for any
positive integer k < n, there exists a partition F of V(G) such
that %7 (G) = || =k

Proof. Let {vi,vy---,v,} be the vertex set of K,. Fork =1,
F ={{vi,va,--,vu}} and fork > 1, F = {{v1 },{»}, -,
{vi=1}s{VksVik+1,- -+ ,vn}} will serve the purpose. O

Theorem 2.10. Let G be a graph of order n and y(G) =

Then for any integer q with p < q < n there exist a collection

F of subsets of V suchthat |J F =V(G) and V. = q.
FeF

Proof. If g = p, choose F = {N[v|;v € V(G)}. If ¢ > p, let
A={u, - ,up} be aysetof G and B be any set of ¢ — p
elements {vi,v2,---,v,—,} of A°. In this case F = {{v};v €
AUB}U{NJu;],u; € A} forms a connected .% dominating set
with Y. =gq. O

Theorem 2.11. Let G be a graph with n vertices and suppose
that ¥(G) = p. Then for every integer q such that p < g <n
there will be a partition .F of subsets of V such that Y. (G) =
q.

Proof. Let Dy = {vi,v2,---,vp} bea ysetof G.

For1<i<p,letE; = (N(v;)ND)U{v;}. Now let F; =
Eyandfor1 <i<p,letF;=FE;\(E;U---UE;_|) and set % =
{F1,F,---F,}. Then D forms a connected .% dominating set.
Hence the result is true for p = q.

Now let g > p, let D, be ¢ — p elements {v,1,---,v4} of

DS. Now set E/ = (N(vi)N (D1 UDy))U{v;} for 1 <i<p
and set
Ef, fori=1
F/ =S E/\(EjU---UE!_,), forl<i<p
{vi}s forp+1<i<gq.
If # ={F/,F;, - } then .7 satisfies the requirements of
the theorem. O

Theorem 2.12. Let G = (V,E) be a graph and S be a con-
nected F dominating set. Then S is a minimal connected %
dominating set if and only if either S is a minimal dominating
set or for every minimal dommatmg set S C S and for every

ue S\ S there will be an F € F such that (S\ {u})NF =0.



Proof. Suppose that S is minimal connected .% dominating
set. If § is a minimal dominating set there is nothing to prove.
So suppose that S is not a minimal dominating set. If possible,
let S’ be a minimal dominating set, S’ C Sandau € S\ S
such that for every FeZ (S\{u})NF #0. Then S\ uis
also a connected . dominating set, a contradiction to our
assumption.

Conversely assume that S is either minimal dominating or
for every minimal dominating set s C Sandforeachu e S\ s
there exists an F € .# such that (S\ {u}) N F = 0. If possible
assume that S is not minimal connected .% dominating set
then, there exists a v € § such that S\ {v} is a connected
% dominating set. If S is minimal dominating, S\ {v} is not
connected .# dominating set. Therefore S cannot be a minimal
dominating set. Hence there exists s C Sand S is minimal
dominating. If v ¢ S then there exists an F € .% such that (S
{v})NF =0. Thus S\ {v} i is not a connected .%# dominating
set, a contradiction. If v € §, since S \ {v} is connected .#
dominating set there exists a minimal dominating set S” which
is contained in S\ {v}. Thenv e S\ S" so (S\{v})NF =0
for some F € %, a contradiction. Hence the result. O

Proposition 2.13. For a collection F of subsets of V(G) of
the graph G with n vertices Y,z is equal to 1 if and only if
K is a subgraph of G such that its central vertex belongs to
every F € F

3. Bounds of Connected .7 domination

number

Theorem 3.1. Let G be a graph and % be a collection of
subsets of V(G). Then Y.z (G) < Y. y(F), where y(F) is
Fez

the domination number of the connected subgraph induced by
F.

Proof. As the union of all dominating sets of each F € .7 is
a dominating set of G, we have the result. O

Theorem 3.2. Let G be a graph, S C V(G) satisfying the

condition |J N[v] = V(G) and F = {N[v];v € S}. Then
ves

Yz (G) < |S].

Theorem 3.3. If all elements of a collection F of subsets of

V(G) of a graph G have a vertex in common then V.2 (G) <

Y(G)+ 1.

Theorem 3.4. For any graph G on n vertices and for any
family F of subsets of V, (1+A( )] <% (G) <n.

Proof. Since [1+A 1 < ¥(G) we get {1+A( 1 < %2(G).
Hence the result. ]

Theorem 3.5. Let G be any graph of order n and let v be a
vertex with maximum degree such that F ¢ N(v) for every

FeZ Then[HA( 1< %2(G) <n—A(G).
Proof. Let D =V(G)— N(v) then D is a connected .% domi-
nating set. O
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4. Homomorphism and connected .7
domination

Definition 4.1 ([2]). Let G and G’ be any two graphs, a homo-
morphism of G to G' is a function ¢ : V(G) — V(G') such that
0(x)¢(y) € E(G') when everxy € E(G). If ¢ : V(G) = V(G')
is onto and u' V' are adjacent in G' then there are two adjacent
vertices u and v in G such that ¢(u) = u’ and ¢(v) =V, we
say that ¢ is a homomorphism of G onto G'.

Remark 4.2. Let G and G’ be two simple graphs. Then any
graph homomorphism ¢ from G to G' maps ends of edges of
G to distinct vertices of G'.

Theorem 4.3. Let G and G' be two graphs and ¢ : V(G) —
V(G') be a graph homomorphism from G onto G'. If D is a
connected F dominating set of G then ¢ (D) is a connected
0 (F) dominating set of G', where ¢(F) ={¢(F):F € F}.

Proof. Letv e (¢(D))°. Since ¢ is surjective there exists a
u € D¢ such that ¢ (1) = v. Since D is a dominating set there
will be a w € D such that w is adjacent to u. Therefore ¢ (w) €
¢(D) and ¢ (u) are adjacent. Hence ¢ (D) is a dominating set
of G'.

By the definition of homomorphism, we get ¢ (F) induces
a connected subgraph of G, foreach F € #. Asevery F € &
intersects D, every ¢ (F') in ¢(.%) intersects ¢ (D). Hence the
theorem. O

Remark 4.4. A graph homomorphism ¢ from a graph G onto
a graph H may not map a minimal connected % dominating
set in G onto a minimal connected ¢ (.F) dominating set in
H.

For example, let G be the cycle C7 = (vi,v2,--+,v7,V1)
and H be the cycle C3 = (uy,up,u3). Let F ={{vi,va,v7},{v2,
v3,v4},{va,vs,v6}} be a family of subsets of V(C7). Now
D = {vy,v3,vs} is a minimal connected F dominating set in

G. Let ¢ : V(G) — V(H) be defined by
uy, fori=1,3,6
O(vi) = up, fori=2,47

uz, fori=5

Then ¢ is a graph homomorphism from C; onto C3. We get
O(F) = {{ur,u2},{ua,u3,u1 }} and ¢ (D) = {u1,u3}. Here
¢(D) is a connected ¢(F) dominating set. But ¢(D) =
{u1,u3} is not a minimal ¢ (F ) dominating set of H.

5. Connected .# domination in Graph
Operations

Definition 5.1. [2] Let G and G’ be any two graphs. Their
join G+ G’ consists of GUG' and all edges joining V (G) and
V(G).

Theorem 5.2. Let G and G' be any two graphs. If F1 is a
collection of subsets of V(G) and %, is a that of V(G'), then

Ye(7,05,)(G+G') < Yoz, (G) + Yerr, (G)



Proof. Let Dy be a ¥.#, set of G and D; be a ¥.#, set of
G'. Clearly Dy UD; dominates G+ G', Also (D; UD>)NF #
0 for every F € 7 U.%,. Therefore ¥,z 1z, (G+G') <
Yz, (G1) + Ve, (G2).

Theorem 5.3. Let G| and G, be any two connected graphs.
Let %\ be a collection of subsets of V(G ) and %, be that of
V(G»). If there exists au in V(Gy) and a v € V(G,) such that
u € Fy for every Fy € % andv € F, for every F, € %,. Then
Ye(#,05,)(G1+G2) < 2.

Proof. From the given conditions, every member of .7 U.%,
intersects D = {u,v}. By the definition of join of two graphs
D = {u,v} forms a dominating set of G| + G. O

Definition 5.4 ([4]). Lexicographic product Go G’ of two
graphs G and G' has vertex set V(G) x V(G') and two vertices
(x1,¥1) and (x3,y2) are adjacent if and only if either x1x, €
E(G) orxy = xy and y1y, € E(G').

Note that if G| and G, are any two connected graphs then
G10Gj, is also a connected graph. Also if F; induces a con-
nected subgraph of G| and F; induces a connected subgraph
of G, then Fj x F, induces a connected subgraph of G o G;.

Theorem 5.5. Let G| and G, be any two subgraphs and 7
be a collection of subsets of V(G1) and % be that of V(G3)

then Yz, x 7,)(G1 0 G2) < Yoz, (G1)Ye, (G2).

Proof. Let Dy be a Yz, set of G1 and D, be a Yz, set of G».
Then we will show that D; x D, form a connected .%| X %>
domination set of Gj 0 G,. Let (u;,v;) € (D1 x D). Then
either u; ¢ Dy orv; ¢ Dy. If u; ¢ Dy and v; € D, then there
exists a ux € Dy which is adjacent to u;. Therefore (u,v;) is
adjacent to (u;,v;). If u; € Dy and v; ¢ D, there exists a v
in D such that vy is adjacent to v;. Thus (u;,v) € D1 X D
and (u;,vg) is adjacent to (u;,v;). If u; ¢ Dy and v; ¢ D)
then there exists a u; € Dy which is adjacent to u; and there
exists a v; € D, such that v; is adjacent to v;. Hence (u;,v;) is
adjacent to (ux,v;) € Dy X D;. Also it can be easily seen that
(D1 x D) N (F; X Fj) # 0 forevery F; € # and F; € . [

Theorem 5.6. Let G and H be any two simple graphs and let
D be a Y.z set of GoH for # = {F\,Fs,...,F,}. Then D; =
{ueV(G): (u,v) €D forsome veV(H)}isaconnected
F1 dominating set in G, where F| = {Fl/7 ...,F}and F, =
{ueV(G);(u,v) € F,,F; € F}, fori=,2,...,n

Proof. Letu' € D and v € V then («/,v) € D for every v €
V(H). Consider a fixed v € V(H) then there will be a (u,V') €
D such that (u,v) dominates (¢',v). Thus u and ' are adjacent
and F/ ND; # 0. Hence the result. O
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