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Edge induced V,— magic labeling of graphs

K.B. Libeeshkumar'* and V. Anil Kumar?

Abstract

Let V4, = {0,qa,b,c} be the Klein-4-group with identity element 0 and G = (V(G),E(G)) be the graph with vertex

set V(G) and edge set E(G). Let f: E(G) — V4~ {0} be an edge labeling and " : V(G) — V4 denote the induced

vertex labeling of f defined by f*(u) = Z f(uv) for all u € (V(G). Then f* again induces an edge labeling
uveE(G)

Tt E(G) — V4 defined by ™" (uv) = fT(u) + fT(v). Then a graph G = (V(G),E(G)) is said to be an edge

induced V4-Magic graph if f** is constant function. The function f, so obtained is called an edge induced
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1. Introduction

In this paper we consider simple, connected, finite and
undirected graphs and the Klein 4-group, denoted by V4 =
{0,a,b,c}, which is a noncyclic Abelian group of order 4 in
which every nonidentity element has order 2. We refer to
Frank Harary [1] for the standard terminology and notations
related to graph theory.

Let G = (V(G),E(G)) be a graph with vertex set V(G)
and edge set E(G). The degree of a vertex v in G is the num-
ber of edges incident at v and it is denoted as deg(v). Let
f:E(G) — V4~ {0} be an edge labeling and f : V(G) — V4
denote the induced vertex labeling of f defined by f(u) =

Z f(uv) for all u € (V(G). Then f* again induces an
uveE(G)
edge labeling f 1 : E(G) — V4 defined by f (uv) = f*(u)+
ST (v). Then a graph G = (V(G), E(G)) is said to be an edge
induced V4-magic graph or simply edge induced magic graph

if f*7(e) is a constant for all e € E(G). If this constant is x,
then x is said to be the induced edge sum of the graph G. The
function f so obtained is called an edge induced Vs-magic
labeling of G or simply edge induced magic labeling of G
and it is denoted by EIMV,4L or simply EIML. In this paper
we discuss edge induced V4-Magic labeling of some graphs
which belongs to the following categories:

(i) 04(V4) := Set of all edge induced Vs-magic graphs with
edge induced magic labeling f satisfying f** (1) =a
forallueV.

(i) op(Vs) := Set of all edge induced V,4-magic graphs with
edge induced magic labeling f satisfying f**(u) =0
forallueV.

(i) o(Va) := 04(Va) N o0(Va).

Figure 1 and Figure 2 represent edge induced V,; magic la-
beling of graph G; and G, with induced edge sums 0 and a
respectively.

2. Main results
Theorem 2.1. Let G = (V,E) be a graph with either each
vertex is of odd degree or even degree then G € oy(Vy).

Proof. Let G be a graph with deg(v;) =r; forv; €V, i=
1,2,3,....n.



Figure 2. Graph G,

Case 1: r; is odd.
In this case, define f : E — V4~ {0} as f(e) = a for
all e € E. Then f*(u;) = deg (u;)a = ria = a. Thus
ftT(e)=0foralle € E.

Case 2: r; is even.
In this case, define f: E — V4~ {0} as f(e) = a for
all e € E. Then f*(u;) = deg (u;)a = r;a = 0. Thus
ftt(e)=0foralle € E.

Thus in both cases f+* = 0. Therefore G € 6p(V4).
Hence the proof. O

Theorem 2.2. Let G = (V,E) be a graph with uv € E and
f:E — Vi~ {0} be an edge label of G then f(uv) =

Y, flua)+ Y f(Bv), where a5 v and B # u.

uocE BveE

Proof. Let f: E — V4~ {0} be an edge label of G, then
fTw) =Y f(uc)forallu € V. Thus we have:

uackE
[Tw) = )+ )

= Y fluo)+ Y f(Bv)
uockE BvekE

= Y fwo)+ fluv)+ Y f(Bv)+ f(uv)
7 &

= ) flua)+ Y f(Bv) (Since f(uv) € V4).
Ml U

Theorem 2.3. Induced edge sum theorem.
For any graph G, f is an edge induced Vi-Magic labeling of
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G if and only if the induced edge sum

x=f"w) =Y flua)+ Y. f(Bv) forall (u,v) €E.

uackE BveE

va wih
2.1

The Equation (2.1) corresponding to an edge uv in G, is
called induced edge sum equation of the edge uv.

Proof. Proof follows from the definition of edge induced
magic labeling and Theorem 2.2. O

3. Edge Induced V, Magic Graphs

In this section we discuss the necessary and sufficient
condition for the admissibility of edge induced magic labeling
of some general graphs like the path graph on n vertices P,, the
cycle graph on n vertices C,, the star graph K ,,, the complete
bipartite graph K,,, , and the complete graph K.

Theorem 3.1. P, € 0y(Vy) and Py ¢ 6,(Va).

Proof. Consider the path P : viejva. Let f: E — V4~ {0} be
defined by f(e1) = x, for some x € V4~ {0}. Then f*(v;) =
f1(v2) = x. Therefore f**(e;) = 0. Hence P> € 0p(Va4) and
P2 ¢ Oy (V4). O

Corollary 3.2. P, ¢ o(Vs).
Proof. Proof follows from Theorem 3.1. O
Theorem 3.3. P; € 6,(V4) and P ¢ op(Va).

Proof. Consider the path P5 : viejvpeavs. Let f 1 E — Vi~
{0} be defined by f(e;) = x1,f(e2) = x» for some xj,x; €
V4~ {0}. Then fT(vy) =x1,fT(v2) = x1 +x2, fT(v3) = x2.
Therefore f™+(e1) = x2, f T (e2) = x1. Then P € 6p(Vy) or
Ps; € 0,(V4) accordingly x; = x = 0 or x; = x = a. Since
x1,% € V4~ {0}, x; = xo = 0is not possible. Therefore P, ¢
00(V4). Therefore if we take x; = x, = a then f is an EIML
of P;. Thus P; € 6,(V4). Hence the proof. O

Corollary 34. P; ¢ 6(Va).
Proof. Clearly the proof follows from Theorem 3.3. O
Theorem 3.5. P, € (Fa(V4) and Py ¢ (F()(V4).

Proof. Consider the path Py : viejvaeaviesvs. Let f 1 E —
V4~ {0} be defined by f(e1) = x1, f(e2) = x2, f(e3) = x3
for some x1,x3,x3 € V4~ {0}. Then f*(vi) =x1, /T (v2) =
X1 —I—XQ,er (V3) =X +X3,f+ (V4) = x3. Therefore er+ (el) =
x2, [T (e2) =x1+x3,f T (e3) =x2. Then P, € 6p or Py € 0,
accordingly x =x;1+x3 =0o0rx; =x; +x3 =a. Butx, =
0 is not possible. Therefore Py ¢ oy(Vs). Thus if we take
x1 = b,x; = a,x3 = ¢, then f is an EIML of P;. Hence the
proof. O

Corollary 3.6. Py ¢ o(V4).



Proof. Proof follows from Theorem 3.5. O

Theorem 3.7. P, is not an edge induced magic graph for any
n>>5.

Proof. Suppose that n > 5. Consider the path defined by
P, :=viejvaeavie3 - vp_1epvy. Let f 1 E — Vi~ {0} be de-
fined by f(e;) = x; for some x; € V4~ {0} fori=1,2,3,...,
n—1. Then f*(vi) =xi, fT(v2) =x14+x2, fT(v3) =22+
x3, fT(v4) = x3 + x4 and so on. Therefore [T (e1) = xz,
STt (e2) = x1+x3, fT7 (e3) = x2 +x4. Now if possible, sup-
pose f is an EIML of P,. Then we have f*"(e;) = x; =
X2 +x4 = f7(e3), which implies x4 = 0, which is a contra-
diction to our assumption. Hence P, ¢ oy (V4) and B, ¢ 0,(Vy)
forn > 5.

Hence the proof. O

Corollary 3.8. P, ¢ 6(Va) for any n.

Proof. Proof of the corollary follows from Corollary 3.2,
Corollary 3.4, Corollary 3.6 and Theorem 3.7. O

Theorem 3.9. C, € oy(Vy4) for all n.

Proof. We can observe that the proof follows from Theorem
2.1. 0

Theorem 3.10. C, € 6,(Vy) if and only if n is a multiple of
4.

Proof. Consider the cycle defined by C,, :=viejverv3es---
Vn—1€n—1Vnenv1. Suppose n is a multiple of 4, say n = 4k, for
some integer k. Define f: E(C,) — V4~ {0} as

fley={ b Torj=159,.4k=3,2,6,10,....4k—2
V7Y ¢ forj=3,7,11,...,.4k—1, 4,8,12,... 4k

Then we can prove that f " (ej) =afor j=1,2,3,...,n. That
is f is an EIML of C,. Therefore in this case, C, € 6,(V4).
Conversely, suppose that 7 is not a multiple of 4. Then n =
4k +1 or n = 4k +2 or n = 4k + 3 for some integer k. If
possible, suppose f is an EIML of C, with f(e;) = x; for
i=1,2,3,...,n. Then from the induced edge sum equation of
each edge, we get

Xpt+XxXo=x1+x3=X2+x4 =x3+x5="---=x,1+x1. 3.1)

Casel: n=4k+1.
In this case, Equation (3.1) implies that x; = x5 = x9 =
e EXp =X4 X=X T = Xy ] T X3 =X =X =
S =Xp_2 =Xp = Xg = X190 = +*+ = Xy—3. Thus in this
case if we let x; = f(e;) = a for all i then f+7(e;) =0
for all i. Hence C,, ¢ 0,(V4).

Case2: n=4k+2.
In this case, Equation (3.1) implies that x| = x5 = x9 =
=Xyl =X3=X7=X1] = =X,3and xp = xg =
X10 = """ =X = X4 =X§ = X[2 =+ = Xp_2. Then lf

we let f(e;) =aand f(e;) = b then f*(v;) = ¢ for all
j- Thus f**(e;) = 0 for all i. Hence C,, ¢ 0,(Va)
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Case 3: n=4k+3.
In this case, Equation (3.1) implies that x; = x5 = x9 =
= X2 =X) =X =X10 =t =Xp—] = X3 = X7 =
X|] =" =X, =X4 =Xg§ =X|2 = -+ = X,—3. Thus in this

case, if we let x; = f(e;) = a for all i then f+7(e;) =0
for all i. Hence C, ¢ 6,(Va).

Thus from all the three cases above, we have C, ¢ o0,(Vy).
Thus C,, € 6,(V4) if and only if n is a multiple of 4.
Hence the proof. O

Corollary 3.11. C, € 6(Va) if and only if n is a multiple of 4.

Proof. Proof follows from Theorem 3.9 and Theorem 3.10.
O

Theorem 3.12. Consider the star graph K ,, then we have
the following.

(i) Ky, € 00(Va) ifand only if n is odd.
(ii) K1, € 0,(V4) if and only if n is even.

Proof. Consider K , with vertex set {v,v;: 1=1,2,3,...,n},
where vw; € E(K; ) fori=1,2,3,...,n. Let f be an edge
label of K ,, with f(vv;) = x;, then from the induced edge
sum equation of each edge we have the equation:

Xtx3+xattx, = xtxatxgtotx
= x+xntxt+--+x

= X1+xX2+x3+ X1
Thus we have f is an EIML of K ,, if and only if x; =x, =

X3 = " =Xp,.

case (1) nis an odd integer.
Let f(vv;) =x; =a, then fT(v) =na=aand f*(v;) =
a. Thus f**(vv;) = a+a = 0 for all i. Hence in this
case, we can conclude that K; , € oo(Vs4) and K , ¢
Oy (V4).

case (2) n is an even integer.
Let f(vv;) =x; =a, then fT(v) =na=0and f*(v;) =
a. Thus f**(vv;) = 0+a = a for all i. Hence in this
case, we can conclude that K; , € 0,(V4) and K, , ¢
GQ(V4).

Hence the proof. O
From the Theorem 3.12, we have the following corollary.
Corollary 3.13. K, , ¢ c(V4) for any n.

Theorem 3.14. Consider the bipartite graph K, ,, then we
have the following.

(i) Knn € 00(Va) for m+n is even.

(ii) K, € 04(Va) for m+n is odd.
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Proof. LetV(Kpyn) = {V1,V2,V3,-- .\ Viny, UL, U2, U3, ... Uy}, Definition 4.5. [2] Jelly fish graph J(m,n) is obtained from
where viuj € E(K,, ) fori=1,2,3,...mand j=1,2,3,...,n.  a4—cycle vivav3vav; by joining vi and v3 with an edge and
Let f : E(Kyn) — Va~ {0} be defined by f(viuj) =aforall  appending the central vertex of Ki ,, to v and appending the

vilj € E(Kinn). central vertex of K1 , 10 v4.
Case 1: m-+n is even. Definition 4.6. [2] A triangular snake graph TS, is obtained
from a path vi,vy,v3,--- ,v, by joining v; and vi1| to a new
subcase (i) m and n are odd. vertex wi fori=1,2,3,--- ;n—1.

; () = ng — ) —
i:ll;}f;afrzl:zefgﬂ{vys);g ?o:a?lla?:n{i j('u] )= Definition 4.7. [6] An open ladder graph O(L,),n > 2 is
Y obtained from two paths of length n — 1 with V(G) = {u;,v; :
subcase (ii) m and n are even. 1<i<n}and E(G) = {ujuiy1,vivie1 : 1 <i<n—1}U{uv;:
In this case, we get [ (v;) =na=0and f*(u;) = 2<i<n—1}.

ma = 0. Thus f*F (v;u;) =0 for all i and ;.
Theorem 4.8. Consider Bistar graph By, ,, then we have the

Thus, if m+n is even then K, , € 00(Vs). following.

(i) Bun € 00(Vy) if and only if m and n are even.

(ii) By € 04(Va) if and only if m and n are odd.
Proof. LetV (Bmy) ={u,v,vi,uj:i=1,23,....m, j=1,2,3,
...,n}, where uv,v;,uuj € E(By,,) fori=1,2,3,...,m and
i=1,2,3,...,n.Let f: E(Byn) — Va~ {0} be an edge label

Case 2: m+nis odd.

subcase (i) mis even n is odd.
In this case, we get f(v;) =na=aand f(u;) =
ma = 0. Thus " (viu;) =a+0=a forall i and

I defined as follows:
subcase (ii) m is odd n is even.
In this case, we get £ (v;) =na=0and f T (u;) = o if e=uv
ma = a. Thus f*+(viu;) =0+a=aforalliand fle)=< x if e=vv,vv,vv3,... 00y
Jj- y;j it e=uuy,uup,uus, ... uuy,.

Then by considering the induced edge sum equation of the

Thus if m +n is even, then K, , € 6,(V4). edges vv; we have:
i .

Hence the proof. O Ot X3t xgt -t Xy = Qx| +x3+-x04-+X,
Theorem 3.15. Let K, be the complete graph with n vertices, = O+X FX X3+ Xy
then K, € oo(Va4) for all n. : @
Proof. Consider the complete graph K,,. Let f : E(K,) — = o+xp+xz+xa+-+xm1.

Vi~ {0} be an edge label with f(e) = a for all e € E(K,).
Then the induced vertex label f+ becomes f*(u) = (n—1)a,
for all u € V(K,). Using this, we have the induced edge label
ST becomes fTT(e) =2(n—1)a=0, for all e € E(K,).

In the light of Equation (4.1), we have xj =x; =x3 = -+ =
Xm = B (say). Similarly by considering the induced edge sum
equation of the edges uu; one can easily prove that y; =y, =
y3 =--- =y, = Y (say). Thus the induced edge sum equations

Thus K, € oy(V4) for all n. Hence the proof. O of the edge vv; and uu; arc given by
4. Some Special Edge Induced V; Magic at(m-—Df=o+(@n-1y.
Graphs Also the induced edge sum equation of the edge uv is given

Here we need the following graphs. by

Definition 4.1. [2] The Bistar B, , is the graph obtained by FAx b by by ey =mp -y

Joining the central or apex vertex of Ki m and K , by an edge. Thus £ is an edge induced magic label with induced edge

.. . sum x if and only if
Definition 4.2. [2] The Sun graph on m = 2n vertices, de-

noted by Sun,,, is the graph obtained by attaching a pendant x=a+m-Df=a+n—-1)y=mB+ny. “42)

vertex to each vertex of a n—cycle.
Case 1: m and n are even.

Definition 4.3. The Corona P, ©® K] is called the comb graph In this case, Equation (4.2) becomes x = &+ — &+

CB,. Y=0. Thus @ = B = 7, and the induced edge sum
Definition 4.4. [2] The sum of the graphs C, and K is called x=0.
a Wheel graph and it is denoted by W, that is W, = C,, + K; . Hence in this case, By, , € 6o(Va).
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Case 2: m and n are odd.

In this case, Equation (4.2) becomes x = o = f§ + 7.
Thus in this we can choose § = b and Yy = c then ot = a
and which implies that the induced edge sum becomes
x=a.

Hence in this case, By, , € 04(Va).
Case 3: mis even and » is odd.

In this case, Equation (4.2) becomesx=a+f = =Yy
which implies that 8 = 0. Thatis f(vv;) =x; = =0,
which a contradiction to the choice of f. Therefore
Bm’n §§ GQ(V4) and Bm.n ¢ Ga(V4).

Case 4: m is odd and n is even.

In this case, Equation (4.2) becomesx=a =a+7y =
B which implies y = 0. That is f(uu;) =y; =y =0,
which a contradiction to the choice of f. Therefore
Bm,n ¢ G()(V4) and Bm_’n ¢ O'a(V4).

Hence the proof. O
Theorem 4.9. The Sun graph Sun, € cy(Va) for all n.

Proof. Since each vertex Sun,, is of odd degree, by Theorem
2.1 the theorem follows. O

Theorem 4.10. The Sun graph Sun, € 6,(V4) for n is even.

Proof. Consider a Sun graph Sun,, with {vi,va,v3,...,v,} as
vertex set of the corresponding C,, and w; be the pendant vertex
attached to each v;, for i = 1,2,3,...,n. Let f: E(K,) —
V4~ {0} be defined by

b if e=vivy,v3v4,Vs5Ve,...,Vp 1V
Fle) = c if  e=vyv3,v4vs,vV7,..., V]

b if e=viw,vaws,vsws, ...,V 1 Wy_|

c if  e=vowo,vgw4,veWe, ..., VyWy.

Then we can easily prove that f 7 (e) = a for all e € E(Sun,,).
That is Sun, € 6,(V4). Hence the proof. O

Corollary 4.11. The Sun graph Sun, € o(Vy) if and only if n
is even.

Proof. Proof follows from Theorem 4.9 and Theorem 4.10.

O

Theorem 4.12. The Comb graph CB,, is not an edge induced
magic graph, for any n.

Proof. Let {u;,v; : 1 <i<n} be the vertex set of CB,,, where
vi(1 <i<n) are the pendant vertices adjacent to u;(1 <i<n).
If possible, suppose f : E(CB,,) — V4~ {0} is an induced edge
label of CB,,. Then using the induced edge sum equation of the
edges uyvy and upvy we get, 1 (uyvy) = £ (uavy), which
implies f(uiuz) = f(uyuz) + f(upu3). Thatis f(uzu3) =0,
which is a contradiction. Thus CB,, is not an edge induced
magic graph

Hence the proof. O
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Theorem 4.13. The Wheel graph W, € 6o(V4) for n is odd.

Proof. Suppose n is odd. Then, since each vertex of W, is of
odd degree, by Theorem 2.1 the proof follows. O

Theorem 4.14. Let J(m,n) be the Jelly fish graph. Then
(i) J(m,n) € op(Va) if and only m and n are of same parity.
(ii) J(m,n) & 6,(Vs) for any m and n.

Proof. Consider the Jelly fish graph with V (J(m,n)) = {v; :
k=1,2,3,4} U{w;:i=1,2,3,....m}U{w;:j=1,2,3,....n},
where v;(s are the vertices of C4 and u;,w; are the vertices of
corresponding K ,, and K ,, respectively. Let f : E(J(m,n)) —
V4~ {0} be an edge induced magic label with f(viv2) =
xt, f(viva) = x2, f(vava) = x3, f(vav3) = xa, f(v1v3) = x5,
f(vaui) = e;, and f(vaw;) =y;fori=1,2,3,...,mand j =
1,2,3,....n.

Using the induced edge sum equation of the edges vu;,
we get

m m
Ze,- +x1+x4 = Ze,- + X1+ x4
i=1 i=1
i#1 i#2
m
= Ze,- + X1+ x4
i=1
i#3
m
= Z e +x1+x4.
i=1
il;ém
The above equations imply thate; = ey =e3=---=¢, =«

(say). Thus the induced edge sum equation of vou; reduces to
(m—1)o+x1 +x4.

In a similar way, by considering the induced edge sum
equation of the edges vaw;, we gety| =y, =y3=--- =y, =f
(say). Thus the induced edge sum equation of v4w; reduces
to (n—1)B +x2+x3.

Now consider the induced edge sum equation of the edges
viv2 and vpv3, then we get mot 4 x3 + x4 + x5 = moe +x1 +
x3 + x5 which implies x; + x4 = x| +x3.

Similarly by considering the induced edge sum equation of
vivg and vavg, we get nf3 +x1 +x3 +x5 = nfl +x2 + x4 + x5.
Also from the induced edge sum equation of v{v3, we get
its induced edge sum equal to x; + x> + x3 + x4 = 0, since
X2 +X4 = X1 +X3.

Thus from the above discussion we have the induced edge
sum is given by:

(m—1o+xi+xa=n—1)B+x2+x3
= mo+x2+XxX4+x5 =m0+x1 +x3+xX5
= nB+xi+xstxs=nf+x+x4+xs
= 0.

X =

(4.3)

Since the induced sum is 0, we have J(m,n) ¢ c,(V4) for any
m,n.
Now consider the following cases



Case 1: m and n are even.
In this case, equation (4.3) becomes

x=0a+x;+x4=B+x+x3=x2+x4+x5 =x1+x3+x5=0.
“4.4)

Choose x = =x5=c, x] =xp =a, x3 =x4 = b,
then above Equation (4.4) follows. Thus in this case,
J(m,n) € oo(Va)

Case 2 : m and n are odd.
In this case, equation (4.3) becomes

X = Xi+tx4=x2+Xx3
= a+x+x4+x5=0a+x +x3+x54.5)
= BHxi+x3+x5=PB+x2+x4+x5
0.

Choose ot = B = x5 =a, x; = xp = x3 = x4 = b, then
above Equation (4.5) follows. Thus in this case, J(m,n) €
00(V4)

Case 3 : m odd and n even.
In this case, Equation (4.3) becomes

x = xi+xa=B+x2+x3
= O+x2+XxX4+Xx5=0+XxX]+XxX3+X5
= X1 +X3+X5=X2+XxX4+X5

= 0.

Note that above equations imply that @ = e; = f(vou;) =
0, which is not admissible. Thus in this case, J(m,n)
(o)) (V4).

Case 4 : meven and n odd.
In this case, Equation (4.3) becomes

X = Oo+x1+x4=x2+Xx3
= X2+X4+X5 =X +X3+X5
= BHxitx3t+xs=B+x+xs+xs
0.

Note that above equations imply that B =y; = f(vaw;) =
0, which is not admissible. Thus in this case, J(m,n) ¢
oo(Vy).

Thus J(m,n) € op(Vs) if and only if m and n are of same
parity.
Hence the proof. O

Theorem 4.15. The triangular snake graph TS, € oy(Va) for
all n.

Proof. Since each vertex of TS, is of even degree, by Theo-
rem 2.1 the proof follows. O
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Theorem 4.16. The open ladder graph O(L,) € oy(Vy) for
all n.

Proof. Since each vertex of O(L,) is of odd degree, by Theo-
rem 2.1 the proof follows. O
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