Malaya Journal of Matematik, Vol. 8, No. 4, 1942-1946, 2020

https://doi.org/10.26637/MJM0804/0102

On level subsets of intuitionistic L-fuzzy graphs

Tintumol Sunny'*, Pramada Ramachandran® and Sr. Magie Jose®

Abstract

Keywords

t cut sets of Intuitionistic L-fuzzy graph.

AMS Subject Classification
05C72.

2pramada@stpauls.ac.in; 3magie.jose@smctsr.ac.in

In this paper, we introduce the concept of intuitionistic L-fuzzy graphs and partial intuitionistic L-fuzzy subgraphs.
Next, we define (s,) level subsets and 7 cut sets of Intuitionistic L-Fuzzy Graphs and then move on to a systematic
study of their structural properties especially with regard to the associated crisp graphs.

Intuitionistic L-fuzzy graph, Partial intuitionistic L-fuzzy subgraph, (s,z) level subsets of Intuitionistic L-fuzzy graph,

1.8 Research Department of Mathematics, St. Mary’s College, Thrissur-680020, Kerala, India

" Department of Mathematics, Christ College, Irinjalakuda-680125, Kerala, India

2 Department of Mathematics, St.Paul’s College, Kalamassery, Kochi-683503, Kerala, India
*Corresponding author: ! tintumol.sunny.res@smctsr.ac.in, tintumolsunny@christcollegeijk.edu.in;

Article History: Received 17 September 2020; Accepted 19 November 2020

©2020 MJM.

Contents
1 Introduction..........cccoiviiiiiiiiiiiia s 1942
2 Preliminaries.......ccoviiiiiiiiiiiiiiiiiiiaaans 1942
3 MainResults........cooviiiiiiiiiiiiiiiiiiiiaens 1943
4 ConcCluSioN.......oviviiiiiiiiaaarareniaiaaeaas 1945
References.........ovoviiiiiiiininininirnraranans 1945

1. Introduction

In 1736, Euler introduced Graph theory, the most inter
disciplinary branches in mathematics with a great variety of
applications. To describe the phenomena of uncertainity, in
1965 Lotfi. A. Zadeh introduced a new mathematical frame
work in his seminal paper entitled "Fuzzy Sets” [9]. The
fuzzy sets give the degree of membership of an element in a
given set. To describe the uncertainity in objects and in their
relationships, Rosenfeld[6] introduced fuzzy graph theory in
1975. Yeh and Bang[8] also introduced fuzzy graphs inde-
pendently. As a generalization of fuzzy sets, Atanassov[2]
introduced the concept of intuitionistic fuzzy sets in 1986 by
adding a new component which determines the degree of non-
membership in the definition of fuzzy set. i.e., Intuitionistic
fuzzy sets give both a degree of membership and a degree of
non-membership(which are more or less independent from
each other) such that the only requirement is that the sum
of these two degrees should be less than or equal to 1. Intu-

itionistic fuzzy sets have been applied in a wide variety of
fields including computer science, engineering, mathematics,
medicine, chemistry etc. Atanassov[3] introduced the con-
cept of intuitionistic fuzzy relations and Intuitionistic Fuzzy
Graphs(IFG). Akram M and Davvaz B introduced the con-
cept of intuitionistic fuzzy graph elaborately and analysed its
components[1]. Pramada Ramachandran and K. V. Thomas
introduced the concept of L-Fuzzy graph[5] as another exten-
sion of fuzzy graph.

In this paper, we introduce Intuitionistic L-fuzzy graph as a
generalization of L-fuzzy graph. We discuss about its (s,?)
level sets and t-cuts. We also try to study the properties of
(s,1) level subset of an Intuitionistic L-fuzzy graph.

2. Preliminaries

In this section, we review some basic definitions that are
necessary to understand the new concepts introduced in this

paper.

Definition 2.1. [4]

A fuzzy graph G = (V,0,) with the underlying set V
is a nonempty, finite set V together with a pair of functions
(o,u) where 6 :V — [0,1] and it : V xV — [0, 1] such that
p(x,y) <o@x)Ao(y), V(xy)eVxV.

Definition 2.2. [1]
An intuitionistic fuzzy graph with underlying set'V is de-
fined to be a pair G = (o, L) where
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e the functions Mg : V — [0,1] and Ng : V — [0, 1] de-
note the degree of membership and non membership
respectively, such that
0<Ms(x)+Ns(x) <LV xeV.

e the functions My, : E CV xV —[0,1] and
Ny 1 E CV xV —[0,1] are defined by
M (x,y) < min(Ms(x),Mq(y)) and
Ny (x,y) > max(Ng(x),No(y)) such that
0 <My (x,y)+Nyu(x,y) < 1,¥(x,y) €E.

We call © the intuitionistic fuzzy vertex set of G, L the
intuitionistic fuzzy edge set of G, respectively.

Definition 2.3. [7] A Lattice is a partially ordered set (L, <)
in which every pair of elements a,b € L has a greatest lower
bound a \b (called a meet b) and a least upper bound aV b
(called a join b).

Definition 2.4. [7] A Lattice is an algebraic system (L, \,V)
with two binary operations \ and N which are both commuta-
tive, associative and satisfy the absorption laws.

Definition 2.5. [7] A lattice is called a complete lattice if
each of its nonempty subsets has a least upper bound and a
greatest lower bound. Every complete lattice must have a
least element 0 and a greatest element 1.

Definition 2.6. A unary operation ¢ : L — L is said to be an
involutive order reversing operation if it is an involutive (i.e.,
c(c(a)) =a, for all a € L) that inverts the ordering (i.e., a <b
implies ¢(b) < c(a)).

Definition 2.7. Let L be a complete lattice with an involutive
order reversing operation c¢ : L — L. An intuitionistic L-fuzzy
set (ILFS) A in X is defined as an object of the form A =
(2, 1A (x), Va(x)) where s : X — L and vy : X — L define the
degree of membership and the degree of non-membership of
an element x € X respectively and for every x € X satisfying
A (x) < e(va(2)).

Definition 2.8. [5] An L-fuzzy graph (LFG) G- = (V,0, 1)
with the underlying set 'V is a nonempty setV together with
a pair of functions o :V — Land u :V XV — L such that
pxy) <ox)Ao(y), VxyeV.

3. Main Results

In this section we have introduced the intuitionistic L-
fuzzy graphs and its associated structures and discussed the
properties with regard to the associated crisp graphs.

Definition 3.1. Let L be a complete lattice with an involu-
tive order reversing operation ¢ : L — L. An intuitionistic
L-fuzzy graph (ILFG) G* with underlying set V is defined to
be G=(V,o,L) where

1. the functions M :V — Land N : V — L should satisfy
Mgs(x) < ¢(Ng(x)),Y x € V. Here My(x) and Ny (x)
denote the degree of membership and degree of non-
membership of the vertex x € V respectively.
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2. the functions My, : E — L and Ny, : E — L where
E =V xV\{(x,x)/x € V} should satisfy
My (x,y) < Mg (x) AMo(y)
Nu(x,y) > No(x) VNs(y)
My (x,y) < c(Ny(x,)),¥ (x,y) € E. Here My (x,y) and
Nu(x,y) denote the degree of membership and degree
of non-membership of the edge (x,y) € E respectively.

1 vy (a,b) (0,b) vy (b, 0)

(0,2) (0,1) (0,a)

0

(1,0) (0,a) v3(0,a)

Figure 1. Lattice L and Intuitionistic L-Fuzzy Graph G-

In figure 1, the order reversing operation ¢ on L is defined
byc:L— Lasc(0)=1,c(a) =b,c(b)=aand c(1) =0

Note 3.2. 1. My(x,y) = Nu(x,y) = 0 for some x,y € V
means there is no edge between the vertices x and y.
Otherwise there is always an edge between the vertices
x andy

2. Inan ILFG G* = (V,0, 1), the degree of hesitance or
hesitation of the vertex x € V is defined as ms(x) =
¢(Mgs(x) V No(x)) and the degree of hesitance or hes-
itation of the edge (x,y) € E is defined as my(x,y) =
C(M” (x,y) V Ny (x,y))

In figure 1, g (vi) = 0,75 (v4) = a and my (vi,v2) =a
Definition 3.3. Let L be a complete lattice with an involutive

order reversing operation ¢ and G = (V,E) be a crisp graph.
Let Mg,Ns :V — Land My ,N,, : E — L such that

Ms(x) < ¢(Ns(x)), VxeV
Myu(x,y) < Mg(x) AMs(y),
Nu(x,y) > No(x)VNs(y), V(xy)€E
My(x,y) < c(Nu(x,y))

with either My (x,y) # 0 or Ny (x,y) #0,Y(x,y) € E

Then the resulting graph is an intuitionistic L-fuzzy graph,
called intuitionistic L-fuzzy graph on G

Definition 3.4. An ILFG H" = (V,v,7) is said to be partial
intuitionistic L-fuzzy subgraph of the ILFG G* = (V,o, 1) if
My(x) < Mg(x) & Ny(x) > Ng(x),Vx €V and

MT(x’y) S Mll(x7y) & Nf(xvy) Z Nll(xvy)av (xay) €E

Note 3.5. In figure 2, the order reversing operation c on L is
defined by ¢ : L — L as ¢(0) = 1,¢(a) = f,c(b) =d,c(c) =
e,c(f) =a,c(d)=b,cle)=c,c(1)=0
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Figure 2. Partial Intuitionistic L-Fuzzy Subgraph

Here H" is a partial intuitionistic L-fuzzy subgraph of G%,
but not a partial intuitionistic L-fuzzy subgraph of G%

Definition 3.6. An ILFG G* = (V, 0, ) is said to be complete
ILFG, if My (x,y) = Ms(x) A\Mq(y) and
Nu(x,) = No(x) VNs (y), Vx,y €V

Definition 3.7. An ILFG G" = (V,0, ) is said to be semi
M-stong ILFG, if
Mu(x,y) =Mqs(x) A\Ms(y), ¥(x,y) €E

Definition 3.8. An ILFG Gt = (V,0,1) is said to be semi
N-stong ILFG, if
Nﬂ(x7y) = NG(X) \/NG(y>’ V()C,y) € E

Definition 3.9. An ILFG G* = (V,0, 1) is said to be strong
ILFG, if

My (x,y) = Mcr(x) /\MG(Y) and

Nu(x%,y) = No(x) VNo(y), V(x,y) € E

Definition 3.10. Consider the ILFG G* = (V,0, 1) and let s
and t are elements of L. Then

O(ss) ={X €V : Ms(x) > 5 & No(x) <t} is called (s,t) level
subset of ¢ and

Wiy = {(x,y) € E: My(x,y) > s & Nu(x,y) <t} is called
(s,t) level subset of L.

Then (s,t) level subset of G" is G%S’t) = (G(”),u(”)) which is
always a crisp graph.

Example 3.11. Let L and H" are as in figure 2. Then figure
3 shows (0, f) level subset of H*
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Uz v3

Figure 3. Level Subset

Definition 3.12. Consider the ILFG G* = (V, o, 1t). Then for
eacht € L, there are two types of cut sets corresponding to
membership value and non membership value defined by
Mg, ={x€V :Ms(x) >t} My, ={(x,y) €E : M (x,y) > 1}
and

Ng, ={x €V :Ns(x) <t}, Ny, = {(x,y) €E : Ny(x,y) <t}
Here Ng,,N,, can be called "<t cut’ of vertices and edges
respectively.

Here (Mg, ,My,) and (Ng,,Ny,) are crisp graphs.

Proposition 3.13. The ILFG G* = (V,0, 1) is a complete
ILFG if and only if the crisp graph Gﬁw) = (O(y1)s Us,)) I8
complete, for all elements s and t of L.

Proof. Let the ILFG G- = (V, o, ) is a complete ILFG. We
have to show if x,y € 6, then (x,y) € L)

Now,

X,y € O(s 1) = Mg(x) > 5, No(x) <t & Ms(y) > 5, No(y) <t
and since G* is a complete ILFG,

My (x,y) = Mo (x) AMos(y) and

NIJ(xay) :NO'(X) \/NG(y)’ vxvy ev

Hence, My, (x,y) > s and Ny (x,y) <t.

That s (x,y) € -

Soif x,y € 0y, then (x,y) € K-

ie., G(LM) = (O{(s), M(s,)) is @ complete graph for all elements
sandt of L.

Hence, if the ILFG G- = (V, 6, 1) is complete, then the
crisp graph G(LS‘ n= (O(s.)s ls,)) is complete for all elements
sand ¢ of L.

Conversly, assume that G(LS n= (O(s,1)» H(s,r)) is complete
for all elements s and 7 of L. i.e., V x,y € 0(,,), we have
(x,¥) € Hsy)- We need to show, My, (x,y) = Mq(x) A Mc(y)
and Ny (x,y) = No(x) VNs(y), Vx,y € V.

Let My (x) = a1,Ng(x) = by and Ms(y) = a2, No(y) = by
Soxe G(ahhl) andy S G(az-,bz)

ie., X,y € G(fll/\az-,bl\/bz)

S0 (X,¥) € (aynaybyvby)»  SiNCE G(Lm is complete.

i.e., My(x,y) > ai Aax and Ny (x,y) < by Vb,

But we have,

My(x,y) < Mo (x) AMos(y) and Ny (x,y) > No(x) V No (y)
ie., My(x,y) <ajAazand Ny(x,y) > by Vb

Hence,

My (x,y) = ai ANaz and Ny (x,y) = b1 V by
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Since ay,a»,b1,b, are arbitrary elements of L, we have
Mu(&)’) = Mgs(x) ANMg(y) and Nu(an) = No(x) VN (y),
vVx,yeV.

i.e., The ILFG G = (V, 0, ) is a complete ILFG.

Hence if Gﬁ = (O(s.4)s K(s,r)) is complete for all elements

s and t of L, then the ILFG G = (V, o, i) is a complete ILFG.

O

Remark 3.14. The ILFG G- = (V o,l) is a strong ILFG
need not imply the crisp graph Gm) = (O(s), H(sr)) IS com-
plete, for all elements s and t of L.

Proposition 3.15. Consider the ILFG G- = (V,o,1) and

s andt are elements of Lwith s N\t =u,s\Vt =,

then Gﬁw) =(0(s)s s,)) Is a crisp subgraph of

Gfu’v) = (G(u,v) ) :u(u,v))
Proof. Consider Gy

X € O(s,) = MO—( ) >S&N0—(x) <t
= Ms(x) >u&Ng(x)<v
= Xc O(u,v)
Hence,G(S,t) C O

Also

('x7y) El"‘(s,l) = Ml»l(x7y) ZS&N#(X,y
= Myu(x,y) >u&Ny(x,y
. = (x,y) € H(u)
Le., Uiy © M)

)<t
)<v

Hence G, )is a crisp subgraph of G,
O

Proposition 3.16. Consider the ILFG G- =
s1 < sy andt; > tp are the elements of L, then

= (G(SZJZ) , nu(swz)) is a crisp subgraph of
G%\*l 1) = (O-(S| ) l’L(S] N3 ))
Proof. We have

(V,o,u) and

L
G(SZ 7t2)

X € O(sy.1)

x) > 51 & No(x) <1y
X € O(sy. 1)

= Ms(x) >0 &Ns(x) <t
= Ms(
=

ie., O(sy.2) S Osi.n)

Also

= Mlvl(xvy)ZSZ&NIJ(xay)StZ
= Mﬂ(xay)zsl&NH(xay)Stl
= (xay) € nu(sl‘tl)

(x,y) € “(Sz,tz)

Le. Uisyn) € Msy )

G(s5.1,)1s @ crisp subgraph of G, ;). O

$2,2)

Proposition 3.17. Let the ILFG H- = (V, v, ) be a partial
intuitionistic L-fuzzy subgraph of the ILFG G* = (V,o, 1)
and s,t are the elements of L, then H(s_t) (Visy)s T(s)) s @

crisp subgraph ofG(LsJ) = (G(s,z) ) H(s,t))-

1945

Proof. Let H- = (V,v, ) be a partial intuitionistic L-fuzzy

subgraph of the ILFG G = (V,0, 1), so that

My (x) < Mg (x) & Ny(x) > Ng(x),Vx € V and

M (x,y) < My(x,y) & Ne(x,y) > Nu(x,y),V(x,y) EE

Now
XEVy = My(x)>s&Ny(x) <t

= Ms(x) >s&Ns(x) <t

= Xc O(s,1)

ie., Vis) € O(sy)
Also

(x?y) € T(S,I) =

1.e., T(SJ) C .u(.\',t) .

Hence H(Lm = (V(s,)» T(s)) is @ crisp subgraph of

Gfs,t) = (G(s,t) y Ms,r) ) .

4. Conclusion

In this paper, we have introduced and defined the intu-
itionistic L-fuzzy graphs and associated structures. We have
also proved some interesting properties of the (s,#) level sets
and t-cuts in-terms of the crisp graphs derived from them. We
hope to extend this work to applications of fuzzy graphs in
real life.
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