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Some coupled fixed point results for rational type
contraction mappings in S-metric spaces
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Abstract

We prove the existence of some coupled fixed point for rational type contraction mappings in S—metric space. Our
results generalized, extend and enrich recently fixed point results in the literature. From the previous obtained
results, we deduce some coincidence point results for mappings satisfying a contraction of an integral type as an

application.
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1. Introduction and Preliminaries

Fixed point theory plays a major role in many applications,
including variational and linear inequalities, optimization and
applications in the field of approximation theory and minimum
norm problem. In 1922, S. Banach proved the famous and
well known Banach contraction principle concerning the fixed
of contraction mappings defined on a complete metric space.
In recent years, Gahler [10, 11] introduced the notion of 2-
metric spaces, while Dhage [8] introduced the concept of
D-metric spaces. Later on, Mustafa and Sims [12] introduced
a new notion of generalized metric space called G-metric
spaces. After then many authors studied fixed and common
fixed points in generalized metric spaces see [1-6, 12, 16, 23].
Next, Sedghi et al [22] introduced a D* —metric space, In
[21], Sedghi, Shobe and Aliouche have introduced the notion
of an S-metric space. Dung [19] proved coupled fixed point
in partially ordered S-metric space with the help of mixed
weakly monotone maps. Lakshmikantham and Ciri¢ [15]
introduced the concept of mixed g— monotone mapping and

proved coincidence fixed point theorems in partially ordered
metric space.

Definition 1.1. [20] Let X be a nonempty set. A S-metric
on X is a function S : X x X x X — [0,0) that satisfies the
following conditions

(81) S(x,y,z) >0,

(S2) S(x,y,z) =0ifand only if x=y =1z,

(83) S(x,y,2) < S(x,x,a) +S(y,y,a) +S(z,z,a),

for all x,y,z,a € X. The pair (X,S) is called an S—metric
space.

Some examples of such S-metric spaces are:
1. Let X =R" and ||-|| a norm on X, then
S(x,y,2) = ly+z—2x| + [ly — 2

is an S—metric on X.

2. Let X =R" and ||-|| a norm on X, then
S(x,y,2) =[x =zl + [ly—z|

is an S—metric on X.

3. Let X be a nonempty set, d is ordinary metric space on

X, then S(x,y,z) = d(x,y) +d(,2) is an S—metric on
X.
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Lemma 1.2. [9, 20] Let (X,S) be an S—metric space. Then
S(x,x,y) <285(x,x,y) +S(y,3,2)

and
S(x,x,2) < 28(x,x,y) +5(2,2,y)

forall x,y,z € X.

Definition 1.3. [20] Let (X,S) be an S—metric space. For
r> 0 and x € X we define the open ball Bs(x,r) and closed
ball Bs[x,r] with center x and radius r as follows respectively

Bs(x,r) ={y € X :S(y,y,x) <r},
Bslx,r] = {y € X :S(y,y,x) <r}.
Example 1.4. [20] Let X = R. Denote
S(xy2) =ly+z—2x[+|y—z
forall x,y,z € R. Thus
Bs(1,2) ={yeX:S(y,y1) <2} =(0,2).

Definition 1.5. [20] Let (X,S) be an S—metric space and
ACX.

(1) If for every x € A there exists r > 0 such that Bs(x,r) C A
then the subset A is called open subset of X.

(2) Subset A of X is said to be S—bounded if there exists r > 0
such that S(x,x,y) < r for all x,y € A.

(3) A sequence {x,} in X converges to x if and only if

S(xp,%0,Xx) = 0 as n — oo.
That is or each € > O there exists ny € N such that
S(xn,Xn,x) < € whenever n > ng

and we denote this limx, = x.
n—soo

(4) A sequence {x,} is called Cauchy sequence if for each
€ > 0, there exists ng € N such that S(x,,x,, %) < € whenever
n,m > ng. The S-metric (X,S) is said to be complete if every
Cauchy sequence is convergent.

(5) Let 7 be the set of all A C X. with x € A if and only if there
exists r > 0 such that Bs(x,r) C A. Then 7 is a topology on X
(induced by the S—metric space).

Example 1.6. Any open ball Bs(x,r), x€ X , r> 0 is an
open set. Indeed, Let y € Bs(x,r), we prove that Bs(y,p) C
Bs(x,r), let z be an element of Bs(y,p) then by definition, we
have
—S(y,y,x
S(z.zy) <p =2 (2” )

Then, it follows from Lemma 1.2,
S(z,2,x) <28(z,2,y) +S(y,3,x) <r.

So, we have S(z,z,y) <r, and 7 € Bs(x,r).
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Theorem 1.7. The S—metric space is a T> space.
Proof. Let xg, yo € X and xo # yo, considering the sets
B = {X €X: S()C,.X,X()) < S(xvxvy())}y

By ={x€X:S(x,x,x0) > S(x,x,y0)}.
Then B; and B, are two open disjoint sets. Let z € By, then
S(z,z,x%0) < S(z,2,50)
this implies
S(z,2,y0) — S(z,2,%0) > 0.

Setting
S(Z>Z7)’0> B S(Z7Z7x0)
4 .

We show that Bg(z,p) C B;. Let a € Bs(z,p) then

S(szay()) B S(Z,Z,X())
4 )

S(a,a,2) <p =
therefore

2S(a,a,z) +S(z,z,%0) < S(z,2,y0) —28(a,a,z),
now by Lemma 1.2 we have

< 28(a,a,z) +S(z,2,%0)
< S(Z,Z,yO) _ZS(a7avZ)
S S(a7a7y0)7

S(a>a7-x0)

this means that S(a,a,xp) < S(a,a,yo), the desired result fol-
lows. With the same way, we prove that B, is also an open set.
Now, we prove that B; N B, = (). Assume that

BiNBy #£0,
then there exists y € B; N By, so, we have

S = (y,5,%0) <S(y,yy0) and S(y,y,x0) > S(¥,¥,Y0)

which implies that

S(%)’»)’O) < S()’»)’a}’o)

which is a contradiction. O

Definition 1.8. [15]. Let (X,<) be a partially ordered set
and F: X xX - X and g: X — X. We say F has a mixed
g—monotone property if F is monotone g—non-decreasing
in its first argument, and is monotone g—non-increasing in its
second argument, that is, for any x,x1,x2,9,y1,y2 € X

(x2) implies F (x1,y) < F(x2,y),

gx1) <g
g(y2) implies F(x,y1) > F(x,y2).

<
gy) <
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Theorem 1.9. [15] Let (X, <) be a partially ordered set and
F:X xX — X and suppose there is a metric d on X such
that (X ,d) is a complete metric space. Assume that there is a
Sunction @ : [0,00) — [0,00) with ¢ (t) <t and

hm(p( ) <t foreacht > 0.

r—tt

Also suppose F : X x X — X and g : X — X such that F has
the mixed g—monotone property satisfying:

d(g(x),g(u) +d(g(y),g(v) >
2

ﬂﬂxﬁf@w»3¢<

Sor all x,y,u,v € X, for which g(x) < g(u) and g(y) > g(v).
Consider F (X x X) C g(X), g is continuous and commutes
with F' and also suppose either F' is continuous or X has the
following property

a) if {x,} a non-decreasing sequence with x, — x, then x,, < x
foralln e N,

b) if {yn} a non-increasing sequence with y, — y, then y <y,
foralln e N.

If there exist xo,yo € X such that

g(xo0) < F(x0,y0) and g(yo) > F(yo,%o),

then there exist x,y € X such that

8(x) =F(x,y) and g(y) = F (y,x).

In 2012, Gordji et al [13] introduced the concept of the
mixed weakly increasing property of mappings and proved
a coupled fixed point result. This result is generalized by
Nguyen [17] to S-metric spaces

In 2015, Gupta et al [14], proved the common coupled
fixed points theorems by using altering distance function and
mixed weakly monotone maps in partially ordered S— metric

space.

Theorem 1.10. [14] Let (X, <,S) be a partially ordered com-
plete S—metric space and the mappings f,g : X x X — X
satisfied the mixed weakly monotone property on X;xy <
f(x0,50), f(yo,%0) < yo or xo < g(x0,¥0), &(vo,X0) < yo for
some xo,yo € X. Consider a function @ : [0.00) — [0.00) with
o(t) <tand ll>r:1+(p(r) <t for each t > 0 such that

I

SU0).105)-8(09) < 0 5 ((SCrx0) + S0} ).

forall x,y,u,v € X with x < u and y <v. Also, assume that
either f or g is continuous or X has the following property:
(1) if {xn} is an increasing sequence with x, — x then x, < x
foralln e N,

(2) if {yn} is a decreasing sequence with y, — y then y, <y
foralln € N.

Then f and g have a coupled common fixed point in X.
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2. Main Results

Theorem 2.1. Let (X,<,S) be a partially ordered complete
S—metric space, the mappings f,g : X X X — X satisfied the
mixed weakly monotone property on X and

X < f(xo,y0) [ %0 <g(x0,50)
F(o,x0) <o g(vo,x0) < yo,

Sor some xo,yo0 € X. Let a function ¢ : [0,00) — [0,
o(t) <tand lim+(p(r) <t for each t > 0 such that
r—t

S(f(x,), f(x,y),8(u,v)) <

a(S (x xfu)+f(y7y(,V)>;
+ﬁ 1+S X)}c)u +S(;g’) v)
YS(XXf(X IS (w08 ()
St flempSiumg) [ |
+4 i+S(xxf( )
Tu NEENIEN) (Mug(u,V))
1+S(uu,g(u v))

o) with

2.1

(2.2)

N —

forall x,y,u,v € X, o, B,7,A, 0 € RY such that x <u, y <v
and 20+ 3B + 7+ A+ u < 2. Also, assume that either f or
g is continuous or X has the following property:

(1) if {xn} is an increasing sequence with x, — x then x, < x
foralln e N,

(2) if {yn} is a decreasing sequence with y, — y then y, <y
foralln e N.

Then f and g have a coupled common fixed point in X.

Proof. Consider xg < f(xo,y0) and f(yo,x0) < yo and let

f(x0,y0) = x1 and f(yo,x0) = y1-

Now
x1 = f(x0,y0) < g(f(x0,50)),f(vo,%0) = g(x1,y1) = x2
and
yi = f(y0.x0) < g (f(v0,%0), f(x0,¥0)) = g (y1,x1) = y2.
Continuing in this way, we have
Xon+1 = f(X2n;¥20)5Y2n+1 = f (V2n, X2n)

and

X042 = &(X2n415Y2041), Y2042 = 8(V2n415X2041)-

Thus, we conclude that {x,} is an increasing sequence and
{yn} is a decreasing sequence. Similarly, from the condition

X0 S g(x07y0) and Yo 2 g(y07x0)7

we can conclude that the sequences {x, } and {y,} are increas-
ing or decreasing. Now from (2.2), we obtain

S(f(xzrlay2n)7f(x2n7y2n)ag(x2n+l7y2n+l)) <

(04 (S(x2n>x2nax2n+l) + S(y2nay2nay2n+l ))
+B S(2nXonf (¥20:Y20))S (20 X00,8 (2041 ,Y2n 4 1))
1+S x2n 21 X2n+1 )+S<y2n 2Y2n:Y2n+1 )
+;J/S(x2n X2n 7f(x2n )Zil))S(XZn-H A2n+1 fs(x2n+1 5Y2n+1 ))
148 (x0 %20 X204 1)
+2 S(xanXomof (¥2n:Y21)) S (X241, %20+1,8 (X2n+1.Y2n+1))
14+8(x2 X200 %20 41)
+u S(xanXomof (¥2n:Y20)) S (X2n-+1.%20+1,8 (X2n+1.Y2n+1))
14+S(X2n 41 %20 41%2042)

=
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which implies

S(xX2n41,%2n41,X2042) <

o (S(x2n, %20, X2041) +S(V2n, Y20, Y20 41))
_|_B S(x2n X2n 5 X2n+1 )'S(XZn 77x2nnx2n+2)
1S (%20 %20 %204+ 1) +S (V2nY20:Y20 1)
S(2n X X +1) S (X2n-+1:X2n+ 1 X202
y 1 +S(x2n X205 X2n+1 )
+2 S(¥ansXon %20 +1) S (2n 41 X204 1¥2n42)
148 (X0, %00 %20 +1)
+I.L S(x2n -,x2nf(x2n -,y2n>>'S(x2n+l 2041 ax2n+2)
1+S(x20 4142041 X2n42)

Since @ (1) < t, we have

28211, %204 1,%2042) < 0 (S(X20, X201, X2041)
+  SO2mY2nY2nt1)) + BS(X2n, X210, X2042)
+ YS(x2n+1,X2041,X2042) + AS(X2041, X204 1,X2042)
+ 1S (X0, X20, X2041)-

With the property of the metric S

S(x2n, X2msXom42) < 28(X2n41,X2041,%2042)
+  S(x2n,X20,%2041)

we get

28(X2n 115 X204 1,%2n42) < 0 (S(X205 X201, X2041)
+  SO2msY2nsYant1)) +2BS(Xont 1, %20+ 1,X2042)
+ BS(x2n, %00, X2041) + YS (X204 1, X241, X20+2)
+ AS(2n+1,%2m41,%20+2) + US(X20, X205 X2n+1)-

Therefore, we have

< aS(yan,Yan,Yont1) (2.3)

+ (2B+7v+4)
S(X2n41,X2n+1,%20+2)

+  (B+u+a)S(xom,xom, Xon41)-

By using the same step, we get

28(X2n+1,X2041,X2042)

28t 1,Ym41,Y2m42) < o6S(X20, %20, %20 41) 24)

+ 2(B+§+;>

S(Y2n+1,Y2041,Y2n42)
+  (BH+u+a)S(yan,yonYonit)-
Adding (2.4) and (2.5), we get
2[S(xont1,%2n41,X2n42) +S(Vant1,Y2n41,Y2m42)] <
(2B + v+ 2A) [S(x2nt1, %2041, %2n+2)
+  S(v2nt1,Y2041,Y2042]

+ (2(1 +.B + l”') [(S(y2n7y2my2n+1) + (S(x2n3x2mx2n+l)] .

Thus
2— 2B+ 7+ 2A)][S(X2n41:X2041,%2042)-
+  SO2ns1, Y2415 Y2042)] <

(Z(X + ﬁ + ”)[S(y2nay2nay2n+l)
+ S(xZnaXZn;xZn—&-l)] .

2015 X

Hence

S(X2n+1: %2041, %2n42) +SOV2n+15 Y241, Y2n42) <

20+ B+u
=Byt [S(X2n, %20, X2n+1) +S(V2ns Y2n, Y2n+1)] -

Setting
D2 = S(X2n41, X241, %2012) + S V2041, Y2041, Y2n42),

we obtain

tant2 < 20+p+u Bn+1
TSRy T

Interchanging the role of mappings f and g, using (2.2) and
proceeding as above one can get

, < 20+B+u ;
By A

Therefore we conclude that

. 20+ B+u .
n > n—1-
PR EEAwY)
So,
20+ B+u )"
t, < to-
‘(P—Oﬁ+y+M] ’
Since%<l,by going to the limit as n — o , we
have
) 20+ B+u )"
1 =0
rﬂi(p—&ﬁ+y+zﬂ
So,

lim#, = lim [S(x,, X0, X0 41) +S(Vns Yn, Ynr1)] = 0. (2.5)

n—oo n—yoo

Using the property of S—metric space, for n < m, we have

< 28 (X0, X0, Xnt 1)
+ S(ont15 X011, %m)
+ 25()’ﬂa)’m)’n+1>
SVn+1>Yn+15Ym)-

S(xmxmxm) JFS(yna)’naYm)

+

On taking limit as n,m — o and using (2.5), we obtain

lim [S(xmxmxm) +S(yn7)7m.Vm)] <

n,m—o0

lim  [S(011,%041,%m) +SVnt1,Yntr1,Ym) <
n,m—soo

lim 2S(xn+17xn+laxn+2) +S(xn+27xn+27xm)
n,m—reo +2S(yn+l > Yn+1 a)’n+2) + S(yn+27)’n+2a)’m)

= lim [S(xn+27xn+27xm) +S(yn+27yn+27ym] .
n,m—oo
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By repeatedly use of property of S—metric space, we get

lim [S(xmxnuxm) +S(yn7yn7ym)} <

n,m—soo
2S(-)Cm—l s Xm—1 axm) + S(xm,xn+27xm+1)

lim
+28Vim—1,Ym=1Ym) +SVm> YmYm+1)

n,m—yeo
which gives

lim [S(Xn,xn,xm) +S(}’m}’nv}’m)] =0.

n,m—reo

This shows that {x,} and {y,} are two Cauchy sequences in
X. Since X is complete, there exist x,y € X such that

Xp—x andy, = yasn — oo.

Since f is continuous, we obtain

= f(x,y),

x= limxo,y = lim f (x2,y20)

y= r}ijgyZnM = nlglolof (van,x2n) = f(,x).
From (2.2) we have

S(f(x,y),f(x,y),8(x,y)) <

a[S(x X, X) J?S(ygy,)y))]

+ﬁ S1(+S x)x )(c)+$‘é()(y7v))>1)>

+Y 1+S(x x f) ;
A% )

.X.X.X
+u

N =

S(xx,g(x,y)
1+S8(x,x,x)
S(xx,%)-S(x,x,8(x,y))
14+85(x,x,8(x,y))

therefore

S(f(x,y), f(x,y),8(x,y)) <

BS(x,x,x) - S(y,y,8(x,y))
1 +YS(XH) E (g())y))
HE M( ITS((W% }))
S(x,,x)-S (x,x,8 (x,y
T St (v)
<p(0)=

which implies that

S(x’xvg(xay)) +S<y7Y7g(y>x)) =0.

Thus we have g(x,y) = x and g(y,x) = y.

Hence (x,y) is coupled common fixed point of f and g. Simi-
larly, the result follows, when g is assumed to be continuous.
Now, consider the other assumption that for an increasing se-
quence {x,} with x, — x we have x,, < x and for decreasing
sequence y, with y, —y we havey, <yforalln € N,

S(x,x,f(x,y)) S ( ) f(xay)vxn)
= 28(

S(f(x7y)?f(an)vg(xn—l,yn—l))'

,%,%) +S(f (x,

X, %, X,) +

2016

Therefore by using (2.2), one has

S(X,X,f()c,y)) S ZS(X,.X,X”) +

0 (S(x, %, 20 -1) + (3,5, ¥n-1))

L St i) Slxi)

148 (e, x— 1 ) +S (3., yn—1)
1 + S, f (%)) S (-1 X0 —1%n
¢l 5 YT S 1))

_’_}L xxfxy)) (xn 1:Xn— lsxn)
St/ () Sty 1)
XX, Xn—1*n—1,%n

+‘LL 1+S(anl.xnfi,~,xn)l

then we have

S(xax’f(xvy)) <

o (S<x X xn 1) +S(y7yayn—l))
+ﬁ x Xs f( ,)’))-S(x,x,xn)

| 1+Sf)(cxxn Sl()+S 0y n—1)
S, f (x,9))-S (Xn—1%n—1,%n

2S(x7x7xn) + E and 1+S(x,x7xn,]1)) I

_Ar_l S(ex,f (x,9)) S (X1, %n—1Xn)

1+5(X x,f(x,))

+lJ‘ S0, (6,Y)) S (Xn—1 %0 —1,%n)

1+S(anl,xnf 1, 7Xn>

Since x, converges to x and y, converges to y then

’}g{}c (S(x,x,xp-1) =

lim S(y,y, Y1)
n—soo

= ’}glgoS(xn_l,xn_hxn)) =0.
So by taking the limit as n — oo in the above inequality, one
can get S(x,x, f(x,y)) <0, Hence f(x,y) = x. Similarly, by
the same way we obtain S(y,y, f(y,x)) <0and f(y,x) =y. By
interchanging the role of function f and g, we get the same
result for g. Thus (x,y) is the common coupled fixed point for
f and g. O

Theorem 2.2. Let (X,<,S) be a partially ordered complete
S—metric space and the mappings f,g : X x X — X satis-
fied the mixed weakly monotone property on X, xo < f(x0,¥0),

F(vo,x0) <yoorxo < g(x0,y0), &(yo,x0) < yo for some xo,yo €
X and

o (S Ex);uﬂf(yd(, )))
+ﬁ 1+S( xxu +S(yé; v)
S, f (4.)) (a8 (wy
5 +Y 1+S(x,x,u)
g St ) Sl ()
)

[u—y

S(f(x,), f(x,y),8(u,v))

IN

Sto e} o
xx,f(x,))-S(u,u,g(u,y
+u 1+S(u,u,g(u,v))

)
)
)
)

Sfor all x,y,u,v € X withx <uandy<v, a,B,y,A,u € R"
such that 200+ 3B + v+ A + u < 2. Also, assume that either
f or g is continuous or X has the following property:

(1) if {xn} is an increasing sequence with x, — x then x, < x
foralln e N,

(2) if {yn} is a decreasing sequence with y, — y then y, <y
foralln € N.

Then f and g have a coupled common fixed point in X.
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Theorem 2.3. Let (X,<,S) be a partially ordered complete
S—metric space and the mappings f,g: X x X — X satisfied
the mixed weakly monotone property on X,

x0 < f(x0,0), f(y0,%0) < Yo
or

x0 < 8(x0,50),8(y0,x0) < yo
for some xq,yo € X and

S(x.x,f(x,
P s 1+fs(x%)” Slutratin)
+Y : lJiS(xxu)7g

S(x,x,g(u,v))

)

+2 S(xx,f(x,y))- (uug,(uv )
)

N =

S(f(x,), f(x,5),8(u,v))

IN

St Aoy B o)
x.x,f(x,y w,u,g(u,y
+u 1+S(u,u.g(u,v))

Q2.7)

Sforall x,y,u,v € X withx <uandy <v, B,y,A,u € R";35+
3A+ Y+ u < 1, Also, assume that either f or g is continuous
or X has the following property:

(1) if {x,} is an increasing sequence with x, — x then x, < x
foralln e N|

(2) if {yn} is a decreasing sequence with y, — y then y, <y
foralln € N.

Then f and g have a coupled common fixed point in X.

Proof. Consider
xo < f(x0,y0) and f(yo,X0) < yo

and let
f(x0,y0) = x1 and f(yo,%0) = y1-
Now
x1 = f(x0,¥0) < g(f(x0,¥0), f(Vo,%0) = g(x1,¥1) = X2
and
y1 = f(y0,%0) < &(f(vo,x0), f(x0,50)) = g (y1,X1) = y2.
Continuing in this way, we have
Xon+1 = f(x2nay2n)7y2n+l = f(y2n7x2n)

and

X2n42 = 8(X2nt15Y2n+1), Y2n+2 = 8(V2ns1,X2041)-

Thus, we conclude that {x,} is an increasing sequence and
{yn} is a decreasing sequence. Similarly, from the condition
x0 < g(x0,y0) and yo > g(y0,X0), we can conclude that the
sequences {x,} and {y,} are increasing or decreasing. Now
from (2.2), we obtain

S(f (e2n,y20)5 f (X205 ¥20), 8 (X2n+1,Y2n41)) <
® S(¥2nXon X211 );S (V2nY2n:Y2nt1)

+ S(¥anXomf X2n,520)) S (X2 20,8 (X2 +1:Y2n 4 1))
148 (x20 %20 %20 11) +S (V2020 Y204 1)
_ _|_,}/S(x2n X2n af(XZn 7}’2n))~s(x2n+l X2n+1 1g(x2n+1 5Y2n+1 ))
o 1S(apxon X204 1)
+2 S(xXanXonf (¥20:Y20)) S (%20 1120+ 1,8 (X2n-+1:Y2n+1))
1 +S(x2n X2 X2n+1 )
) S(xanXomof (¥2n:Y21)) S (2n-+1.%20+1,8 (Xan+1:Y2n+1))
14+8(X2n 41,420 +12042)

2017

which implies

S(f(xm)’zn)’f(XZn,yzn%g(xan s Y2n+1 )) <
%(p S(XZn A2n,X2n+1 );S(YZn »Y2n:Y2n+1 )

+ 2 [BS(xX2n,X20, X2042) + ¥YS (X201, %20+ 1, X2n42)]
+5 [AS (X201 1, %2041, X2n42) + 1S (X2n, X2n, X201 1)]

With the property of the metric S
S(x2m; X2ns Xan+2) < 28 (Xon+1,X2n+1,X2n+2) +S(X2n, X2n, X20+1)
we get

S(f(x2nvy2n)af(x2n7y2n)ag(x2n+l 7y2n+1)) <

® S %20 %20+1) +S (V2 Y2nYon+1)
2

+2BS(xX2n 41, X201 1,%2012) + BS(X20, X2, X2 41)
+YS(X2n41,X204+1,X2n42)
FAS (X041, %2041, X2n42) + WS (X2, X200, X201 41)

Therefore, we have

S(f (x2n,y2n)5 f (X205 Y20), g(x2n+17y2n+1 ) <
(p S('XZH A2nX2n+1 )+S()72n »Y2n YZn+l
2

41 2.8)
2y @B+7v+A)S(xont1,%20+1 7x2n+2
(B + 1) S(x20, %20, X2041)
By using the same step, we get
S(Vant1,Y2n41,Y2m42) <
0 (5 (2020201 1) FS(V2n Y 2n Y20 41) )
2 2.9)

+
B —

(26 + Y+A)S(y2n+l ay2n+17y2n+2)
(B +l'l +)’)S(y2n7y2nay2n+1)

Adding (2.8) and (2.9), we get

S(xX2n11,%2041,X2042) +S(V2nt+1, Y2041, Y2042) <

0 (S(x2n7x2n7x2n+l) +S(y2mY2n,Y2n+1))
2

+ %(213+Y+M[S(x2n+1,x2n+1,x2n+2)
S(V2nt1,Y2n+1>Y2n+2]
+ %([3+H)[(S(y2n7mmyzn+1)+(S(x2n7x2n,x2n+1)}-
Thus

2— 2B+ 7+ 2A)][S(x2n41,%2n41,X2042)
+  SO2ns15Y20415Y2042)]
20 <S(x2mx2n7x2n+1) +S(y2n7y2nay2n+l)>

2
+  2B+y+2A) SO, yamsyont1) +S(X2n, X200, X2041)]
+ (B+u)[s(y2nay2my2n+l)+S(X2mx2mx2n+l)}7

hence we have

S(X2n41, %2041, X20+2) +SV2n41,Y2n41,Y2m42) <
+ 2 S(x2n X2n s X2n+1 )+S(y2n SY2nsY2n+1 )
0B P 3

+% [S(x2n, %25 X2n+1) + S (V2ns Yan, Yan+1)] -
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Setting

tns2 = S(X2n 41, %2041, X2042) +S(V2nt1, Y2011, Y20 +2)

we obtain
B+u
ln S t}’l
2n42 [2—(2B+Y+7L)]2+1
2 bany1
—(2ﬁ+y+/1)"’< 2 )

Interchanging the role of mappings f and g, using (2.2) and
proceeding as above one can get

B+u
— BT+ A

font1 < 2

- ()
- 2By \2 )
Therefore, since ¢(z) < ¢, we conclude that

B+u+1
—Bry+ A"

Int1 < [

which implies that
t <
(e

0 = lim#, = lim [S(x;, X0, Xn11) + SV, Yns Ynt1)] -

n—yoo n—yoo

B+u+1 )”t
eB+y+A)])

So
(2.10)

Using the property of S—metric space, for n < m, we have

S(xmxn»xm) +S(ynaynaym) <
2S(xnaxnaxn+l ) JFS(anrl yXn+1 7xm)
+25(y;17ymy;1+1) +S(yn+17yn+laym)-

On taking limit as n,m — oo and using (2.10), we obtain

lim [S(xmxmxm) +S(ymymym)] <

n,m—oo
hm [S(anrlver»lvxm)+S(yn+lvyn+1;ym} <

n,m—
ZS(XIH»I s Xn+1 7xn+2) + S(xn+2;xn+2»xm)
+2S(yn+1 yYn41 a)’n+2) +SVnt2,Yn42:Ym)
= lim [S(xn+27xn+2>xm)+S(Yn+27)7n+27ym]-

n,m—

lim
n, m%oo

By repeatedly use of property of S—metric space, we get

hm [S(xmxnaxm) +S(ynaynaymﬂ S

n,m—oo

|: 2S(xmfl7xm717xm) +S(xm»xn+27xm+1) :|

lim
+2S(ym—1 s Ym—1 aym) + S()’n17))m>ym+1)

n,m—soo

which gives

lim [S(xmxnaxm) +S(ynvynvym)] =0.

n,m—oco

This shows that {x,} and {y,} are Cauchy sequences in X.

Since X is complete, there exist x,y € X such that

Xp —x andy, — yasn — oo.

2018 X

Now, as in Theorem 2.1 we conclude that

x=f(x,y),y=f(x).
Using condition (2.2) we obtain

¢ ( X,X,X) +s (yy,y)

plesaped
N et
R
EeE s

S(f(x,y), f(x,5),8(x,y)) <

N =

S0,

S(f(x,y), f(x,y),8(x,y) <

BS(x,x,x) +S(y,,8(x,y))

1| +YSGexx) +S(x,x,8(x,y))
5 +A{ xx}lc-::s:s(‘ixxxxﬁ( 7y)>
TH —<"f‘f§&izé‘x§>>”'”

this implies that

S(x,x,8(x,)) +S(,5,8(yx)) = 0.

Thus we have g(x,y) = x and g(y,x) = y.

Hence (x,y) is coupled common fixed point of f and g. Simi-
larly, the result follows, when g is assumed to be continuous.
Now, consider the other assumption that for an increasing se-
quence {x,} with x, — x we have x,, < x and for decreasing

sequencey, with y, —y we have y, < yforalln € N.
Consider

SCe,x, f(x,y) < 28(x,x,x,)
= 25(x,x,x,)
S(f (), f(x,),8(n—1,Yn-1))-
Therefore by using (2.2), we obtain

SCe,x, f(x,)) < 28(x,x,%0)
(P (S(xsx)xnfl);s()’syxynfl )

S(rx, f(x,Y))-S (XX, )
+B (1 +Sf)(c X, ;5,), S.()+S(y YoVn—1 )))
+y2 7f1:s)(;cx(;:f)})kl’ - :
xx X,y Xn—1:Xn—1:%n
+2° 1+SSfo(xly)) l
S, f(1,)) S (X1 Xn—1,%n)
148 (1, X0 —1,Xn)

+S(f(x,), £(6,),%n)
+

+u

then we have

S(x,x,f(x,y)) S ZS(X,)C,.X,Z)
¢ S 1) +S(yYn—1)
2

(X, f (X,y))-S (%%, Xn )
+B (1 +Sf)(c X, J;S. 4 )+SO2Yn-1)
S0x, f (6,3))-S(Xp—1 Xp—1,Xn
+ 3 +v 1+S)(§c x(,x,,,ll ) ] )
S, (x,9))-S(—1 Xn—1.%n
+A 1+SSx X f(xlv)) l
+“ (X,Lf()(}) (xn 1:Xn— I;Xn)

1+S(Xn71.x)1711 Xn)
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Since x,, converges to x and y,, converges to y then

}grolc (SO, x,%p-1) =

lim S(y,y, Y1)
n—soo

im S(xy 1,2 -1,%2)) = 0.

So by taking the limit as n — oo in the above inequality , one
can get S(x,x, f(x,y)) <0, Hence f(x,y) =x . Similarly , by
the same way we obtain S(y,y, f(y,x)) <0and f(y,x) =y. By
interchanging the role of function f and g, we get the same
result for g. Thus (x,y) is the common coupled fixed point for
f and g. O

3. Applications

Later, from the previous obtained results, we deduce some
coincidence point results for mappings satisfying a contraction
of an integral type as an application of Theorem 2.1 above.
For this purpose, let

x :RT — RT, satisfies that y is a Lebesgue
integrable, summable on each compact
subset of RTand [§ x(¢)dt > 0 for each € > 0

and subadditive, that is
g +&++¢&
[ x@)dr < ij()
0 i=10
foreachg >0,i=1,...,p

Example 3.1. We consider y (x) = ﬁx,x :RT - R,y is
Lebesgue integrable which is nonnegative, satisfies

E1+&++€p
/ x(t)dt = In(l+e+e+---+¢,)
0
< In[(1+&)(1+&)---(1+¢,)]
In(1+&)+---+In(1+¢p)

p G
= d
3 O/ 2(0)dt

This shows that X is an example of subadditive, nonnegative,
Lebesgue integrable function.

Theorem 3.2. Let (X,<,S) be a partially ordered complete
S—metric space and the mappings f,g : X x X — X satis-
fied the mixed weakly monotone property on X;xo < f(x0,Y0),

F(yo,x0) <yo orxo < g(xo0,¥0), §(vo,x0) < yo for some xq,yo €
X.

S(f ) of ()8 (u,v))

[ awas /
0 0

2019

where

S(x.x,8
)+S(y,v)

S(xx, f(x
+ﬁ 1+Sxx

x,x, f(x,y
+yt (l+).)9(
S, f(xy))-

0 (5(”'4);5(3 )%V)?
y))- ,v)
)-8(
+A Sl
1+S(xij
8

1
Mj(gg(xaya M,V) =5

1,u,8(u,v

u,u

(x.y)
u,u,
(u)
forall x,y,u,v € X withx<uandy <v. B,y,A,u € R*;38+
A+ 7y+u < 1. Also, assume that either f or g is continuous
or X has the following property:

(1) if {xn} is an increasing sequence with x, — x then x, < x
foralln e N,

(2) if {yn} is a decreasing sequence with y, — y then y, <y
foralln e N.

Then f and g have a coupled common fixed point in X.

)( )
(u,v)

)

u,u,g(u,v)) (3.1
)
)

et

Proof. For x €Y, we defined the function A : Rt — R™ by

note that A € W. Thus the inequality (3.1) becomes
A(S(fx,y), f(x,),8(u,v))) A (Myg(x,y,u,v)). (3.2)

Setting in (3.2), AoMJ, = M} ,and AoS=S; we obtain

S (f(x,y),f(x,y),g(u,v)) <
M}’g(x,y7u7v)

therefore from Theorem 2.1 the desired result follows. O
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