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1. Introduction

Hilbert spaces and the accompanying notion of bases con-
taining orthonormal vectors are of primary significance in
signal processing, communications and information theory.
Although, linear independency and orthonormality of the vec-
tors in the basis urge limitations that sometimes make it de-
manding to have the basis elements assure additional useful
properties. To overcome such limitations we use the theory
of signal decompositions that is smooth enough to assist de-
compositions into perhaps, nonorthogonal and unnecessary
signal sets. Here comes the concept of frames which gives
basis like, but generally non unique representations of vectors
in a Hilbert space.

Frame theory and related results for frames and bases
has flourished quickly over the last few decades, specifically
in the area of Gabor and wavelet systems. This period has
proved that, very often, it is favourable to deal with frames

in place of bases. In his paper Theory of Communication[8]
by D.Gabor in the year 1946, initiated and developed a funda-
mental viewpoint to signal decompositions in label of simple
signals. While studying nonharmonic Fourier series, Duffin
and Schaeffer [6] introduced the concept of frames in the early
fifties. In 1986, Grossmann [5] noticed and developed the
relationship of frames to wavelets. For numerical calculations,
it is easy to think of frames (or bases) with a simple layout.
This is the inspiration behind Gabor frames and wavelets.

Fundamental Fourier analysis techniques were used to
study more about Gabor and wavelet systems. However, in
modern years additional abstract utensils like Group represen-
tations, algebra of operators and abstract harmonic analysis
etc have been instituted. Various generalizations of frames
like, frame of sub-spaces [1],[2], pseudo-frames [10], oblique
frames [4] are there in literature. In which Gabor frames or
Weyl-Heisenberg frames bagged a key position.

Frame operator corresponding to a given frame is a prim-
itive instrument in frame theory (both in theoretical and ap-
plication point of view). To construct a frame corresponding
to a given positive and invertible operator have considerable
practical significance. That is, it would be highly profitable to
construct frames depending on the needs. Gabor frame opera-
tors have acquired remarkable recognition in the literature.

It is interesting to consider frames in the sequence space
I2(Z) with a Gabor like nature without mentioning to frames
in the function space L?(IR). For these frames in the sequence
space results are very similar to the Gabor theory in L?(R).
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After a brief introduction, section 2 of this paper is just re-
calling of basics in general frame theory and basics of Gabor
frames in the spaces L?(IR) and [*(Z). In Section 3 we define
a linear map from L?(R) to /?(Z) in a peculiar manner and its
properties are discussed.

Through out this manuscript, we will denote a separable
Hilbert space with 5 having inner product (-,-). We invite
the readers to [3], [9] for more about frame theory and the
proofs of the statements in this article.

2. Preliminaries

Let {@y}77_, be a countable set of vectors in a Hilbert
space 7. If this family {ay };>, satisfies the inequality

Lily|* < Z v, 00)” < Mlly[® 2.1

forally € 7 with L, M € Rand 0 < L <M < oo, then we say
that {ay };7_, is a frame with lower bound L and upper bound
M. If the above said sequence satisfies at least upper bound
condition given in the inequality (2.1) then it is called a Bessel
sequence and moreover, it is said to be a frame sequence,
if it is a frame for span{wy};_;. A frame is said to be a
tight frame if its frame bounds coincides; a tight frame with
L =M =1 is called a normalized tight frame. A frame is
called an exact frame, if its frame sequence is minimal.

Following are some useful results which easily reflects
from the definition of a frame.

1. For a frame {@y};_, in 7 with upper frame bound

||| < v/M for all k. Especially, ||ay|| < 1 when
O}y, is a normalized tight frame.

2. If {@y }77_, is a frame and if A is bounded and invertible
operator on 7, then {Awy};_, is a frame for J7. If
{@}7_, is exact so is {Aay };2 ;. If A is unitary, then
{Aax}7_, has the same frame bounds as {ay}7,.

3. If A is a Hilbert space and { @y}, is a frame in 77,
then {@y};_, spans a subspace which is dense in /7.

4. If S has a frame, then it is separable.

5. If {ox}_, is a frame for a Hilbert space ¢, then
{@}7_, is complete in 7.

Now we give few simple examples of frames in a separa-
ble Hilbert space 7. Let us consider an orthonormal basis

{Vk};ozl in 7.

e By repeating each element in {v;}7°_, twice we obtain
{o 37 = {vi,v1,v2,v2,...}, which is a tight frame
with frame bound L = 2. If only v, is repeated twice we
obtain {@y};>; = {vi,vi,v2,v3,...}, which is a frame
withbounds L=1, M =2
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o Let {ay}7r {vl,— —, —=,—=,—,....}, that
Y VYV
is {@y}_, is the sequence where each vector ﬁ is

duphcated k tlmes Then for each y € .7, we have

Z'yawk |2 Zk‘ y7

So {aon},isa normahsed tight frame for 7.

= [lyII?

Since a frame {ay};’ , is a Bessel sequence, the op-

erator T : [>(N) — J# defined by T{c}y, = cha)k is
bounded and T is known as the synthesis opem]tcor1 or pre-
frame operator. The adjoint operator of T is the operator
T*: A — [*(N) given by, T*y = {(y, @)}, and is said to
be the analysis operator. By composing 7" and 7* we obtain
the frame operator

oo

S:H A, Sy=TT*y=Y (y, )0
k=1
The convergence of the series defining S is guaranteed for all

y € S from the fact that { ey };>_, is a Bessel sequence in /7.
It is interesting to note that, scalar multiple of the identity
operator will be the frame operator of a tight frame and iden-
tity operator is the frame operator for a normalized tight frame.

Let {ax};>_, be a frame in a Hilbert space ¢ with frame
operator S and frame bounds L, M. Then the following hold.

1. § is bounded, invertible, self-adjoint and positive. In
fact LI < S < MI.

2. {S7'ey}y_, is a frame with frame bounds M~!, L~1;
if L and M are the optimal frame bounds for {ay};_,,
then the bounds M~!, L~! are the optimal frame bounds
for {S~ ey},

3. The frame operator for {S~' ey }7>_, is S~1, furthermore,

Mlr<sTt<rlr
4. {S_I/Z(Jok}f:l is a normalized tight frame.

The frame {S~' ey}, is called the canonical dual frame
of {ax};7_, because it plays the same role in the frame theory
as the dual of a basis.

Next we state a prime result in frame theory namely the
frame decomposition. It shows that if {ey};, is a frame
for .77, then every element in 7 has a representation as a
superposition of the frame elements. Further, theorem says
that the sequence {(y,S~'a@y)}7_, contains all information
about each y € #. The constants (y,S~'ay) are called the
frame coefficients.

Theorem 2.1. Let {wy};_| be a frame in a Hilbert space 7
with a frame operator S. Then for all y € €,
y=Y oS oo andy =Y (y,0)S " o

k=1 k=1
Convergence of both series ensured for all y € 2.
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Among several classes of frames in frame theory and
related topics, Gabor frames or Weyl-Heisenberg frames have
attained remarkable consideration as they are generated by a
single element. We now come out with some basics of Gabor
frame analysis.

2.1 Gabor frames in L*(R)

Here we consider those frames in L?(R) which are generated
from a single vector from L*(R) through translations and mod-
ulations. Such type of frames are called Weyl-Heisenberg
frames (or Gabor frames). For positive real numbers a, b,
and for an element g € L?(R), E,;, and T, are, respectively,
the modulation operators and translation operators given by
E,pf(x) = e*™mb f(x), x € R and T, f (x) = f(x —na), x €
R. It is clear that both these maps are unitary maps acting on
L?(R). The main concern of Gabor Analysis is the represen-
tation of signals (vectors) as an infinite series whose terms
are the translated and modulated version of a single vector in
the space. It is interesting to note that, if {Eyp T8 }m ez is a
Gabor frame in Lz(R), then
f= Z (fs Emp Toah) Enip Tra8, Vf € LZ(R)~

m,neL
for some / € L?(R). The elegant choice of & is S~!g, where
S is the frame operator. The function 1 = S~!g is called the
canonical dual generator.

The Gabor system {E,;;T1q8}macz is actually involves
only the time frequency shifts of a single vector g along the
lattice {(na,mb)}, nez. This type of frames are called regu-
lar Gabor frames. Given a Gabor frame {E,,, 1,48 } m ncz, the
number (ab) " is called the redundancy. One of the funda-
mental result says that the product ab decides whether it is
possible for {E,,,, 148 }m.necz to be a frame for L?(R) for some
choice of g € L*>(R). Note that ,if (g,a,b) is a Gabor frame
with frame operator S, then ab = ||S~/?g|}3.

We can observe that not all frame operators on L?(R) can
be Gabor frame operators [9]. As we are aware, every positive
and invertible bounded linear operators on a separable Hilbert
space 7 is a frame operator of some frame in .77. However,
this characterization is inadequate for Gabor frame operators.
That is a frame operator on L?(IR) need not be a Gabor frame
operator. Following proposition guarantees the existence of a
normalized tight frame and then we record a characterization
of Gabor frame operators given in [7].

Proposition 2.2. Consider two positive constants a,b, the
translation and modulation parameters, satisfying the con-
dition 0 < ab < 1, we can find an element g € Lz(]R) such a
way that (g,a,b) is a normalized tight Gabor frame which,
therefore has the identity operator as its frame operator.

Theorem 2.3. A bounded linear operator on L*(R) is the
[frame operator of some Gabor frame if and only if it is positive,
invertible and commutes with a translation operator T, and
a modulation operator Ep, where a and b are positive real
numbers with ab < 1.
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We now record some basics of Gabor frame analysis in
the sequence space 1>(7Z).

All computational calculation with elements in L?(R) will
require a discrete structure, where all estimations are carried
out with (finite) sequences in /?(Z). Hence it is necessary to
know that special set-up on a Gabor frame {E,,;;T,,8 : m,n €
Z} in L*(R) in fact imply that we can create a frame for /%(Z)
with Gabor like nature.

For each b € R, the modulation operator Ej, : [*(Z) —
12(7Z) is defined by, Epg(j) = e*™Pig(}),
forallg=(....,g(—1),2(0),g(1),.....) € [*(Z), where the j'"
coordinate of g is denoted by g(j). Similarly for each n € Z
the translation operator 7, : [*(Z) — 1%>(Z) is defined by
Tug(j) = (j—n)
forallg:(....,g(—l),g(O),g(l), ..... ) € I*(Z).

The definition of E}, is valid for all b € R, still we are
interested in modulations of the form E,, /m» Where M € N
is firmed and m € Z. The scalar 1/M represents the mod-
ulation parameter for Gabor systems in L>(R). But these
two settings are entirely different. In L?(R), modulation
operator with distinct parameters are automatically distinct,
but this will not be true in sequence space. Actually, with
the above definition Em = En 4, for all k € Z. There-

fore {Em/Mg :}mez can’t be a Bessel sequence in /%(Z) un-
less g = 0. Because of this we will consider modulations
of the form E,,y; with m =0,1,2,...M — 1. Gabor sys-
tem in the sequence space /%(Z), generated by an element
g € [*(Z) with the modulation parameter i and translation
parameter N, (M,N € N) is now defined as the family of se-
quences {Em/MTnNg :m=0,1,...M—1,n € Z}. Precisely,
E,juTuvg is the sequence in /2(Z) whose j coordinate is
E,n/MTnNg(j) = ¢2mi1(i="N) g(j — nN). For more detailed re-
sults about frame theory in the spaces L?(R) and /?(Z) one
can go through [3].

3. Construction of Gabor frames in /*(Z)
from Gabor frames in L*(R)

From Proposition 2.2 we can find a vector g € L>(R) such
that the collection {En Tyng : m,n € Z} is a Gabor frame in

L*(R) for any two natural numbers M, N with 2% < 1. In
this section we focused on the construction of a Gabor frame
{EnTing:m=0,1,2..M —1,n € Z} in I*(Z) from a Gabor
frame {En T,ng : m,n € Z} in L?*(R) for any two positive
integers M, N with % <1.

The following lemma and theorem which is available in
[3] is very useful in our discussion and it guarantees the ex-
istence of pseudo inverse of a bounded linear operator on a
Hilbert space with closed range.

Lemma 3.1. Let U be a bounded linear operator from a
Hilbert space F€ to a Hilbert space % with its range set Ry
is closed. Then there exists a bounded operator U' from #
to A such that UU' f = f for all f € Ry. Moreover UU" is
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the orthogonal projection of 7€ onto Ry .

Theorem 3.2. Let {wy}y | be a frame in % with bounds L
and M and let U : # — € a bounded linear map with non
trivial closed range. Then {U oy }7_, is a frame sequence with
bounds L ||UT |2 and M || U ||*.

Here we state a remark, which directly follows from the
theorem.

Remark 3.3. Let {ax};_, be a frame in & with bounds
Land M and U : # — J¢ a bounded linear surjective
operator. Then {U o}y, is a frame in 7 with frame bounds
LIUT |2 and M| U

Theorem 3.4. Let M, N are natural numbers with % <1
Suppose that the collection {E% T.ng :m, n € Z} is a Gabor
frame in L*(R) for some g € L*(R). Then for any surjective
bounded linear operator U : L*(R) — 12(Z) with the prop-
erty that UE% T.n = E% T.nU for m, n € Z, the sequence

{EA%T,,NUg:m:O,l,Z ..... M —1,n € Z} is a Gabor frame
in1*(Z).

Proof. Let g € L*(R) and M, N are two natural numbers such
that % < 1, assume that the collection {E% Ting :mn€Z}

is a Gabor frame in L?(R) and U be a surjective bounded
linear operator from L?(R) to [*(Z) with the property that
UE% T.n = E% T,wU for m, n € Z. Then by Remark 3.3

{U(EnT,ng) : m,n € Z} is a frame in [*(Z). Since U sat-
isfies UE% TN = E% T.nU for m,n € 7, and E%Jrkf",wg =
EA% T,ng for any k € Z, we see that {UE% TNg:m, n€Z} =
{E%TnNUg:m, nEZ}:{E%THNUg:m:O, 1,2,....,M—

1, n € Z} and hence the frame {E%f},NUg:m:O, 1,2,....,M—

1,n € Z} is a Gabor frame in 1?(Z).
O

It is worthwhile to know that, what kind of restrictions
on a Gabor frame {E» T,ng : m,n € Z} really imply that we

have a frame for /%(Z) having a Gabor like nature. The ap-
propriate conditions were discovered by Janssen [11]. He
proved that there is a canonical way to get discrete Gabor
frames via Gabor frames for function space L*(R) through
sampling. A detailed discussion of these theories are avail-
able in [3]. We consider a Gabor system for L?(R) of the
form {En Tyng : m,n € Z}, where g € L%(R) is the window
function or generating function and M, N € N. In searching
a Gabor like system in /?(Z) the natural question arising is,
“which type of linear transformations maps a Gabor frame in
L?(R) to a Gabor like frame in [2(Z)”.

Let us consider the characteristic function on the interval
[0, 1] that is, & = o ;). Then the collection {ExT;h: k, j € Z}
is an orthonormal basis for L?(R) [3].
For g € L*(R) we can express, g = Z oxjExTih, where

k.jeZ

0 j = (8, ExTjh).
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To find an example of U : L*(R) — [?(Z) satisfying the
condition in the theorem 3.4, consider the orthonormal basis
{E\Tih:k,j€Z} for *(R)

For each g € L?(R), we can write, g = Z (g, E\Tih)E;Tih

LkeZ
Take the coefficients as oy = (g, E;Tih), so that g =
Z oy E Tih
1.keZ
Let us define U : L2(R) — [*(Z) by, U(ETixp,) = ETie
where {¢; };c7 is the standard orthonormal basis for I%(Z). It
is clear that, {E;Te; : [,k € Z} is a frame in [>(Z). We now
extend U linearly to L?(R) by
U( Z BrsErTSX[O,I]) = Z BisE Tser,
1SEZL rSEZ
for any element f = Z BrsErTsXjo,1) in L*(R).
rs€Z
Therefore, U(g) = Z oL Trer
jkez
hence, E% anU(g) = E% TnN( Z ajkEka81)
JjkezZ
note that U(g) = 0 implies, Z ajEjey =0 forall k
jez
= Y ape’™* =0 forallk
ez
= Y oj=0 forallk
jez
Let x € [0, 1], then g(x) = Z alkElTkX[Ql](x)
1kEZ
when x=0 or x= 1, g(x) = ) o™
1,0eZ
= Z o =0
10€7
Hence g(0) =g(1) =0
Thus g = 0, on all integers and hence g is not injective.
Let f € [*(Z), then f = Z BrE Tye
1SEZ
Then define h = Z B E Ty 2[0,1]
rSEZ

so that h € L*>(R) and U (h) = f.

Thus if we define a linear operator U : L*(R) — [*(Z) by,
U(ElTkl[o,l]) = E Tie forall k,I € Z, U maps Gabor frame
in L?(R) to Gabor frame in [%(Z).

Note that U(E% TnNg) = E% U(Tn}vg>
m Z ajkEj AnN+kel

Jjkez
Tv( Y, oiEjTver)

JkEZ

E% T,nU(g), and this is

&5

I
& g

SE

generated by U(g).

Definition 3.5. Let g € L*>(R), then for each m,n € 7. and for
each pair of positive integers M and N, there is a sequence of

o
090,

00 7.
50207

W
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complex numbers {Ns} such that EnTng = Z NysE Tsh.
1SEZL
This sequence is called window coefficient sequence of g with

respect to the quadruple (m,n,M,N) and each term of this
sequence are called window coefficients.

Proposition 3.6. Let {n,s} be the window coefficient se-
quence of g € L>(R) with respect to the quadruple (m,n,M,N)
where m,n € 7 and M,N are positive integers, then

2mi
Mrs = Y O j-ane”™°B, o
kEZ

where o = (g, ExTjXjo,1]) and Prs = (Em X011, E-TsXj0.1))

Proof. Let g € L*>(R). Then g is of the form,

g= Y (&ETjxp.1)ExTiX0,1) and Brs = (Em X011, E-TsX[0,1))-

J.keZ
For each m,n € Z, the elements E m T,~ng in the Gabor frame

{En Tuvg :m, n € L} for L*(R) takes the form

E%Tn}\]g = E%Tn]v( Z (XjkEijh)
J.kEZ

Z (XjkE% TnN(Eij)h
J.keZ
= Z (Xjkezm%nNTnNEkE% T]/’l
J.keZ
J.keZ

Z ajkeZn'i% (nN+j)627rinNkEk7;1N+j (E% /’l)
J.keZ

Z ajkeZﬂ'i%(nN+j)Ek];1N+j(E%h)
Jkel
Now let , E%h = Z Bi;ExTih

k,jeZ

WhCI’C, ﬁkj = <E% h7EkT]h>

- / Ep hE{T;hdx

= /ezm.%xl[o,u (x)efzmk@cfj)l[o,l](X—j)dx

B /EZEi%xe—ZTEikxdx lf J — 0
0 it j#0

7 / PTG R gy if  j=0
0 if j#0
__ if j=0,meMZ
(k)2 =
M 2mi( k) : :
Y S — —1]if 0,j=0
TR I it om0,
if A0
1 if m=0,k=0
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therefore,
EnTing = Y jez O i€ 1 "N TDE T (Y ez BpoEph)

L
= Y o T HONIY By oEiypTns jh)
k.jeZ pEL

m .
Z ( Z akJezmM(nN+/>[3ﬂ,0Ek+anN+jh)
k,jEZ peZ

taking, r=k+p, s=nN+j

jm
Z (Z O jonn €™ M5B, 0)E, Tyh
rsel. kel

Y nsE Tk

rSEL

;m

2mi i
where, N5 = ) O j—ave”™ Byt 0
keZ
O

The following theorem gives a sufficient condition for a
unitary operator U from L?(R) to [>(Z) which maps a Gabor
frame (g, 3;, N) in L*(R) to a Gabor frame (Ug, 3;, N) in
(7).

Theorem 3.7. Let g € L*(R) and N, M are positive integers
such that £ <1, {EnTwg:m,n € Z} is a Gabor frame in
L*(R). Assume that if the window coefficient sequence of
g with respect to the quadruple (m,n,M,N) given by {1}
satisfies N5 = Ocr7s,nNeZ”i%S Sfor all r,s € Z where oy ; =
(8,ExTjh), h = 0,1, then there is a unitary operator U :
L*(R) — I2(Z) so that {E% TwUg:m=0,1,2.M—1,n¢€
7} is a Gabor frame in 1>(Z,).

Proof. Let us define U : L>(R) — [%(Z) by, U(EiTXo,1)) =
ETre, where {e;} jez is the standard orthonormal basis for
12(Z).

g= Z (XjkEijh, where h = X[0,1]

jkeZ
Ug) = Z ak,jEijm
kjeZ
TwU(g) = Z oy i Tav+ jer
kjeZ
E%TnNU(g): Z akJE%TnNHm
kjeZ
=Y o, 2 (nN+ ) Tuvsser
kjeZ
= Z ar,sanezmﬁsfvel (11)
rSEZ

Now by definition of the window coefficient sequence {1;},
E% TnNg = Z nr,sErTyh

rs€Z
Therefore, U(E% Tvg) = U( ZZ NrsETih)
rse
= Z nr,sftvel (12)

rs€Z
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Thus from equations (1.1) and (1.2) , UEw T,y = EnTwU

2migys

M
satisfies only when 1,y = 0. c_nye

Hence by Theorem 3.4 {E% TwUg:m=0,1,2..M —
1,n € Z} is a Gabor frame in I*(Z). O
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