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1. Introduction

Quantum calculus is the modern name for the investigation
of calculus without limits.The quantum calculus or g-calculus
began with FH Jackson[14],[15] in the early twentieth century,
but this kind of calculus had already been worked out by Euler
and Jacobi. Recently it arose interest due to high demand
of mathematics that models quantum computing. g-calculus
appeared as a connection between mathematics and physics. It
has a lot of applications in different mathematical areas such
as number theory, combinatorics, orthogonal polynomials,
basic hyper-geometric functions and other sciences quantum
theory, mechanics and the theory of relativity.

There are many of the fundamental aspects of quantum
calculus. It has been shown that quantum calculus is a subfield
of the more general mathematical field of time scales calculus.
Many mathematicians have done studies in g-calculus analysis
in [5],[81,[91,[101,[16].[17],[18],[19].

Recently, N. Alp[2] proved the correct g-Hermite Hadamard

inequalities and M. Kunt[4] obtained (p, q)-Hermite—Hadamard

inequalities.

In 2017, Alp and Sarikaya [3] gave a new definition of
g-integral which is showed g-integral.

The aim of this paper present some well-known integral
inequalities on g-integral. In second section we give notations
and preliminaries for g-analogue. In third section we obtain
some auxiliary results. In fourth section we establish g-Young,
g-Holder and g-Minkowski integral inequalities and in finally
section we obtain g-Ostrowski type integral inequalities on
g-integral. Let remember following integral inequalities on
classical analysis.

In 1938, Ostrowski [7] proved the following integral in-
equality:

Let f: 1 CR — R, be a differentiable mapping in / the

interior of I and a,b € I with a < b. If |f'(x)| < M for all
X € [a,b], then we have the inequality

4 o—ap

(1.1)

for Vx € [a,b].The constant % is the best possible in the sense
that it cannot be replaced by a smaller constant.

Fora>0,b>0and L +1=1with p> 1 the following
inequality is well-known Young inequality[13]:

a? b
ab< —+—.
p r

For pTr= 1 with p > 1 the following inequality is well-



known Holder inequality[6]:

b
/If(t)g(t)ldt <1l llell-

For p > 1 the following inequality is well-known Minkowski
inequality[11]:

I +ell, <A1, +llel, -

2. Notations and Preliminaries

In this section, first we give definition and notations of
g-analogue with g-derivatives then definition and properties
of g-integral. Although some different notations were used in
various articles, they have the same meaning. We put together
them below:

For 0 < g < 1 here and further we use the following
notations(see[1])

1— qn 2 n—1
[n], = =l+qg+qg+...+4"". 2.1
1—¢q
The definition of q-binomial coefficients:
n| !
=l P R
g =i, g
Also the g-binomial multiplication is as follows:
(x—a); (2.3)
nﬁl ;
= Lr=dq)

= (x—a)(x—qa) (x—qza) (x—q"ila) , ifneZt

and by using (2.2) and (2.3) the following formula is called
Gauss’s binomial formula:

{ n :| qi<i;l)x”7iai.
! q

On the other hand, the following notations will be used
throughout the study:

2.4)

(a:q)p=1

(1—a) :(a:q)m:lijlo(l—qia) 2.5)
and
n_ (I-a)y _(a:q)., .
(I—a), = 0= qa) =G ifneC. (2.6)

Notice that, under our assumptions on g, the infinite product
(2.5) is convergent. Moreover, the definitions (2.3) and (2.6)
are consistent.
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Definition 2.1. In [15], For f has Dyf (a), Jackson intro-
duced the following g-counterpart of Taylor series:

= Dyf (a) (x—a),

3 [],!

n=0
2.7

ﬂnziﬂ " 1 (@) (x—a) =

I—gq
= (¢:9),

where Dy is the g-difference operator.

Let give definition g-derivates. Let J := [a,b] CR, J° :=
(a,b) be interval and 0 < ¢ < 1 be a constant. The definition
of g-derivative of a function f : J — R at a point x € J on
[a,b] as follows:

Definition 2.2. [12]Assume f:J — R is a continuous func-
tion and let x € J. Then the expression

aDq f(x) (2.8)
_ S -flgx+(1-q)a) xa
(I-q)(x—a) ’

Dy fl@) = lim Dy ()

is called the g-derivative on J of function f at x.

We say that f is ¢ -differentiable on J provided D, f(x)
exists for all x € J. Note thatif a = 01in (2.8), then oD, f =
D, f, where D, is the well-known g-derivative of the function
f (x) defined by

For more details, see [1].
Lemma 2.3. [12] Let o € R, then we have
Dy (x—a)%= [Ot]q(x—a)w*1 . (2.9)

The following definitions and theorems with respect to
g-integral were referred in [3]:

Definition 2.4. Let f:J — R is continuous function. For
0<g<l1

b
/ f(s) adgs (2.10)
(I1-g)(b—a)

(1+q) iq"f(q”bﬂl —q")a)— f(b)

n=0

2q

which second sense quantum integral definition that call q-
integral for x € J.

Moreover, if ¢ € (a,x) then the definite g-integral on J is
defined by



/ f(s) adgs .11)
= [16) udzs ~ [ 19
_ (-q)k-a)
2q
< |(140) Y ¢ F (@xt(1—q"a) — £ (x)
L n=0 _
(1-q)(c—a)
2q
(149 Y (et (1—q"a) —F (o).
L n:O .

The following theorem is the correction of the Theorem 1 in

[3]:

Theorem 2.5. Let f:J — R be a continuous function. Then
we have

D, /f(s) odgs :f(fo(qx;(l*q)“). 2.12)
Proof. From definition of g-integral, we have
/ f(s) qdgs
_ (I-q)(x—a)
= >
(1+q) Y. 4"f(@"x+(1-q")a) —f(x)]
n=0

and take g-derivative of above equality write that

aDy /f(s) adgs

_ (1-g)(x—a)
-, [

(1+) Y d'f (@x+(1—q")a) —f<x>] }
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1 {(1Q)(xa)

aG-al 2
< (1+q)ioq”f(q”er(l—q")a)—f(X)
(-9 -a)g

- 26]
« (1+q)ri{)q”f(q"+1x+(l—q’”'l)a)

—fgx+(1—q)a)]}

(1+q) (ququr(l— ")a)

n+1x+ (1 q11+1)a)>

+f(61( q)a) — f(x)]
qf (gx+(1—g)a)
2q
fx)+f(gx+(1—g)a)
5 .

The proof is completed. O

Theorem 2.6 (Change of Variables Property). Let f:J — R
be a function and 0 < g < 1. Then we have

b
— [r0)

Theorem 2.7. Let f:J — R be a continuous function. Then,
for ¢ € (a,x) we have

/ aDq f(S) adqs

qf (x) + f(gx+ (1 —q)a) -

1

/f(sbJr(lfs)a) odgs =

0

odgt . (2.13)

(2.14)

af (€)= flge+(1-q)a)

2q

Theorem 2.8. Assume f,g:J — R are continuous functions.
Then, for x € J,

X

JIORE

a

ds-/f ds+/g adgs .

(2.15)

Theorem 2.9. Assume f,g:J — R are continuous functions,
a € R. Then, forx € J,

adgs —Oc/f

X

[@nts

a



Theorem 2.10. Assume f,g:J — R are continuous functions.

Then, forx € J

[£6) aDy 205) s
qf (s)g(s)+f(gs+(1—q)a)g(gs+(1—g)a)
2q

2.17)

X

X

—/g(qs+(1—q)a) aDy f(s) adgs .

c

Theorem 2.11. For o € R\{—1}, the following formula
holds:

X

/(s—a)a adgs =

a

1+g“

a+l1
72[05_1_1]{1 (x—a) +

(2.18)

3. Auxiliary Results

In this section, we present some auxiliary results which
are used throughout this article.

Lemma 3.1. Let f: [a,b] — R be a convex g-differentiable
Sfunction on (a,b) and 0 < q < 1. Then we have

1
b—a

/ (t—a) oDy f(1) adgt 3.1)

a

b

+/(t_b) aDq f(t) adﬁt

- 2—161[qf(x) + flgx+ (1 —q)a)
—(1—q)f(gb+ (1 —q)a)]

b
1
o [Fla+ (1=q)a) gt
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Proof. By using (2.17), then we have

X

[a-a) Dy £0)

a

3.2)

b

+ / (t—b) Dy f1) adgt

_ =@ fO)+(gr+(l *zq)a*a)f(qﬂr( 1-q)a) [*
q

a
X

- [flat+(-g)a) D, (—a) oyt

a

+ di=b O arti—gab)fart(i=ga) |
q

b
- [ 1+ (1= ga) Dy (D) gt

— q(b—a)f(X)+(b—a)f(qx4—(1—112)4)—(l—q)(b—a)f(qb+(1—4)a)
q

b

*/f(qt+ (1—q)a) Jdqt

= bz;qa [af(x)+ f(gx+ (1 —q)a)
—(1=q)f(gb+ (1 —q)a)]

b
—/f(qt+ (1—q)a) Jdqt

divide by (b — a) equation (3.2) and the proof is completed.
O

Remark 3.2. In Lemma 3.1, by using change of variables
property, then we have

X

[a=a) Dy £0)

a

(3.3)

b
+ [ =) WDy F(0) ady

1

_ (x_a)2/z Dy fxt+(1—1)a) odygt
0

1
+(bfx)2/(t71) Dy [(bt+(1—1)x) odgt .
0

Remark 3.3. In Lemma 3.1 if we take g — 1~, we recapture

0020
XYW

0,7 42
50827
<,

)
AW
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the following equation for convex function.

X

b
! / (t—a) f(1)dr + / (t—b) f(1)dr

b—a

b
= JW- e [

Lemma 3.4. Let p > 1, and (a—1)}) is g-binomial,then we
have

/(a—t)f; odgt (3.4)
0

_ 1 x\ " +1
- M(l—kq—q(a—q)q —(a—x); )

Proof. By using g-binomial formula and (2.18) we obtain the
following result

P n(n—1)
— Z(—l)”q 2 {ﬁ } af ”/t” odgt
n=0 q 0
P _
= Z(l)”qn(nzl){p} S Y
= nl, 2[n+1],
n(n;l)[ ] |
— l (_l)n q pq' p—n, n+l
2 = [p—n],!n+1],!
n nln=1)
_A'_l i ( 1) a * p]l]!qnap nxn+1
2= p—nl,!n+1],!
—1 (m=DH(n=2)
_ IR EDT g [ pontl
2= [p—n+1!n],!
1 n—1 (n—1)(n—2)
+ 15 ( 1) 9 § [p]q!qn—lap—n-&-lxn
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ptl n(n— n
Fcaresss [ 71 ] ()
n=1 n q q

p+1

n(n—1) p+1 1—
N
n;( ) n

q < x)p-H ‘|
= ——|la—- —1
2[p+1], a/,
1
—_ a—x”“—l}
2[p+1], {( Ja
p+1
a—i) +(a—x)PH!
_aig 9(emy), te
2[p+1], 2[p+1],
1 X Pt 1
= —— [ 14¢g- (a—) —(a—x)'*
2[p+1}q< q9—q a), (a—x)g
and the proof is completed. O

Example 3.5. Let p > 1, and (a —t)ﬁ; is g-binomial,then we
have

14+¢

S 3.5
2[p+1], G-

1
/(1—t)g odgt =
0

Proof. By using (3.4) with choose a = 1 and x = 1 then the
proof is completed as follows

1

[ =07 oda

0

1 ! +1
= > 1+q—q<1—> —(1=-1)"
2[p+1], q/, (=1
: YT _q I
by using (1 g)q = (1 E) (1 5) (1 ?) ..=0and

we obtain
1 1+
q
1=l odgt = ——+
([( )q q 2 [p+ l]q
which is desired. O

4. g-Young, g-Holder’s and g-Minkowski
Inequalities

In this section, we obtained g-Young, g-Holder’s and g-
Minkowski Inequalities on g-integral.

Theorem 4.1 (g-Young Inequality). a >0, b > 0 and % + % =
1withp>1

p—1 r—1
a.b < I+q P I+q

b 4.1
=L T2, @D




y=f(x)

Figure 1. y = xP~!

Proof. Choose y = x”~! functions for p > 1 and %—&-% =1
with a > 0, b > 0. Let draw the graph of y = x”~!

1—g 1+4+¢P!
/xﬂfl adgx = 9 Lal’

Cl—qr 2 ’
0
; | | 4grt
o — =
sy = /yPTl adﬁy ziqplbp%l
b l—grt 2
— liql+qr_lbr
| ) ’

According to the graph of y = x”~! we have

=g [l4g” ! 14t
ab<si+s= 5 { =g a =g b
1 p—1 1 r—1
ab< g al tq b"
2[pl, 21[rl,
which is completed the proof. O

Remark 4.2. In Theorem 4.1, if we take g — 1=, we recapture
Young inequality in [13].

Theorem 4.3 (g-Holder’s Inequality). Let %—&—% =1 with
p > 1. Then the following inequality holds

b

[1r @8] adat <

a

1_~_qpfl 1_~_qr71

20, 2,

171, llgll,

4.2)

where

-

b

£, = | [1r@r o

a
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Proof. Choose a = ‘f(t‘)‘, b = 18Ul and by using g-Young

s llgll,
inequality, we write
OOl _ 1+ fOI" 1447 o) @3)
1A, el = 2pl, A1 20, el
Now take g-integral inequality (4.3) on [a,b], we get
| b
T [ 08 adgt
||fpg||ra/ o
I4gr ' 1
q / p
< —ri i | O adgt
200, 171/ “
l+4¢71 1 /
[ 18O adgt
20, IIgIIr/ o
a
1+qP ! 144!
21pl, 21,
and thus,
/ 14+¢"1 144!
[f()8(1)] adgt < 1£11, llell
a/ S R T R
which is completed the proof. O

Remark 4.4. In Theorem 4.2, if we take g — 17, we recapture
classical Holder’s inequality.

Theorem 4.5 (g-Minkowski Inequality). For p > 1

1+4!
2[r,

1+qr!
2[pl,

1f+ll, <

(71, + lgll ) - )

Proof. From g-Holder’s inequality, we get

I+l
b
< [UONFO+201 " syt
a b
+ 1801170 +201 ™" adgt
<

l+g77 1 144!
_|_
2[pl, 2[r],
b

x| [170+gwI0 gt

a

~i=

b % b P
|| 1ror g | 4] s ot

a a
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By using r(p — 1) = p, it follows that

1+g7~!  1+q!
fel, < (171, + 1l )
I+l < | S+ 3 | (sl
and the proof is completed. O

Remark 4.6. In Theorem 4.4, if we take g — 1~, we recapture
classical Minkowski inequality.
5. Ostrowski Type Inequalities

In this section, we obtained g-Ostrowski type inequalities
for g-integral as follows:

Theorem 5.1. Let f : [a,b] — R be a convex g-differentiable

function on (a,b) and | Dy f(x)| <M for all x € [a,b].

Then, we have

‘Zlq{qf(X)Jrf(qur(l —g)a) (5.1)

—(1—q)f(gb+(1—-q)a)}

1 X
-+

< (b-a)M |, “b—ar

Sforallx € [a,b] and 0 < g < 1.

Proof. By using equation (3.1), we have

\ D s+ flax+ (1010

—(1—q)f(gb+(1—q)a)}

(5.2)
b
—./f(qt+(1 —q)a) udgt

< [u-dl| Dy 10 gt
b

+/|t—b|\ Dy f(1)] adgt

X
X b
gM/(t—a) udt +M/(b—t) oyt
a X

(1+q) (t —a)’

RY)

q a

(1+4) (t —a)®

Mg,

+(a—0b)(t—a)

2041
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47 (b-a)

with divide by (b — a) inequality (5.2), and the proof is com-
pleted. 0

Remark 5.2. In Theorem 5.1, if we take ¢ — 1~, we recapture
inequality (1.1).

Theorem 5.3. Let f:1 C R — R be a convex g-differentiable
function on I° and ‘ Dy f (x)| is convex for all x € I° and
a,b € I. Then the following inequality holds:

‘;q{qf(X)Jrf(qur(l _g)a) (53)

—(1—q)f(gh+(1—q)a)}

IN

| Dy f(x)|.

Proof. By using (3.1),(3.3) and convexty of ‘ aDg f(x)
then we have

';q {af(9) + Flax+ (1 - q)a)

—(1—=¢q)f(gb+(1—q)a)}
b
o [ Flar+ (- 9)a) odyt

a

b

X

= |- Dy 1) ad

b—a

a

b
+ / (t—b) oDy f(1) adgt

2 1
_ (’;:f;) /; Dy flxt+(1—1)a) odygt
0
2
+(lz)_a) /(t_l) aDq f(bt+(1—t)x) odqt
0

(x—a)? 1 t’ aD., f(x)| -
< b—a gt( —|—(1—l)|anq f(a)’ ) Odqt




b—x)?*|[1 1+4
b—a <2 2[3]q>| Dg 11 )|
1+4%
+2[3}q | Dq f(x)|
g (—a)| WDy f@)|+(b-x)?] Dy f(b)
BIER b—a
1 —a)* + (b
+2J[r3}qq s a)bfi Y | Dg f ()]
where 1 — 12?3‘]’2 = ﬁ and the proof is completed. O

Corollary 54. Let f: I C R — R be a convex differentiable
function on I° and | f' (x)| is convex for all x € I° and a,b € I.
Then the following inequality holds:

b
1
b_a/f(t)dt

(x—a)?|f (@) + (b —x)|f (b)]
- 6(b— a)
(x—a)? (b x)?
+ 3(b—a)

5.4

f(x) -

|7 ()]

Proof. In (5.3) if we take ¢ — 17, we recapture (5.4) and the
proof is completed. O

Theorem 5.5. Let f: ICR—R and ’ aDg f(x ‘ be convex

g-differentiable function on I° for 1 >+ ; =1 withp>1and
a,b € I. Then the following inequality holds:

‘;q{qf(x)Jrf(qur(l ~g)a) (55)
—(1—=q)f(gb+(1—q)a)}
b

1
o [ Flar+ (1= q)a) gt

1+4!
4lr]

1+¢"
4(pl, q

" (x—a)2 1+4g” ’
b—a \[p+1],

X (| aDg fX)] +] aDg f(a)]")

~l=
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(b—x?( 1+q ’
T a ([p—l—l]q)

"1 aDy f)])

~l=

2

Proof. By using Lemma (3.1) and (3.3), then we have

X (| aDq f(b)

{af(x) + f(gx+ (1 —q)a)
—(1-q)f(gb+(1—-q)a)}

(b—a)
2q

b
[ flat+(1-qa) uda

1
< (x—a)z/t| oDy fxt+(1—1)a)| odgt

1
b= [(1=0)] Dy f(br-+(1-1)0)] ods
0

and by using g-Holder’s inequality then we have

1+4!
2[r]

1+¢""

NS

q

1

x{ (x—a)? (/lt”) '
0

|

VR S R

0

~i—

1

1
+(b—x)? /(l—t);’ odgt
0

(1

S

t] Dg fO) }
+(1—1)| oDy f ()]

2042



Now by using equality (3.5) we have

N IJ[ZTL, 1 1:[3}1, 1
<| aquf(x)\’+| aquf(a)V)'l‘
o (z[;iquq);
<| aquf( ), | aquf(x)V)"
| g 14g!
4[pl, 4[r],

2 144 v
X< (x—a) ([P+1]q>

<(| Dy F@| +] uDy F@[)"

1

o2 1te !
I )<[p+1]q>

X (| aDyg f(b)|r+| aDy f(x)|r)

~l=

|

with divide by (b — a) last inequality the proof is completed.

Corollary 5.6. Let f:1 C R — R and |f’ (x)| be convex dif-
ferentiable function on I° for % +% =1lwithp>1landa,bel.

Then the following inequality holds:

=

b—a

(b—x)
b—a

(xia)z ! r / r
x (7@ + 17 @)

+

(£ @+l

Proof. In (5.5) if we take g — 17, we recapture (5.4) and the

proof is completed.
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