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1. Introduction and Preliminaries

The analysis of stability of a functional equation is related
to a question of Ulam [18], while delivering his speech at
the University of Wisconsin in 1940, concerning the stability
of group homomorphisms. In Banach spaces.first positive
answer to this equation of Ulam was provided by Hyers [10]
in 1941.

D.H. Hyers provided the first result relating to the stability
of functional equations. He has comprehensively answered
the question of Ulam[10] for the case where G1 and G2 are Ba-
nach spaces . Subsequently, T. Aoki [1] attempted to weaken
the condition for the bound of the norm of Cauchy difference
and then generalised the theorem of Hyers for additive map-
pings and Th. M. Rassias [16] generalised the theorem of
Hyers for linear mappings.

In this article, we obtain the stability of a quadratic - functional
equation in 2-Banach spaces.

Definition 1.1. Let A be a linear space over R with dimA >
1 andlet ||.,.||:AxA— R be a function satisfying the

following properties:

(i) ||x,y|| =0 if and only if x and y are linearly depen-
dents,

(it) |]x,y]] = |[y,x
(iii) || Ax,y]| = [A]]]x, ],

>

(v) [}y 2|l < [l yll +[]x.2

s

for all x,y,z € A and A € R. Then the function ||.,.|| is
called a norm on A and the pair (A,||.,.||) is called a linear
2 - normed space. Sometimes the condition (iv) called the
triangle inequality.

In 2011, W.G. Park [15] introduces a basic property of linear
2 - normed spaces as follows.

Lemma 1.2. Ler (A,||.,.]|) be a linear 2 - normed space. If
[|x,y|]| =0 forall y € A, then x =0.

In the year 1960’s, A. White and S. Gahler [8, 9, 19, 20]
the definition of 2- Banach Spaces was also implemented. The
definitions of Cauchy sequences and in order to determine
completeness,Converges are mandatory.

Definition 1.3. A sequence {x,} in a linear 2 - normed space
A is called a Cauchy sequence if there are two points y,7 € A
such that y and z are linearly independent, lim; ;o0 ||x; —
X, Y| =0 and 1imy o0 |[X; — X, 2|| = 0.
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Definition 1.4. A sequence {x,} in a linear 2 - normed space
A is called a convergent sequence if there isan x € A such
that im0 ||x, —x,y|| =0 forally € A. If {x,} converges
fo x , write x, — x as n— oo and call x the limit of {x,}.
In this case, we also write lim;,_.. x,, = X.

Lemma 1.5. For a convergent sequence {x,} in a linear 2
- normed space A, limy_e | %, y|| = || limMy—seo X, ¥|| for all
yEA.

Definition 1.6. A linear 2-normed space in which every Cauchy
sequence is a convergent sequence is called a 2 - Banach
space.

2. Stability of a Functional Equation
Quadratic

Throughout this article, let A be a normed linear space
and B be a 2 - Banach space.

Theorem 2.1. Let u € [0,
function such that it is

m)apaq€(0a2)~ Ith—>BlSa

|[A(x+y) — h(x—y) — h(2x+y) +4h(x) +h(y),z|

< u(llxll” +1Iyll*), Vx,y €A,z €B. (2.1)

Using eq. (2.4) and eq. (2.5),we are getting

17— /(20,2

1 1 1
<[If0) =3 f 2x>7z\| +I3f(20) = 2% |

*I\xll”+ I\x\l”

2
. Pl
L b [+4]

- %Hx”p [1+27°2], WxeAzeB.

Through the use of induction on n, we are getting
1 n
1/ () = 25 f(2"),2]]
Ll Z [2=]

2(p=2)n
—2r=2

H||x|\p (r—2)

PR I 5 N S 172[’ n

= 4(1-2r2) ( )

< Ml

YT

L":

AN
=
—
I

il

A

{1 - 2<P*2>”} . Vx€eAzeB. (2.6)

Replacing x by ¢”x and dividing > in eq. (2.6)
Sf(a™x) 1

; ; ; : F@2" )|
Then a unique Quadratic mapping occurs Q : A — B such that 4m 4m+n )
it is 1 1
= g 1/ (27x) = 2 f(27.2%) 2]
1h(x)— o) —h(0) ] < "W Ve ayen @2
Y =4 o Y . . 74m4|2m ||P22P2
Proof. Let f: A — Bbe afunction defined f(x) = h(x) —h(0), HHXHP i 7(p=2)i
for each x € A. Then f(0) = " 4 =0
Also o M n—l i
[ Gey) = £ (e =3) = f (23) +4F () + £ (), 2] | < |l + =2 Y 20
blie), VxeAzeB. | vA
Putting y = 0 in eq. (2.1), we are getting _ E||x| |pni 2(p=2)(m+i)
4 i=0
147 () — f(2x),2l| S pllP, VxeAzeB  (23) -
— E||x||172(p72>m Z 7(p=2)i
IIf(X)—Zf(ZXMH < Z\le\”, VxeAzeB (24) 4 -
= B ot | 1220
Replacing x by 2x and dividing by 22 in eq. (2.4) we are 4 1—-2r72
getting Sl [2(1;_2);11 _ 2(p—2)m.2(p—2)n‘|
= ullx
4_2p
1 12 H
”Zf(zx) B 472]0(2 2l = —||2x| ’ 2(p=2)m _ o (p=2)(m+n)
1 1., u2” = pfx[|”
13720~ 5 F@0,dll < B, vreazes i
2.5) —0 as mmn—oo, VxeAzeB.
2046 p
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Therefore { ;;/(2"x)} is a 2- cauchy sequence in B for each
x€A.

Since B is a 2- Banach space {:h(2"x)} 2- converges for
each x € A.

Define the function O : A — B as

0(x) = lim 4ih<z" ) Wred

n—oo

Now from eq. (2.6)

Vx €A,z €B.

. 1 n p !
Jim [ £(x) = 25 f(2"x), 2l < AP =5

Furthermore

0(x) —n(0).| < 1

h —
) —

Vx€A,z€B.

Next, we illustrate that Q is satisfying

h(x+y)—h(x—y) =hQx+y)—4h(x)—h(y) @2.7)
Forxe X
[|0(x+y) —0(x—y) — 0(2x+y) +40(x) + O(y), ||
= lim - E ([12"x[ 17+ [12"[|7)
= lim £ (27| }x|l? + 2]y |
= lim 1 [2072) x| 42702y}
=0, VzeB.
Therefore
|0(x+y) — Q(x—y) — 0(2x+y) +40(x) + 0(y),z|| =0
So
O(x+y) —0(x—y) — 0(2x+y) +40(x) + O(y) =

To prove Uniqueness of Q:

Let O* be another quadratic equation satisfying function
eq. (2.7) and eq. (2.2)

Provided that Q and Q* are quadratic,

0(2") =

4"Q(x), Q*(2"x) =4"Q*(x),Vx € A

2047

Now, forx € A
10(x) — Q" (x),z]|

1
= *llQ(Z"X) — 0" (2"x),7]]

< [HQ(2” ) = f(2"x),2|[+|f(2"x) — Q7(2"x),z]]]
2|
T 4n 420
_ 22"y |x||P
T4 42
p

) 2np72n ||xH

H 4—2p
[IxI1P
4-2r
asn — oo Y7 € B.

=2p2"P=2)
-0

Therefore
10(x) = Q" (x),2[| =0, VzeB.
O(x)=0"(x), VzeB.
|
Theorem 2.2. Let pt € [0,00),p,q € (0,2). If f:A— Bis
a function such that it is ||h(x+y) —h(x —y) —h(2x+y) +
4h(x) = h(y),zl| < p([[x[|” +[Iyl|?) forallx,ye A andz € B.

Then a unique Quadratic mapping occurs Q : A — B such that
it is

u\ x||”

[1h(x) = Q(x) = h(0). ¥l < =7

Proof. Using above Theorem theorem 2.1

VxeA,yeB. (2.8)

|[4f(x) = f(2x),2]| < p[lx][P, VxeAyeB. (29)
Replacing x by 37 in eq. (2.9)
X Hoae
147(5) = f(x), 2l < 2 Al (2.10)
Again Replacing x by 7 ineq. (2.10)
X
147(3) =15 FG)all < zzpl\X\l” Vx€Az€B. (2.11)
Using eq. (2.9) and eq. (2.10), we are getting
X
116£(5) = F(ll
X X X
< I16£(7) =47 (5) 2l + 114f(5) = fx). 2]
< S b+ 2L b
4 1
— P Bl
—ulllP |35+ 5
4427
— P
—ulll? [
= p||x||P [427% +27P], Vx€A,z€B.
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Through the use of induction on n, we are getting

14"F (2”) NACOR]

< pfx[? Z 4727 P(+ )
i=0

n—1
< plfefp Y 22
i=0

n—1
< x| |P Z o (=i(p=2)=p)

< Hll” 2
<= Zz (p—
_mmvvanwm
=T 1o "FEAzEB 2.12)
Form,n € N and for x € A
14 (55) = F @zl
4[| ~ x|
An p p ..
< i+ S+ A 4l

_plld (1= ()"
2 1— 4

_ ol (120
2 20 —4 ’

Form,ne N
" X X
4t (g ) =47 (35) <]
X
) 1)
m X n
34“’27 ( 2 —4 )

" , 1 (1= 2(2=p)n
<4l g (o
1 —2@2=p)n
_ p22m7mp
u x| ( T )

(2—p)m _ (2—p)m
=umv(2 )

¥4
, [22-pm —_@-pmin
=l ——

2(2—p)n+

—0 asn,m— o, VzEB.

Therefore {4"h(5:
x€A.

-)} is a 2- cauchy sequence m for each

2048

Since B is a 2- Banach space, the sequence {4"h(4;)} con-
verges for each x € A.
Define Q: A — B as

0(x) = lim 4"h (;7) VxeA

n—oo

Now from eq. (2.12)

.
— S —
tim |14 (3;) ~8(), | < BllP {5y VrEA 2 € B.
Therefore
Ll
() = 0(x) ~ £(0).2ll < 5,75 VxeAzeB.

To prove Uniqueness of Q:

Let QO* be another quadratic equation satisfying function
eq. (2.7) and eq. (2.8)

Provided that Q and Q* are quadratic,

X 1 X

0(5) = 3000, 0 (5) = 1,0°(x). Yx A

411

Now, forx € A

1Q(x) — 0" (x),2l|

= 4l0(5) - 0" (5).7l

2}1

n X X w, X
S4D@Gﬂ—f§ﬂxWHU@ﬂ—Q(;%m}
- 4 2P

||x|?
=220 ygr 20
a7
np—2n HxH
=2u2 4-2p
-2 2n(p 2) ||XH
H Y
—0, asn—o, Vz€EB.
Therefore
l|0(x) — Q% (x),2]| =0, VzeB.
0(x) = Q*(x), VxeA.
[ |
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