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On Z7-energy of join of graphs

Prajakta Bharat Joshi'* and Mayamma Joseph?

Abstract

Given a graph G = (V,E) with a vertex partition & of cardinality k, we associate to it a real matrix A% (G), whose
diagonal entries are the cardinalities of elements in &7 and off-diagonal entries are from the set {2,1,0,—1}. The
Z-energy E»(G) is the sum of the absolute values of eigenvalues of A4 (G). In this paper, we discuss &7-energy
of the join of graphs using the concept of M-coronal of graphs and determine &?-energy for the complements of

the join of graphs.
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1. Introduction

For present study, we consider graphs G = (V, E) of order
n and size m, which are finite and simple. All the definitions,
terminologies and notations related with graph theoretic and
spectral theoretic concepts are taken from [3, 15].

Since the time I. Gutman [4] introduced the concept of
graph energy as the sum of the absolute values of the eigen-
values of the adjacency matrix A(G) of a graph G, several
variations and extensions of it has been introduced into the
literature by researchers [1, 5, 6, 13]. One such variation is the
concept of k-partition energy introduced by E. Sampathkumar
et al. [13] based on the vertex partitions of a given graph.
They defined k-partition energy Ep, (G) as the sum of the ab-
solute values of the eigenvalues of the L-matrix P;(G) where
the entries a;; of P(G) are defined as

(i) Forv;,vj €V, ifviv; € E(G) then g;; =2 and if vjv; ¢
E(G) then ajj = —1.

(ii) Forv; € V. andv; € Vi, a;; = 1 if viv; € E(G) whereas
ajj = 0 for viv; ¢ E(G).

Given a vertex partition & = {V|,Va,...,V,} of a graph
G, by assigning to diagonal entries a; the value |V;| where
Vs € &2 is the set containing v;, P. B. Joshi and M. Joseph
defined &-matrix A% (G) and Z-energy E 4 (G) which is
the sum of the absolute values of eigenvalues of A 2 (G) [8].
They have obtained some bounds of E 4 (G), have determined
the value of E5(G) for some classes of graphs, and have
examined the special cases when the &7-energy takes extreme
values. In the present study, we determine &7-energy for the
join of two graphs using the concept of M-coronal of a graph,
a method adopted in [2, 10]. We further discuss the &7-energy
for the complements of the join of graphs.

For two graphs G| and G, the join G = G1VG; is the
graph obtained by joining every vertex of graph G| with every
vertex of graph G, [7].

If M is a matrix associated with a graph G of order n, the
M-coronal T'ys(4) of G is the sum of elements of the matrix
(AL, —M)~" . Thatis, Ty (1) = 1,7 (AL, — M)~'1,,, where
1,, is a column vector of order z x 1 and 17 is its transpose and
I, is an identity matrix of order n x n [2]. This definition is a
generalization of the coronal of a graph introduced by McLe-
man and McNicholas for the adjacency matrix of a graph [10].
Considering the &-matrix A 2 (G) associated with the ver-
tex partition & of a graph G we define the &?-coronal of G
and denote it by Ts ,, () = 17 (A —A»(G))~'1,. We have
adopted the method of first finding the characteristic polyno-
mial ¢4 (G) of G in terms of the coronals of the component
graphs and then determining the value E4 (G) .

We would be referring to the following result proved by



Liu and Zhang in 2019 relating I'ys(4) with a real matrix A,
the identity matrix I, and J,x,, a matrix of order n x n for
which each element a;; = 1.

Lemma 1.1. [9] Let A be an n x n real matrix. Then
det(Al, —A—aJ,) =[1—aly(A)]det(A, —A). (1.1)
where  is a real number and A is an eigenvalue of A.

We close this section by stating the following lemma
and the definitions of k-complement and &(i)-complement
of graphs required for further discussion.

Lemma 1.2. [16] If M,N,P,Q are matrices where M is in-
vertible and S = (% g), then detS = detM - det[Q — PM~'N].

Definition 1.3. [11] Let G be a graph and P, = {V1,V>,..., Vi }
be its vertex partition. Then the k-complement of G, (G)y is
obtained by removing edges between the vertices of V; and V;,
fori# jand adding edges between the vertices of V; and V;
which are not in G.

Definition 1.4. [12] Let G be a graph and P, = {V1,Va,..., Vi }
be its vertex partition. Then the k(i)-complement of G, (G )y
is obtained by removing edges of G joining the vertices within
V, and adding the edges from complement of G between the
vertices V.

2. Main results

In this section, we present a generalized expression for
the characteristic polynomial of the graph G|V G, in terms
of the characteristic polynomials and coronals of the compo-
nent graphs. Further we obtain &7- energy of join of graphs
with respect to specific vertex partitions. Recall that T'y , (1)
denote the coronal corresponding to the matrix A o (G).

Theorem 2.1. If | and &) are the vertex partitions of two
graphs G1 and G, of order ny and ny respectively, then

02(G1VG2,A)=02,(G1,A)02,(G2,A)[1 =Tay (A)Ta, (A)]-
2.1)

Proof. For a vertex partition & = &1 U &, of G1VGy, the
Z2-matrix
A@ (Gl)n Xn Jn X1
Az (G1VGy) = ! 17 1702 .
(@( ! 2) ( AQZ(GZ)@X;Q

J ny Xny
Therefore, its characteristic polynomial

Zf]nl 7A9I (Gl)nl xny
—an xny

7Jnl><n2

¢@(G1VG2,A) =

Aflnz —A 592 (G2>/12 Xny
By Lemma 1.2,

07(G1VGa,A) = AL, —Az, (G)||[Aly, —A,(G2)]—B.
2.2)
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where
B= anxnl [/’{'Inl *ABD] (Gl)]_l-]nl Xny

On computing the value of B, it can be written as the product
of a scalar quantity s and J,,x,,, where s is the sum of all the
entries from [Al,, — A, (G1)]~!. Therefore by the definition
of the &?-coronal of a graph,

B=Tx (A)Jnyns- (2.3)

Thus from Equations (2.2) and (2.3),
05(G1VG2,A) =92, (G1,A)| Ay, =A 2,(G2) =T, (A)Jysms |-
By Lemma 1.1,

05 (G1VGy,A) = 05, (G1,A)|Alny — Az, (G)|[1— s, (AT 5, (A)].
Hence, the characteristic polynomial of A 5 (GVG3)
$0»(G1VG2,A) =02,(G1,4)02,(G2,A)[1=Ta,, (A)Ta,, (A)].

O
Remark 2.2. For & =V (G1VG),

052(G1VG2,A) =0, (A, )92, (B,A)[1 —4L4(A)T(1)].
(2.4)

where A=A g, (G1) +naly, and B=A 5,(G2) +nily,.

It has been observed in [2, 3, 10] that the adjacency matrix
of a regular graph has a constant row sum, but it is inter-
esting to observe that in case of &7-matrix, not only regular
graphs but non-regular graphs can also have &?-matrices with
constant row sum. Note that, row sum is the sum of all the
elements in a row of the given matrix.

We now attempt to determine the exact value of E 4 (G VG2)
in the special case when A 5 (G ) and A 4 (G>) has a constant
row sums R and R; respectively. First we prove the following
lemma that gives the value of T'4 , (4).

Lemma 2.3. Let G be a graph of order n such that its -
matrix A »(G) corresponding to the partition & has a con-
stant row sum R, then

n

Lap(A) = 7

2.5)

Proof. Let Az (G) be &-matrix of G and R be its constant
row sum. Thus,

A»(G)1,=R1,.

Therefore,

Ta,(A)=11[AL,—A%(G)] "1, = =




Using Theorem 2.1 and Lemma 2.3, we derive the char-
acteristic polynomial of &7-matrix of join of two graphs
G and Gy in the special case when &2-matrices of G| and G»
have a constant row sum R| and R, respectively.

Lemma 2.4. If G| and G, are graphs of oder ny and nj
having vertex partitions &\ and & such that Az, (G1) has
a constant row sum Ry and A o, (G2) has a constant row sum
Ry, then with respect to the vertex partition & = P\ U P, of
G1VGy,

(A=R)(A—=Ry)—nimy

$02(G1VG2,A) =92,(G1,4)02,(G2, 1) G-R)A-R)

(2.6)
where P and P, are the vertex partitions of G and G.

Proof. By Lemma 2.3,

Thop, (M) =375 27
and
Ti, (2) = #2&. (2.8)

Therefore by substituting Equations (2.7) and (2.8) in (2.1),

¢’§”(GIVG27A) = ¢3’1 (Glyl)ﬁb%(Gz,l) {1 - %Rl%&]

(A_Rl)(l_R2)_n1”2:|
(A=R)A-Ry) |

o, (cl,x)m(c;m[
O

Theorem 2.5. Let G| and G, be two graph of order ny and
ny respectively. Let 2| and &7, be their respective vertex
partitions. Then for a vertex partition & = P U P, of
G1VGy

E5(G1VGy) =E,(G1)+E»,(G2) — Y |Ri]
=12

+a { ' (Ri +R2) + \/(Rl +R2)> —4(RiRy —niny)

2 }

+ ’(R1 -‘rRz) — \/(Rl +R2)2 —4(R1R2 —nlnz)

where R; is a constant row sum of Az (G;), fori=1,2.

Proof. By Lemma 2.4, Equation (2.6) can be written as

(A —Ri][A = Ro]9(G1V G2, A)

= (Pyl (G],A)¢y2(G2,A)[(l —R])(;L —Rz) —nlnz}.
2.9)

Let the left hand side of the Equation (2.9) be L(A) and the
right hand side be R(A). Thus, the roots of the equations
L(A) =0 and R(A) = 0 are same. Therefore, sum of the
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absolute values of the roots of these equations are also same.
Thus,

Y [Ri|+E2(G1VG2) = Ez,(G1) + E,(G))
=12

+ 1{’(R1 +R2) + \/(Rl +R2)> —4(RiRy —niny)

2
+ (R1—|—R2)—\/(R1+R2)2—4(R1R2—n1n2) }
Hence,
E(@(G]VGz):EQI(Gl)‘i’E:@z(Gz)* Z |R;|

i=1,2

+ ;{ ’(Rl +Ry) + \/(Rl +R2)? —4(RiRy —nina)

Remark 2.6. As observed in [8], the &7-energy of a graph G
corresponding to partition & =V (G) is the maximum and is
referred to as the robust -energy E z,(G). Therefore, from
Equations (2.4) and (2.5) it follows that robust &?-energy of
Gi1VGy

+ '(Rl +Ry) — \/(Rl +Ry)?—4(RiRy —niny)

O

Y IR

np ny
E»,(GiVGy) =Y |Ai+m|+ Y A/ +m|—
i=1 i=1 i=1,2

1
w3 { | m) R =R )

2
where A;, Al are the eigenvalues of Az, (G1), Aw,(G2) re-
spectively.

(R 85) R+ R 4R~ )

In the next theorem, we derive an expression for the char-
acteristic polynomial for the join of k-copies of a graph F in
terms of characteristic polynomial of F. Further, using this
expression we obtain E » (G) where G is the join of k-copies
of F when A » (F) has constant row sum.

Theorem 2.7. Let F be a graph of order t and &) be its
vertex partition. If G is the join of k-copies of F, then for the
vertex partition & of G having k elements, each of which is a

2,
05(G) = [0, (F.2)]* [1— (k= 1), ()] [14Ta,, ()] *7Y.
(2.10)

Proof. By the choice of &, we have the &-matrix of G,

Az, (F) J J J

Ay](F) J J

Ap(G)= J J Az (F) ... J
J J J Ap (F



Therefore, the characteristic polynomial of A 5 (G)
07 (G) = [M —Az(G)|.

Apply the following row and column operations on ¢4 (G),

k
(i) Add Y C; to first column,
i=2

th

(ii) Subtract first row from i*"* row, for i = 2,3,... k.

Therefore, it becomes

0(G.A) = |1 =, (B) (= 1) |[ A1 A (F) 4]

By Lemma 1.1,
0(G,A) = [1 — (k= DT, (W] |AL- A, ()|
{14 (N|AL Az, (F)|} )
= [0, (FA)])*[1 = (k= )Ta (A)] [14 T ()]
0

Remark 2.8. For #Z =V (G),

0(G) = [0, (C.2)]*[1 ~2(k— 1)Tc(2)] [1+20e(2)] )
where C =A gz, (F)+ (n—1)I,.

Now, we consider the join of k-copies of a graph F' wherein
the &2-matrix of F has a constant row sum and obtain the cor-
responding characteristic polynomial in the the next result.

Lemma 2.9. Let G be the join of k-copies of a graph F of
ordert. Let & and & be the vertex partitions of G and F
respectively. If A, (F) has constant row sum R, then for &
such that it is the union of k-copies of &,

9 (G,A) = [q)f'(?r[l—R—(k— D] [A—R+8]*7Y.

Proof. LetAp, (F) be a &7-matrix of F which has a constant
row sum R, then by Lemma 2.3,

t

Ca, (A)

Therefore, by Theorem 2.7 and Equation (2.11)

05(G) = [0, (KA [1 = (k= D)= [14+ ]V

_ [¢91(F12‘)
L AR

Thus, the result holds. O

“[A=R—(k—1)][A—R+1]*7V.

By using Lemma 2.9, we obtain the corresponding -
energy.
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Theorem 2.10. Let F be a graph of order t and G be the
Jjoin of k-copies of F. Let &\ and &P be the vertex partitions
of G and F respectively. If Az, (F) has a constant row sum
R, then for a vertex partition & such that it is the union of
k-copies of P,

E(G)=kEw, (F)—kR+|R+ (k— 1)t|+ (k—1)|R—1|.
(2.12)

Proof. By Lemma 2.9, the characteristic polynomial of A 52 (G)
can be written as,

(A —R\05(G.2) = [, (F)]*[A —R—(k—1)i] [2 —R+1]* 7).
(2.13)

Now, consider the left hand side and the right hand side of the

Equation (2.13) as L;(A) and R; (A) respectively. The roots
of equation L;(A) = 0 and R;(A) = 0 are same. Therefore,
the sum of the absolute values of their roots are also same.
Thus,

kR+E»(G) =kEz, (F)+|R+ (k—1)t|+ (k—1)|R—1|.
Therefore,

E»(G)=kEp» (F)—kR+|R+ (k—1)t|+ (k—1)|R—1|.
Hence, the result holds. O

Remark 2.11. The robust &-energy of join G of k-copies of
a graph F

!
Ep (G)=kY |Ai+n—1]|—kR +|R' +2(k—1)t| + (k—1)|R — 2|

i=1

where A; is an eigenvalue of A, (F) fori=1,2,...,t and R’
is the constant row sum of A g, (F) + (n—1)1,.

3. Complements of join of graphs

In this section, we determine the &?-energy of comple-
ment and generalized complements of join of graphs. It is to
be noted that, the disjoint union of graphs is the complement
of the join of those graphs [7].

We begin with the &?-energy of complement of join of
k-copies of a graph.

Theorem 3.1. Let G be a graph of order n obtained by the
Jjoin of k-copies of a graph F of order t and & be its vertex
partition such that it is the union of k-copies of vertex partition
P of F. If G is the complement of G, then for the vertex
partition 2 of G,

Ex(G) =Y Eu,(F).

1

-
\

1



Proof. For a vertex partition &2 such that it is the union of
k-copies of &2}, the &-matrix of G is

A, (F) 0 0 0

0 Agp,(F) o .. 0

Ap(G)= 0 0 Agp,(F) ... 0
0 0 0 Agp, (F) kxck

(3.1)

where 0’s are the block zero matrices of order ny X ny. There-
fore by Lemma 1.2 and Equation (3.1), we get

(1)32(6,2,) = ¢W1 (f7k)¢92(f7)‘> . ¢9k<f’2’)
Therefore,
Egz(é) =Egx, (F) +E,@2(F) +... +E9k(f).

O

In the next theorem, we determine the characteristic poly-
nomial of complement of the join of k-copies of F'. It’s proof
is similar to that of Theorem 2.7.

Theorem 3.2. Let F be a graph of order t and &\ be its
vertex partition such that 2\ =V (F). Let G be a graph of
order n obtained by the join of k-copies of F and 2P be its
vertex partition. Then for 2 =V (G),

05(G) = [0, (D, 1)1+ (k= 1)Tp(A)] [1-Tn(2)] “ .

where D =A g, (F)+ (n—1)l,.

Now we consider a graph F whose &Z-matrix has a con-
stant row sum and find the corresponding &?-energy using
Theorem 3.2.

Theorem 3.3. Let G be a graph of order n obtained by the join
of k-copies of a graph F of order t such that & and & are
their vertex partitions respectively. Let G be the complement
of G If Aw, (F) has constant row sum R, then for 2 =V (G),

E5(G) :ki |Ai+n—t| —kR' +|R — (k— 1)t|+ (k—1)|R +1].
. (3.2)

Proof. By Lemma 2.3 and Theorem 3.2,
05(G) = [0, (DA [+ (k= 1)1 -

where D =A g, (F)+ (n—1)I; and R’

t k—1
}( )

A—FR
}(kl)

=R+n—t.
- {W}k[AR’+(kl)z} ey

A—R +(k—
A—R

05(0) = [07,(D.2))"| A
A—R

Thus, it can be written as

(A —=R)95(G,2) = [0, (D)]* [L =R + (k= 1)r] [A-R -

2086
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Therefore,
kR'+E%(G,1) :kzt:|7ti+n—t|+|R’—(k— 1)t
i=1
+(k—1)|R +1]
E%(G) :kzll|/l,-+n—t\ —kR' +|R — (k—1)t]
i=1
+(k—1)|R +t1|.

where 4; is an eigenvalue of D = A g, (F) + (n—1)1;.
O

Now, we obtain the &?-energy of complement of join of
k graphs in the next result. We state it without proof as it’s
proof is similar to the proof of Theorem 3.1.

Theorem 3.4. Let G be the join of k graphs G1,G»,...,Gy
such that P, 2, ..., Py are the vertex partitions of

G1,Ga,...,Gy respectively and & = U P, be the vertex par-
tition of G. If G i lS the complement of G then for the vertex

partition & = U P of V(G),
i=1

Egz(é) :EQI(GI) +E92(G2)+...+E9k(Gk).

In the next theorem, we determine the &?-energy of k-
complement of join of k graphs.

Theorem 3.5. For a graph G =G G2V ...V Gy of order
k
n such that & = 'y, &;,

i=1

k
Ez((G)) =Y Ex,((Gix). 3.3)

where (G)y, is the k-complement of the graph G and &; is the
vertex partition of G;, fori=1,2,... k.

Proof. The &-matrix of (7 Vi die
diagonal entries are A », (G )k, Az, (G2 )i - - -
Therefore, by Lemma 1.2

9 ((G)i:A) =92, ((G1)i: 1) 9, ((
Thus, the Z-energy of (G); is
=E,((G)t) +E,((G2)i) +...+Ez, ((Gi)-

O

is the diagonal matrix whose
7A.9”k (Gk)k-

G2)isA) .. 02, ((Go)r, A).

Ez((G)k)

Remark 3.6. Let G be the join of k graphs having the vertex
partition & =V (G) and (G); be the 1-complement of G.
Then the robust &-energy of (G)|

E,((G)1) =E,(G).

Now, we determine the characteristic polynomial of k(i)-
complement of join of k-copies of a graph.




Theorem 3.7. Let F be a graph of order t and let &P be its
vertex partition. If G is a graph of order n obtained by the
Jjoin of k-copies of F such that & is its vertex partition, then

for P of (G)w(; such that it is the union of k-copies of 9,

905Gy = [0, (P M) “[1 = (k= 1T, (A)]
(14T, ()], G4

We omit the proof of Theorem 3.7, since the process of
obtaining Equation (3.4) is similar to that of Equation (2.10)
in the proof of Theorem 2.7.

Now in Theorem 3.8 by considering the case when A z», (F')
has a constant row sum R, we obtain the the corresponding
Z-energy by the similar method as shown in the proof of
Theorem 3.3. Therefore, we state the result directly without
proof.

Theorem 3.8. Let G be the join of k-copies of a graph F of
order t having & and &P as their vertex partitions respec-
tively. If A, (F) has constant row sum R, then for a vertex

partition & of (G)y(;) such that it is the union of k-copies of

vertex partitions 2\ of (F)i(
E5((G)i(i)) =kE, ((F)i(p)) —kR+[R+(k—1)t|+ (k= 1)|[R—1].

The robust &?-energy of the k(i)-complement of join of k
graphs is given by the following result.

Proposition 3.9. Let G; be graphs of ordern; fori=1,2,... k.

If G=G1vGyv ...V Gy, then for the vertex partition
P =V((G)13))

1

)}

i=1j=1

-

Ez,((G)14)) = Ai; + (n—n;)

where (G) ;) is the 1(i)-complement of the graph G of order

nand 2;; is an eigenvalue of A,((Gi) 1)) for j=1,2,...,n
wherei=1,2,... k.
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