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New results on “7-energy of join of graphs
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Abstract
The &7-energy of a graph G with a vertex partition & is the sum of the absolute values of the eigenvalues of its
Z-matrix . In this article, we discuss the &?-energy of the join of graphs in the special case when the component

graphs are either regular or complete bipartite.
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1. Introduction

The study of the energy of an arbitrary graph was initiated
by Ivan Gutman, a chemist and mathematician in 1978 [3].
For a given graph G, its energy is sum of the absolute values
of eigenvalues of the adjacency matrix A(G) [3]. In last few
decades, extensive studies have been done on graph energy
and its variations [4-6].

Sampathkumar et al. [9] introduced the concept of k-
partition energy of a graph Ep, (G) in 2015 using the idea of
L-matrix that takes into consideration the vertex partitions
of G. Prajakta and Mayamma [7] extended the concept of
k-partition energy and initiated the study of #-energy, the
sum of absolute values of eigenvalues of &Z-matrix A 5 (G).
The entries of A (G) = (aij)nxn are given by

(V| ifi=jandvi=v;eV,, forr=1.2,...k
2 ifviv; € E(G) with vi,vj €V,

-1 if viv; ¢ E(G) withv;,v; € V,,
0 otherwise.

In their study on Z-energy, the authors have used the
concept of the &-coronal of a graph G I'y ,, (A) which is the

if viv; € E(G) withv; € V. and v; € V; for r # s,

sum of entries in (Al, — A5 (G)))~" where I, is an identity
matrix of order n [8] to find a generalized formula that gives
the characteristic polynomial of the join of graphs [8]. The
I, (4) in fact is a variation of M-coronal defined in [1] and
is associated with the matrix A 5 (G) corresponding to a graph
G with the vertex partition &.

It has been observed that &-matrix of regular graphs have
constant row sum. In this article we determine &-energy of
join of regular graphs along with that of the join of non-regular
complete bipartite graphs. The following results found in [8]
are required for further discussion.

Theorem 1.1. [8] Let G| be a graph of order ny and G, be a
graph of order ny. If &) is a vertex partition of G| and &
is a vertex partition of G, then

02(G1VG2,A) =02,(G1,4)02,(G2,A)[1 =T4, (A)l4,, (A)]
(1.1)

where T's 4, (A) is the &P-coronal of G; corresponding to
Az,(Gi), fori=1,2.

Theorem 1.2. [8] Let F be a graph of order t and let &7 be
its vertex partition. If G is a graph of order n obtained by the
Jjoin of k-copies of F such that & is its vertex partition, then
for & of G such that it is the union of k-copies of &,

905(G)= [0, (F.1)]*[1 = (k—1)Tu, ()] [14Ta,, ()] %Y

(1.2)

where I“A@1 (L) is the P-coronal of F corresponding to
A, (F), fori=1,2.



Theorem 1.3. /8] Let G; be a graph of order n; and let 2; be
its vertex partition, for i = 1,2. If A »,(G;) has a constant row
sum R; for i = 1,2, then for a vertex partition & = P U P,
of G1V Gy,

A=R)(A—Ry) —miny

(A—=R))(A—Ry) a3

05 (G1VG2,A) = 95, (G1,4)92, (G2, 1) {

where 221 and &Py are the vertex partitions of G| and G».

2. Regular graphs

In this section, we explore the &7-energy of join of regular
graphs. We begin with a lemma that gives a property of
A% (G) when G is a regular graph.

Lemma 2.1. If G is a regular graph with vertex partition
P ={V\,Va,...,Vi} such that \V;| =1, fori=1,2,... k, then
A (G) has a constant row sum R =1+ L (4my +2my — 2ms3)
where my is the number of edges having end vertices are
in same vertex partition, my, the number of edges with end
vertices are in different partition and m3 is the number of
non-adjacent pairs of vertices.

Proof. Consider a regular graph G a vertex partition & =
{V1,Va,...,Vi} such that |V;| = for each V; € . Since G is
aregular graph and each diagonal entry of A 5 (G) is [, sum of
the elements of each row of A »2(G) is a constant, say R. Now
we will determine the value of R in terms of the types of edges
of G. It can be observed that, number of 1’s, 2’s and —1’s are
2m1, 2my and 2mj3, respectively. Therefore, the value of R is
given by R =1+ 1 (4my +2m, — 2m3). O

Note that, the quantities my,m»,m3, and m},m}, m} used
in Theorem 2.2 are taken in the same context as that of
m1,my and m3 mentioned in Lemma 2.1.

Theorem 2.2. Let G| and Gy be two regular graphs of order
ny and ny with vertex partitions &) and &, respectively. If
P = {U17U2,. .. ,Ukl} and &) = {Vl,Vz, ... 7Vk2} such that
|Ui| =11 and |V;| = Ly, then for the vertex partition & = P U
P, of G1V G,

2(G1VGy) =

M,
li+—
n;

where My = 4mj + 2my — 2m3 and M, = 4m'y + 2m)y — 2m;,

|:ll+12+ +22 } {(11—12)2+(";ll_

+2I (2 - > +4n1ny

andb]—{ll—kl —I— +
”,f;}—{(ll—lz)%(f;—
1

My MM

) o (- ) o (22
2

M

nll) +4n1n2} .

Proof. For the vertex partition & = & U %, of G|V Gy, by
Theorem 1.3 and Lemma 2.1, the characteristic polynomial

2093

1
+§(|a1|+|b1|),

)+zz (— (ii) E(G1VGy) =
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A@(G) is

¢9](GI,A)¢%(GZ,A){[A (1,+”‘l4[1 NA— (lz+,,2)] nlnz}
A=+ A -+ 52)]

¢9<G]VG2~},) =
It can be written as

A=+ 2 DIR = (2 22)]6 (G162, )

=9, (Gl,/l)qb%(cz,z){[x - {z, +lz+%+@}l

na

M, M
+ [11 +h+ 4 —2} —nlng}. .1
ny ny

Let left and right side of Equation (2.1) be L(A) and R(A)
respectively. The roots of the equations L(A) =0 and R(1) =
0 are same. Therefore, the sum of the absolute values of the
roots of these equations are also same. Thus,

M M
|+ =Dl + |+ =)+ E (G176, )
ny np
1
x)+5{\a1|+\b1\},

=Eg, (G1,A)+Ez, (G, (2.2

where M| = 4my +2my —2m3 and M = 4m, 4 2m), — 2m;,

[h-ﬁ-lz-ﬁ- + 52 } {(11—12)2+(141'—n2>+21 (_

2
)+21 <M21‘j;>+4n1n2} and by = [11+12+ +

] e (s e (i) (i

2
"1) +4nny
Therefore, on simplifying Equation (2.2) we get the re-
quired result. 0

Corollary 2.3. Let G| and G be two regular graphs of order
ny and na,with degrees r\ and ry respectively. If &\ and &2,
are the vertex partitions of G| and G,, then corresponding to
the vertex partition & = P U P, of G|V Gy, then,

'_erzEg’i(Gi) 21’ (31’,+1 2{|a\+

, where a:[3(r1+r2)+2}+ 3(7‘17}’2) +4nyny and b =

(i) Ex(Gi1VGy) =

[3(r1 +7r2)+2]—\/3(r1 — 12)% +4nyny, provided 2, = {V(G)}
and Py ={V(G,)}.
'lezEgzi(Gi) Z (2)’, n,+2 2{|a2\+
i=1, i=1
|b2|},where ar =[2(r1+r) — (m +n2) +4]+{(2r +

2r2)2—|—(n1 —|—n2)2—|—4r1 (nz—n1)+4r2(n1 —nz)}% by, =
[2(r1+12) — (n14+n2) +4] = {(2r1 +2r) >+ (n1 +n2)> +
1
4ri(np—ny)+4ry(ny —ny)}2 when ) = {{u; }, {u2}
Aun tyand Py = {{vi},{»},. . {v} )
By Theorem 1.2 and Lemma 2.1, we obtain the following

result. We state it without proof as the proof is similar to that
of Theorem 2.2.



Theorem 2.4. Let H be a regular graph of order ny and
P ={V1,Va,...,V,} be its vertex partition such that |V;| = [;
fori=1,2,....t. Let G be the join of k-copies of H and &
be its vertex partition such that it is the union of k-copies of
P. Then for &

E»(G)=kEz, (H)

(k—1)

k
+ 7|M1 +1in —nﬂ — —|lln1 —|—M1|.
ny ni

1
t+—[(k=1)ni + 1+ M|
1

Corollary 2.5. Let H be an ri-regular graph of order ny and
P be its vertex partition. Let G be the join of k-copies of H.
If P is the vertex partition of G such that it is the union of
k-copies of &, then

(i) E»(G)
1 —ny|—k|3r; + 1| when 2, =V (H) and

(ii) Ex(G) = kEg, (H)+[2(r1 + 1) —kny| +2(k— 1)|r+
1—n1|—k|2r1 —n1—|—2| lf@l = {{ul},{uz},...,

Let G be the join of k regular graphs of order ny,na, ..., n
and degree ry,r2,...,r; respectively. Then the join G is a
regular graph if n; — r; = nj11 — rix1 [2]. In the next theorem,
we use this condition and obtain the &?-energy of a regular
graph which is the join of k graphs, each of which is regular.

Theorem 2.6. Let G1,G,,...,Gy be the regular graphs of
order ny,ny,...,n; and degree ry,rs, ...,y respectively. Let
P, Py, ..., P be their vertex partitions. If G=G VG,V ...
VGy is an r-regular graph of order n such that r = n — s, then
k
for a vertex partition & = |J &; of G
i=1

k k—1 1
—2R+(Zn,+Rk)+Z\R —ni| (2.3)

17 l
where R; is a constant row sum of Az, (G;) and s = n; —r; =
iyl —r,-+1,f0ri: ],2,...,](.

Proof. For a vertex partition & = &1 U %, of G, by Theorem
1.3,

02, (G1,4)92, (G2, A)[A — (11 + Ry)][A + 11 —R]

A—RJ[A —Ry]

Now, let G = (G1VG,)VG3 and & = P U P, U P3. Then
Equation (2.4) becomes,

¢9(G]VG2,1> =

2.4)

ﬁ‘Pﬂi(Gul) -

¢:@(G’l):i:i [)L_Ri] (n1+n2+R3)]

[A+n1—Ri][A+ny— R3]

H‘P] Gi, A Z n,+R3 H [)L+I’l, l
i=i [A‘ R i=1,2 =12

k
,Grand & = | &,

i=1

continuing in this way for G1,G»,...

we obtain

L 95,(Gi,A) ¥
2 =T122 Ta= Ri—n){ A= | L s e V.
0202 =175 =y [IA- U {; ]}

2094

—=kE o, (H)+|3r1 +1— (k—1)my |+ (k—1)[3r, +

{un 1}
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2.5)
Now, Equation (2.5) can be written as

k—1
Hd’@ (Gi, M) [TIA = (Ri—ni)]

i=1

fi-[Enen]). a0

i=1

k
HA R0 (G, 1)

Consider the left hand side and the right hand side of the
Equation (2.6) as S;(A) and S(A) respectively. The roots of
equation Sy (1) =0 and S>(A) = 0 are same. Therefore, the
sum of the absolute values of their roots are also same. Thus,

k k

i=i i=i

k—1
Z ni +R;|.

i=1

*ni|+

k-1
A)+ Z |R;

i=1
Therefore,

ZE] (Gi,A) +Z|R — |+

i=i

Zn,-i—Rk

Z|Ri\~

=1

Hence, the result holds. O

Corollary 2.7. Let G; be a regular graph of order n;, degree

ri such that ; = V(G;), for i=1,2,...;k. If G = U G;
i=1
is a regular graph of degree r such that its vertex partition

k
P = P, then

i=1

k k
= ZE-@i(Gl') _Z(3h‘+ 1)""
i=1

i=1

k—1
(Zni—l—?)rk—i—l)

=1
k—1

+Y Bri+1-nl.27
i=1

3. Complete bipartite graphs

In this section, we determine the &7-energy of join of com-
plete bipartite graphs using Theorem 1.1 and 1.2. First we
obtain the &?-coronal of a complete bipartite graph.

Lemma 3.1. Let K, be a complete bipartite graph of order
n =r+s such that r # s. Then for the vertex partition & =
{V1,V2} where V| and V, are the two partite sets of K,.s and

P ={{n}.{v2},....{vn}}, the P-coronal of K, 5 is
nA+2rs—n
Fagp ()= A2—=24 —(rs—1)" G-

Proof. Let X =diag((A +s—1)I,(A +r—1)I) be a diago-
nal matrix of order n x n. Then

A —Az(K.)]X1, = [A* =24 — (rs— 1)]1,,.



Therefore,

Ta,(A) =10 [AL, — Az (K.)] "1,

- 17X1,
A2 =24 —(rs—1)]
B nA +2rs—n
A2 —(rs—1)]
O
Theorem 3.2. Let K,, 5, and K], be two complete bipartite

rn,s
graphs of order ny and ny. Let 3721 and &Py be their vertex
partitions respectively. Then for a vertex partition & = & U
Py of Ky, s, VK’

72,52’

VK, ) =Ez, (Kr5)) +Egy (K7, ;) = (14 /ris1)|

== ris)[ = [(1+/rs2)| = [(1 = v/r252)|

+le1|+|ea| +es] + |eal

Egp (Krl »S1

where c1,ca,c3 and c4 are the roots of the quartic polynomial
At—423— [V]Sl +ryso+niny —6]3,2—1-2[1’15‘1(1 —ng) +r2s2(1 —
ny)+ning —2)|A+[r1s1(2ny — 1) +ras2(2n1 — 1) = 3r1rasy50 —
nny +1].

Proof. By Lemma 3.1 and Theorem 1.1,

¢'9‘)1 (Krl »S1 7)l')¢92 (K;z,sz’l)
A% =24 — (ris1 = D][A2 = (r2s2—1)]

{[Az—zx—(rlsl— DA% -

¢.92’ (KruS] VK;/'ZA,sz ) )L) - )
24 — (rasp — 1)]

b

—[mA +2r1s1 —ny][n2A +2r250 — 3]

It can be written as,

vVK!

M’z —21 - (rlsl - 1)}[12 —2A— (VZSZ - 1)]¢L@(Kr1,51 r2,327l) =

¢9| (Krl.m 7A)¢92(K;27s272’){[2’2_22' - (rlsl - ])}[12_22' - (FZSZ

— 1)] — [Ill)L +2r181 —nl}[ng/l +2r252—n2}}.

On taking factors of the first two terms on the left hand
side, we get

{(/1 — (4 y/rs) (A = (1= y/rs) (A = (14 /r2s2)) (A = (1=

VIE) 930 K KLy 2= 029, (K 20 (K1 2 { 17—
24 — (r1s1 — 1)”12 —2A — (r2s2 — 1)} — [I’l]k +2r18] —nl][ngl +
2rysp —my] ¢

On simplifying the last two terms on the right hand side,

2095
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we obtain
(A= (1+Vris)(A = (1 =/ris1)(A = (1+/rs2))
(A= (1 =/r252))92 (K, 5, VK], 5, 1)

= 00 Ky )0 () {2042 1 s
+n1n2—6}),2+2[r1s1(1 —n2)+r2s2(1 —nl)—f—nlng—ZM

+[r1s1(2n2—1)+r2s2(2n1 —1)—31’1)’25‘15‘2—1’!1”24—1]}.

Thus,

(L+/riso)+ (1= /rist) [+ (1 +/r2s2) [+ [(1 = /r282))|
+E32(Kf1»¥| VK;Z,syl) :EQZH (Krl.,sl 71) +E<@2(K;275272’)

+lerl+leal +les[+leal  (32)

where c1, ¢y, c3 and ¢4 are the roots of the quartic polynomial
At —4p3 — [rlsl +rysy +niny — 6]12 +2[}”1S1 (1 7112) + r2s2(1 —
ny)+ning —=2|A+[r1s1(2np — 1) +ras2(2ny — 1) =3ryrasyso —npny +
1].

Hence on simplifying Equation (3.2), we get the required
result. O

Since the proof technique of the following theorem is
same as that of Theorem 3.2, we state the next result without
proof.

Theorem 3.3. Let G| be a graph of order ny such that A », (G1)
has a constant row sum R\ and K, 5, be a complete bipartite
graph of order ny. Let &1 and &7, be their vertex partitions
respectively. Then for a vertex partition & = 2, U P of
Gl VKrl S10

Ee@(Gl VKrl-,Sl) =Egp, (Gl) +E, (Krl 7S1) - |R1|
— (14 +/ris1)| +|di |+ |da| + |d5]

where dy,d, and d3 are the roots of the cubic polynomial
- (R] +2)A,2 — [2R1 —ris1—niny+ 1}), + [R1 (r1s1 — 1) —
2ris152nq —I—nlnz].

Now, we derive the expression for &-energy of join of
k-copies of K, in the next theorem.

Theorem 3.4. Let K, be a complete bipartite graph of order
t, for r £ s and &P\ be its vertex partition. Let G be the join
of k-copies of K,.; and &7 be its vertex partition such that it is
the union of k-copies of #1. Then

E»(G) =kEp, (Kys) — k(14 /rs) —k(1 —+/rs)
1
+2{
(k= 1) 42— /2~ 12 +4[2(k— 1)+ 1]rs

t—=24+V2+4rs|+ |t —2—/t2+4rs

tk—1)+24/2(k— 12 +42(k—1) + 1]rs

+

- -

b

of




Proof. By Lemma 3.1, the &?-coronal of K, corresponding
to A, (Ks) is given by

tA+2rs—t

rA@l (4) A2—2A—(rs—1)"

(3.3)

By substituting Equation (3.3) in (1.2), we get

k
¢2(G,A) = [dml(f)] [D— (k—1)N][D+N]*Y.
(3.4)

where N = (tA +2rs—t) and D = A> — 214 — (rs — 1). Equa-
tion (3.4) can be written as

k
D95 (G, 1) = {%@1 (Kr,s):| [D—(k—1)N] [D+N]"* Y.

3.5)

Consider the left hand side and the right hand side of the
Equation (3.5) as S1(A4) and S»(A) respectively. The roots of
equation S;(A) =0 and S>(A) = 0 are same. Therefore, the
sum of the absolute values of their roots are also same. To get
this, we need to find out their roots.

1. The roots of D are 1 /rs, roots of [D— (k—1)N].
2. The roots of [D— (k—1)N| are

;{t(k—l)+2i t2(k—1>2+4[2<k_1)+1]rs}

3. Then roots of [D +N] are
1
E[t =2+t +4rs]
Thus, by Equation (3.5)

k(1+/1s) +k(1 = /15)E»(G) = kE 2, (K.5)

tk—=1)4+2+1/t2(k—1)2+42(k— 1)+ 1]rs

!
2

(k= 1) 42— (k= 12 +4[2(k— 1) + s

t—24+ V12 +4rs t—2—\/12+4rs

(3.6)

L]
2

L1
2

L1
2

On simplifying Equation (3.6), we get the required result. [J
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