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1. Introduction

In 1963, J.C.Kelly [1] expressed the geometrical existence
of bitopological space that is a non empty set X together with
two arbitrary topologies defined on X and it plays an important
role to study the shapes of objects. General topologist have
introduced and investigated different forms of open sets in
bitopological space. As a generalization of closed sets, in
1970, N. Levine [2] initiated the study of so called g-closed
sets. As the strong forms of g-closed sets, the notion of -
closed sets (= w-closed sets) were introduced and studied
by Veerakumar [11] and Sheik John [12]. Using g-closed
sets, Munchi [5] introduced g-regular and g-normal spaces
in topological spaces. In a similar way, Sheik John [12] was
introduced w-regular and w-normal spaces using @-closed
sets in topological spaces. Recently, several researchers was
introduced and studied many types of normal and regular
spaces in topological spaces and bitopological spaces as so
on. In this paper, we introduce the notions of (1,2)*-g-normal
space and (1,2)*-g-regular space in bitopological spaces. We

obtain several characterizations of (1,2)*-g- normal space,
(1,2)*-g-regular space and some preservation theorems are
given.

2. Preliminaries

Throughout this paper (X, 71,7;) and (Y, 61, 0) (or sim-
ply X and Y) represents the non-empty bitopological spaces
on which no separation axiom are assumed, unless otherwise
mentioned. For a subset H of X, 7 2-cl(H) and 7y »-int(H)
represents the closure of H and interior of H respectively.

We recollect the following basic definitions which are
used in this paper.

Definition 2.1. Let S be a subset of X. Then S is said to be
Tip-open [3] if S=AUB where A€ 7| and B € 1.
The complement of 71 »-open set is called T >-closed.
Notice that T1-open sets need not necessarily form a

topology.

Definition 2.2. [3] Let S be a subset of a bitopological space
X. Then

1. the 1) 5-closure of S, denoted by 7Ty 2-cl(S), is defined
as {F :SCF andF is 7| z-closed}.

2. the T s-interior of S, denoted by T 2-int(S), is defined
as U{F : F C Sand F is 71 -open}.

Definition 2.3. [3] A subset A of a bitopological space (X, T1,T2)
or X is said to be a (1,2)*-semi open set if A C Ty 2-¢cl(T) 2-
int(A)).



The complement of the above mentioned set is called a
closed set.
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3. (1,2)*-g-Normal Space

Definition 3.1. A bitopological space (X,t1,72) is called

Definition 2.4. [9] A subset A of a bitopological space (X, T1,T) (1,2)*-g-normal if for any pair of disjoint (1,2)*-g-closed

or X is said to be a (1,2)*-semi closure of A, denoted by
(1,2)*-scl(A), is defined as N{F : S C F and F is (1,2)*-semi
closed}.

Definition 2.5. A subset H of a bitopological space (X, 11,72)
or X is said to be

1. a(1,2)*-generalized closed set (briefly, (1,2)*-g-closed)
[10] if T12-cl(H) C U whenever H CU and U is 7 »-
open.

2. a (1,2)*-weakly closed set (briefly, (1,2)*-W-closed)
[12] if T12-cl(H) C U whenever H CU and U is T »-
semi open.

3. a (1,2)*-g-closed set [7] if T12-cl(H) C G whenever
H C GandGis (1,2)*-sg-open.

4. a (1,2)*-9-closed set [6] if (1,2)*-scl(H) C G when-
ever HC G and G is (1,2)*-g-open.

5. a (1,2)*-g-closed set [6] if T1 2-cl(H) C G whenever
HC GandGis (1,2)*-4-open.

The complements of the above mentioned closed sets are
called their respective open sets.

Definition 2.6. A function f: (X, 71,72) — (Y, 01,07) is said
to be

1. a (1,2)*-continuous [4] if the inverse image of ev-
ery 012-closed set of (Y,01,02) is T 2-closed set in
(X, 71, 72)-

2. a (1,2)*-g-irresolute function [8] if the inverse image
of every (1,2)*-g-closed set in (Y,01,07) is (1,2)*-g-
closed in (X,711,7).

3. a (1,2)*-g-continuous [8] if the inverse image of every
Ty 2-closed set in (Y,01,0,) is (1,2)*-g-closed set in
(X, T, ’L'z).

4. a (1,2)*-G-irresolute function [8] if the inverse im-
age of every (1,2)*-9-closed in (Y, 01,02) is (1,2)*-94 -
closed set in (X,11,T2).

5. a (1,2)*-pre-9-closed [8] if f(U) is (1,2)*-4-closed

in (Y,01,0), foreach (1,2)*-4-closed set U in (X, 71, ).

6. a (1,2)*-weakly continuous [12] if the inverse image
of every o1 2-closed set of (Y,01,02) is (1,2)*-semi
closed set in (X, 71, T2).
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sets H and K, there exist disjoint T1 »-open sets A and B such
that H C A and K C B.

Theorem 3.2. Let (X, 71, 72) be a bitopological space. Then
the following are equivalent:

1. (X,71,m) is (1,2)*-g-normal,

2. For each (1,2)*-g-closed set F and for each (1,2)*-g-
open set A containing F, there exists Ti »-open set B
containing F such that | 5-cl(B) C A,

3. For each pair of disjoint (1,2)*-g-closed sets H and K
in (X,71,T2), there exists T) 2-open set A containing H
such that 71 »-cl(A)NK = ¢,

4. For each pair of disjoint (1,2)*-g-closed sets H and K
in (X,71,T2), there exist T 2-open sets A containing H
and B containing K such that 7) 2-cl(A) N 71 2-cl(B) =
0.
Proof. (1) = (2). Let S be a (1,2)*-g-closed set and A be
(1,2)*-g-open set such that S C A. Then SNA® = ¢. By
assumption, there exist 7 >-open sets B and L such that § C
B,A° C L and BNL = ¢ which implies 7 2-c/(B)NL = ¢.
Now T172-CI(B) NA¢ C Tl,z-Cl(B) N L= ¢ and so 17172-01(3) -
A.

(2) = (3). Let H and K be disjoint (1,2)*-g-closed sets of
(X,71,72). Since HNK = ¢,H C K¢ and K is (1,2)*-g-open.
By assumption, there exists 71 2-open set A containing H such
that 71 5-cI(A) C K¢ and so T1,2-CZ(A) NK = ¢.

(3) = (4). Let H and K be any two disjoint (1,2)*-g-
closed sets of (X, 71, 7;). Then by assumption, there exists
T 2-open set A containing H such that 7 2-c/(A) NK = ¢.
Since 71 2-cl(A) is 71 2-closed, it is (1,2)*-g-closed and so K
and 71 2-cl(A) are disjoint (1,2)*-g-closed sets in (X, 71, 7).
Therefore again by assumption, there exists 71 2-open set B
containing H such that ) »-c/(B) N T 2-cl(A) = ¢.

(4) = (1). Let H and K be any two disjoint (1,2)*-g-
closed sets of (X,71,72). By assumption, there exist 7y »-
open sets A containing H and B containing K such that 7y »-
cl(A)N 1 2-cl(B) = ¢, we have ANB = ¢ and thus (X, 71, T2)
is (1,2)*-g-normal.

Theorem 3.3. If f: (X, 71,72) — (Y, 01,07) is bijective, (1,2)*-
pre-4-open, (1,2)*-g-continuous and Ty »-open and (X, 71, T2)
is (1,2)*-g-normal, then (Y,01,0,) is (1,2)*-g-normal.

Proof. Let H and K be any disjoint (1,2)*-g-closed sets of

(Y,01,0,). The function f is (1,2)*-g-irresolute and so £~ (H)
and f~!(K) are disjoint (1,2)*-g-closed sets of (X, 11, 7).

Since (X, 71, T2) is (1,2)*-g-normal, there exist disjoint 7j »-

open sets A and B such that f~!(H) C A and f~'(K) C B.

Since f is 71 2-open and bijective, we have f(A) and f(B)

are T) 2-open in (Y, 01, 02) such that H C f(A),K C f(B) and

f(A)Nf(B) = ¢. Therefore, (Y,01,07) is (1,2)*-g-normal.
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Theorem 3.4. If f: (X, 71, T2) — (Y, 01,02) is (1,2)* -G -irresolut€roof. Let H and K be disjoint 7; o-closed subsets of (X, 71, T2).

(1,2)*-g-closed continuous injection and (Y, 01,0,) is (1,2)*-
g-normal, then (X,71,7) is (1,2)*-g-normal.

Proof. Let H and K be any disjoint (1,2)*-g-closed subsets
of (X, 71, ™). Since f is (1,2)*-%-irresolute, (1,2)*-g-closed,
we have f(H) and f(K) are disjoint (1,2)*-g-closed sets of
(Y,01,0). Since (Y,01,07) is (1,2)*-g-normal, there exist
disjoint 7j 2-open sets A and B such that f(H) C A and f(K) C
B.ie,HC fY(A),KC f'(B)and f'(A)Nnf~1(B) = ¢.
Since f is (1,2)*-continuous, f~'(A) and f~!(B) are 7 ,-
openin (X, 7, 7), we have (X, 1}, 1) is (1,2)*-g-normal.

Theorem 3.5. If f: (X, 11, 72) — (Y, 01,02) is (1,2)*-weakly
continuous, (1,2)*-g-closed injection and (Y,01,07) is (1,2)*-
g-normal, then (X, 7;,72) is normal.

Proof. Let H and K be any two disjoint 7 »-closed sets of
(X,71,72). Since f is injective and (1,2)*-g-closed, f(H) and
f(K) are disjoint (1,2)*-g-closed sets of (¥,01,0,). Since
(Y,01,02) is (1,2)*-g-normal, there exist 7j-open sets A
and B such that f(H) C A, f(K) C B and 7y 2-cl(A) N Ty 2-
cl(B) = ¢. Since f is (1,2)*-weakly continuous. we have
H C () C 1 o-int(f~" (71 2-cl(A))),K C f~'(B) C 110-

int(f~1(112-cl(B))) and 7y 2-int (f 1 (11.2-cl(A))) N T1 p-int (f~

cl(B))) = ¢. Therefore (X, 1y, ;) is normal.

4. (1,2)*-g-Regular Space

Definition 4.1. A bitopological space (X,71,T) is called a
(1,2)*-g-regular if for each (1,2)*-g-closed set G and every
point p ¢ G, there exist disjoint T| y-open sets A and B such
that GCAand p CB.

Theorem 4.2. Let (X,71,72) be a bitopological space is a
(1,2)*-g-regular space if and only if for each p € X and
(1,2)*-g-neighbourhood N of p there exists T| »-open neigh-
bourhood A of p such that T »-cI(A) C N.

Proof. LetN be any (1,2)*-g-neighbourhood of p. Then there
exists an (1,2)*-g-open set F such that p € F C N. Since F° is
(1,2)*-g-closed and p ¢ F¢, by hypothesis there exist (1,2)*-
open sets A and B such that F* CA,p € Band ANB = ¢ and
so B C A°. Now, 7i2-cl(B) C T12-cl(A°) =A° and F* C A
implies A C F C N. Therefore 7y 5-cl(B) C N.

Conversely, let G be any (1,2)*-g-closed set and p ¢ G.
Then p € G° and G° is (1,2)*-g-open and so G is a (1,2)*-g-
neighbourhood of p. By hypothesis, there exists (1,2)*-open
neighbourhood B of p such that p € B and 7y 2-cl(B) C G¢
which implies G C (71 2-c[(B))¢. Then (7| 2-cl(B)) is 71 »-
open set containing G and BN (71 2-cl(B))“ = ¢. Hence, X is
(1,2)*-g-regular.

Theorem 4.3. For a bitopological space (X, 7T, T,) is normal
<= For every pair of disjoint T1 »-closed sets H and K, there
exist (1,2)*-g-open sets F and G such that H C F,K C G and
FNG=¢.
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By hypothesis, there exist disjoint 7 »-open sets (and hence
(1,2)*-g-open sets) F and G such that H C F and K C G.

Conversely, let H and K be 7; »-closed subsets of (X, 71, 72).
Then by assumption, H CA,K C Band ANB = ¢, where A
and B are disjoint (1,2)*-g-open sets. Since H and K are
(1,2)*-94-closed by [[8], Definition 2.6]. H C 7 2-int(A)
and K C 7 2-int(B). Further, ) 2-int(A) N7y 2-int (B) = 71 2-
int(ANB) = ¢.

Theorem 4.4. Let (X, 71, T2) be a bitopological space is (1,2)*-
g-regular < for each (1,2)*-g-closed set G of (X, 71, T2)
and each p € G° there exist T| y-open sets A and B of (X, 71, T2)
such that p € A,G C B and 71 2-cl(A) N 71 2-cl(B) = ¢.

Proof. Let G be a (1,2)*-g-closed set of a bitopological space
(X,71,7) and p ¢ G. Then there exist 7| ,-open sets Ag and B
of (X, 71, 7) such that p € Ag, G C B and AgN B = ¢, which
implies Ag N 71 2-cl(B) = ¢. Since 7y 2-¢l(B) is 71 2-closed,
it is (1,2)*-g-closed and p ¢ 71 2-cl(B). Since (X,71,72)
is (1,2)*-g-regular, there exist 7) 2-open sets F' and T of
(X,71,7) such that p € F,7i0-cIl(B) CT and FNT = ¢,
which implies 7y 2-c/(F)NT = ¢. Let A=AoNF, then A
and B are 7y p-open sets of (X, 7;,72) such that p € A,G C B

l(mll,d"flﬁz—cl(A) Nty 2-cl(B) = ¢.

On the other hand side is trivial.

Theorem 4.5. Let (X, 71,T) be a bitopological space. Then
the following are equivalent:

1. (X,71,m) is (1,2)*-g-regular,

2. Foreach point p € X and for each (1,2)*-g-neighbourhood
N of p, there exists T\ >-open neighbourhood B of p
such that 7 »-cI(B) C N,

3. Foreach point p € X and for each (1,2)*-g-closed set G
not containing p, there exists Ti »-open neighbourhood
B of p such that 11 2-cl(B)NG = ¢.

Proof. (1) = (2). It is obvious.

(2) = (3). Let p€ X and G be a (1,2)*-g-closed set such
that p ¢ G. Then G is a (1,2)*-g-neighbourhood of p and by
hypothesis, there exists 7j o- open neighbourhood B of p such
that 71 »-c/(B) C G° and hence 7y »-cl(B) NG = ¢.

(3) = (2). Let p € X and N be a (1,2)*-g-neighbourhood
of p. Then there exists a (1,2)*-g-open set G such that p €
F CN. Since F¢is (1,2)*-g- closed and p ¢ F€ by hypothesis
there exists 7 >-open neighbourhood N of p such that 7; »-
cl(B)NF€¢ = ¢. Therefore 71 5-c/(B) CF CN.

Theorem 4.6. For a subset H of bitopological space (X, 71, T2),
then the following are equivalent.

1. (X,71,m) is (1,2)*-g-regular.
2. T]ﬂz—Cl@(H) = (1,2)*—§—CZ(H).

3. Tia-clg(H) = H for each (1,2)*-g-closed set of H.



(1) = (2). For any subset H of a bitopological space
(X, 71, 2), we have always H C (1,2)*-g-cl(H) C 71 2-clg(H).
Let p € ((1,2)*-g-cl(H))¢. Then there exists a (1,2)*-g-
closed set G such that p € G° and H C G. By assumption,
there exist disjoint 7 >-open sets A and B such that p € A
and G C B. Now, p € A C 12-cl(A) C B C G° C H® and
therefore 1) 2-cl/(A) NH = ¢. Thus, p € (71 2-clg(H)) and
hence 7y »-clg(H) = (1,2)*-g-cl(H).

(2) = (3). It is trivial.

(3) = (1). Let G be any (1,2)*-g-closed set and p € G°.
Since G is (1,2)*-g- closed, by assumption p € (71 2-clg(G))¢
and so there exists 7 >-open set A such that p € A and 7y »-
cl(A)NG=¢. Then G C (71 2-cl(A))°. Let B= (71 2-cl(A))".
Then B is Tj »-open such that G C B. Also, the sets A and B
are disjoint and hence (X, 71, T) is (1,2)*-g-regular.

Theorem 4.7. If (X,7(,T) is a (1,2)*-g-regular space and
(X, 1,m) — (Y,01,02) is bijective, (1,2)*-pre-4-open,
(1,2)*-g-continuous and 7 2-open, then (Y,01,07) is (1,2)*-
g-regular.

Proof. Let G be any (1,2)*-g-closed subset of (Y, 01,07) and
b ¢ G. Since the function f is (1,2)*-g-irresolute, we have
fY(G)is (1,2)*-g-closed in (X, 7y, 12). Since f is bijective,
let f(a) = b, then a ¢ f~'(G). By hypothesis, there exist dis-
joint 71 o-open sets A and B such that a € A and f(G)CB.
Since f is 7| 2-open and bijective, we have b € f(A), G C f(B)
and f(A)N f(B) = ¢. This shows that the space (¥, 01,07) is
also (1,2)*-g-regular.

Theorem 48. If [ : (X,7u,») — (Y,01,02) s
(1,2)*-Y -irresolute (1,2)*-g-closed continuous injection and
(Y,01,02) is (1,2)*-g-regular, then (X,7,72) is (1,2)*-g-
regular.

Proof. Let G be any (1,2)*-g-closed set of (X,7;,7,) and
a ¢ G. Since fis (1,2)*-%-irresolute (1,2)*-g-closed, f(G)
is (1,2)*-g-closed in (Y,01,02) and f(a) ¢ f(G). Since
(Y,01,072) is (1,2)*-g-regular and so there exist disjoint 7j »-
open sets A and B in (Y,01,02) such that f(a) C A and

f(G)CB.ie,aCfY(A),GCf ' (B)and f1(A)Nf1(B)=

¢. Therefore (X, 7, 7,) is (1,2)*-g-regular.

Theorem 4.9. If f: (X, 11, 7) — (Y, 01,07) is (1,2)*-weakly
continuous (1,2)*-g-closed injection and (Y, 01,07) is (1,2)*-
&-regular, then (X, 7, T) is regular.

Proof. Let G be any 7 >-closed set of (X,7;,7) and a ¢
G. Since f is (1,2)*-g-closed, f(G) is (1,2)*-g-closed in
(¥,01,02) and f(a) ¢ £(G). Since (Y,01,02) is (1,2)"¢-
regular, there exist 7y -open sets A and B such that f(a) C
A, f(G) CBand 71 2-cl(A) N7y 2-cl(B) = ¢. Since fis (1,2)*-

weakly continuous. a C f~1(A) C 1y p-int(f (11 2-cl(A))),G C
fﬁl(B) C1 72-1'1’11‘(]671 (11 72-61(3))) and ”L']Q-llm‘(ffl(’L’]g-Cl(A))) fio]

T 2-int(f (71 2-cl(B))) = ¢. Therefore, (X,71,T2) is regu-
lar.
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5. Conclusion

One must be in ’love” with Mathematics is the intrinsic
nature and beauty of Mathematics. As a result, the nature
of inquisitiveness in a person gets always en-kindled and
triggered by new theorems, axioms, even if it is mighty small
in its nature or incredibly big.

Bitopology is applied to many fields such as Mathematics,
Physics, Chemistry, Biology, Engineering and so on. This
theory is definitely an eye opener for new research works.
We can apply these findings into other research areas of gen-
eral topology such as Fuzzy topology, Intuitionistic topology,
Digital Topology, Nano Topology and so on.
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