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M-Polynomial and topological indices of Hanoi
graph and generalized wheel graph
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Abstract

There are plenty of topological indices used in chemistry to study the chemical behavior and physical properties
of molecular graphs. In the literature, several results are computed for degree based topological indices like “first
Zagreb index, second Zagreb index, modified second Zagreb index, generalized Randi¢ index, inverse Randi¢
index, symmetric sum division index, harmonic index, inverse sum index, augmented Zagreb index”. In this
paper, we have investigated the aforesaid degree based topological indices for Hanoi graph and generalized

wheel graph with the help of M-polynomial.
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1. Introduction

In chemical graph theory, atoms are represented by ver-
tices and chemical bonds are represented by edges. We as-
sume G = (V,E) be a graph, where V is the set of objects called
vertices and E is the set of unordered pair of elements of V
called edges of the graph G. d(v) denotes the degree of vertex
v is the number of edges incident on v in a graph G. A topo-
logical index is a graph invariant which is mostly applicable
in chemistry. There are many degree based graph invariants
such as Zagreb index, Randi¢ index, SSD index, inverse sum
index, ABC index, harmonic index etc., have been studied in
the literature ( see [1], [2] and [3]).

In 2015, Deutsch & KlavZar [4] proposed M-polynomial,
by which several topological indices based on degree, were
determined in [5] and [6]. The M-polynomial is a recent
polynomial containing vast information about degree based
topological indices of a graph. The M-polynomial of a graph
G is denoted as M(G : p,q) and defined as M(G : p,q) =
Ys<icj<amij(G)p'q/, where & =min{d,:v eV}, A=max{d,:
v € V} and m; ;(G) is the number of edges uv such that d(u) =i
andd(v) = j.

In 1972, Gutman & Trinajsti¢ [7] proposed the “first
Zagreb index” M;(G) and they found “second Zagreb in-
dex” M>(G) in 1975 (see [8]). These were named Zagreb
group indices which are defined by M;(G) = ¥, cyd*(v;) =
ZV,‘VjEE {d(vl) + d(vj)} and MZ(G) = Zv,-VjEEd(Vi)d(vj)' The
theoretical description and properties of two Zagreb indices
can be obtained from several papers and articles (see [9], [10]
and [11]). ™M, (G) and "M, (G) are the “modified first and
second Zagreb index” of a graph G respectively, which are
defined by

1
and "M, (G) = VVZéEW

li (G) _ Z 1

v;ev d2 (V[)

In [12], E. Estrada devised a graph invariant “atom-bond
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connectivity index” which is defined by

d(V,’) —‘rd(\/j) —2.

ABC(E) = ) (v;)

V,'VjEE

It is useful to find the thermodynamical properties of alkanes.
It has been revised by Furtula et al. in [13] and they put
forward a new index “augmented Zagreb index”. It is defined
d(vd(v;) Y’
as A(G) *Zv,-v_;eE (d(Vi)+d(Vj) — ) .
In 1975, Randi¢ [14] unveiled the degree based graph
invariant “Randi¢ index”. It is defined by

v,%leE \/ Vj

In 1998, Bollobas & Erdos [15] and Amic et al. [16] intro-
duced the generalized Randi¢ index. It is defined as Ry (G) =
Yowv;ee(d(vi)d(v;))*, where o is a non zero real number. For
more details about generalized randi¢ index, we refer the book
[17]. The inverse Randi¢ index of a graph G is defined by
1

RR,(G) =Y, cp———.

(X( ) ZVIV_IEE (d(Vl)d(Vj))a

In 1987, Fajtlowicz [18] introduced the harmonic index. It

2

isdefinedas H(G) =Y, ,.ck ————————
1S denined as ( ) ZV,VJEE ( )+d( )

between the graph’s harmonic index and the eigen values was
studied by Favaron et al. in [19]. The maximum and minimum
values of harmonic index on simple connected graphs were
determined by Zhong in [20]. The inverse sum index of
d(vi)d(v;)
Ev,—vjer: d(v)+d(v;)’ The
values of inverse sum index across connected graphs, chemical
graphs, trees and chemical trees were determined in [21].
Vukicevic [22] defined the symmetric sum division index of a
dz(Vi) +d2(vj)
Zv,-vj-EE d(vi)d(\/]‘)

The relationship

a graph G is defined as 1(G) =

graph G as SSD(G) =

2. Preliminaries

The aforesaid topological indices are also determined us-
ing M-polynomial of a graph. Let F(p,q) be a M-polynomial
of the graph G then
(i) first Zagreb index

M, (G) = [(Dp+Dg)F (p,q)lp=g=1, 2.1
(ii) second Zagreb index

My(G) = [DyDpF (P, q)lp=q=1, 2.2)
(iii) modified second Zagreb index

"M>(G) = [SpSeF (P, 9)lp=g=1, (2.3)
(iv) generalized Randi¢ index

Rq(G) = [DngF(PM])]p:q:la (2.4)
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(v) inverse Randi¢ index

RRa(G) = [SESEF (p,q)] p=g=1, (2.5)
(vi) symmetric sum division index

SSD(G) = [(S4Dp +SpDg)F (p,@)] p=g=1, (2.6)
(vii) harmonic index

H(G) = 2[S,/F (p,q)] 1. @7
(viii) inverse sum index

1(G) = [SpDpD4F (P, q)] p=g=1, (2.8)
(ix) augmented Zagreb index

A(G) = [SS0_2JD)DF (p,q)]p=1- (2.9)

Degree based topological indices are broadly important
in theoretical chemistry in which chemical graphs play an
integral part. In this paper, we consider some degree based
indices of two graphs namely Hanoi graph and generalized
wheel graph. The following notations are used in this paper :

DyF(p,q) = 8“{5’;’ 2),

DyF(p,q) = qia (Fg;’ q))7
_ [PF(,q)

SPF<paq)_/ t dtv

SqF(qu) :/ F(l;,t)dta

JF(p,q) = F(p,p),

QaF (p) = p“F (p).

3. Main Results

3.1 Topological indices of Hanoi graph

The Hanoi graph H, can be created by taking the vertices
as odd binomial coefficients of Pascal’s triangle calculated
on the integers from 0 to 2" — 1 and drawing an edge when
coefficients are together diagonally or horizontally. The Hanoi
graphs H, and H3 are shown in Figure 1. A Hanoi graphs H,

3
has 3" number of vertices and 3 (3" — 1) number of edges.

Theorem 3.1. Let H,, be a Hanoi graph then the M-polynomial
of H, is given by

3
+=(3" —5)p3q3.

M(H, : p,q) = 6p*q’ 5
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Figure 1. A representation of Hanoi graph H; and H3

Proof. We have

| V(H,) [=3",

3
| EH) |= 53" 1),
The edge set of H,, = (V,E) can be partitioned as :

Epsy={uw €E:d(u) =2,d(v) =3},

Eps ={uw €E:d(u)=3,d(v) =3}.
Now,

|Epp3y |=6=m3,

3 n
|Epz3y = 5(3 —5) =m33.
Thus, the M-polynomial of H,, is

Y mij(H)p'q
0<i<j<3

M(H,:p,q) =

=m3(Ha)p*q +m33(Hy)pq’
3
=6pq" +5(3"=5)p’’.

O

We denote M-polynomial of a Hanoi graph H, by F(p,q).

ie.,

3 n
M(H, : p.q) = 6p*q + = (3" =5)p’°q’ = F(p,q).

2
(3.1)
Now, we compute the following expressions :
9 23 3w 33
DyF(p,q) =p=-{6p°q +5(3"=5)p’q’}
dap 2
9
=120’ + (3" =5)r'¢’, (3.2)

2151 X

d 3
D,F(p,q) = qafq{épch +2(3"=5p¢’}

2

= 18p°¢* + 3(3" —35)p°¢, (3.3)

SpF(p,q) = /Op[%{6t2q3 + %(3” —5)Pq Ydt
=3p¢ + %(3" -5)pq, (34

SeF (p,q) = /Oq[;{6p2t3 + %(3” —5)p’t*}di
=2p%¢ + %(3” -5, (3.5)

and

JF(p,q) =F(p,p) (3.6)
:6p5+§(3"—5)p6. (3.7)

2

Theorem 3.2. Let H, be a Hanoi graph, then
(i) first Zagreb index M (H,) = 3(3n+1 -5),

(ii) second Zagreb index M»(H,) = 3(3"“ —1),
(iii) modified second Zagreb index "M, (H,) = 2(3" +1).
Proof. Adding equation (3.2) and (3.3),

(Dy+Dg)F (p,q) =30p°¢* +9(3" =5)p°¢’,
using equation (2.1), the first Zagreb index

Ml(Hn) = [(Dp+Dq)F(PaCI)]p:q:1
=3(3" —5).

From the equation (3.2) ,
DyDyF (p.q) = qaaq{12p2q3 + 3(3" -5)p’¢’}
=36p°q’ + 277(3” -5,
using equation (2.2), the second Zagreb index

My (Hy) = [DgDpF (p,q)]p=g=1
_ g(3n+l _ 1).

From the equation (3.5),
r 1 1
S (p.a) = [ 1120 + 5 (3" = 5)g’ Y

1
=p’¢+ g3 - )P,
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using equation (2.3), the modified second Zagreb index
"My (H,) = [SquF(I’vq)]p:q:l

1
=—(3"+1).

Theorem 3.3. Let H, be a Hanoi graph, then
(i) generalized Randi¢ index

3OH»1

Ro(Hy) = =~ (202 4 3nte _5.3%)

(ii) inverse Randic index

1 3"-5

RRo(H,) = na—1 30—1 + 2.320—1"

where o¢ > 0.

Proof. From equation (3.3),

9 T
DyF(p,q) = 18p*¢* + = (3" =5)p°¢,

5(

o

3.3
[] _ o 2 3 33
DF(p,q) =6.3%p°q + ——(3"-5)p’¢,

(9 3 3a "
D,DGF(p,q) = P${6.3ap2q3 + 220 (353

2

3.3.3¢%

=6.23%%¢ + (3" =5)p°¢,

3.3%.3¢

DSDYF(p,q) =6.2%3%p*q’ + (3"=35)p'q
200+1

2

:2a+13a+1p2q3+ (3}’1_5)p3q37

using equation (2.4), the generalized Randi¢ index

Re(Hy) = [DngF(paQ)]P=q=1
3tx+1

— T(2a+2+3n+a _530!)

From equation (3.5),

6 3
SeF (p,q) = 519243 +530"- S)pq’,

6
SiF(p.q) = 350’0 + 533" =5)p’,

P16 3
SpSEF(p.a) = [ 1350 + 35 (3" = S) g Yar

_ 6 23 n 33
=330l T T 3333 P
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SpSiF(P0) = 5534 P°0 + 330 303" —3)P°¢’

n

— 2.3 D 33
- 3a71'2a71p q +2'32a71p g
using equation (2.5), the inverse Randi¢ index

RRq(H,) = [SgSgF(P7Q)}p=q=l
1 3" -5
= 20-1 301 + 2.320—-1"

O

Theorem 3.4. Let H, be a Hanoi graph, then the symmetric
sum division index is given by

SSD(H,) =3"t! -2,

Proof. From equation (3.2),

9
DpF(p,q) = 12p¢* + 53" =5)p’¢’,

g1 9
SqDpF (pq) = /0 [;{12p2t3 +5(3"=5)p’ e
3
=4p*q + 73" P,
from equation (3.3),

9
DyF(p,q) = 18p*q + (3" = S)P’q,

? 9
S:DuF(pa) = [ [ {1886+ 5 (3" = 5)° ¢ Y

3
=90’ +5(3"=5)p’q’,
using equation (2.6), the symmetric sum division index

SSD(Hy) = [(SqDp +SpDg)F (p,4)lp=g=1
= [139°¢* +3(3" = 5)P’ ¢ p=g=1
=3t o

Theorem 3.5. Let H, be a Hanoi graph then

1
(i) harmonic index H(H,) = E(S.S” —1),

)= 25 (5:3-9)

1
(iii) augmented Zagreb index A(H,) = 2—7(3"+7 —8887).

(ii) inverse sum index I(H,

Proof. From equation (3.7),

3
JF(p.q) =6p° + 53" 5)p°,
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P 3 37
SpIF(p,q) = /0 [ {67+ 5 (3" = 5)*}dr Q- 2ID,DIF (p.q) = Q-2{2*3"p + 5-(3" - 5)p°}
_ 65 1., 6 37
=5+ ;6" =9, :2434p3—|-?(3 —5)p*,
using equation (2.7), the harmonic index
1 37
H(H,) =2[S,JF(p,q)]p=1 S,,szlD;Df]F(p?q) — /0 [?{24349 + ?(371 — 5y dr
1
= —[5.3"—1]. 243% 37 4
10 _c2 D an_
3 P33P
From equation (3.2),
9 243* 37
19,23 33
DyF(p.q) =12p°q" + 53" =5)r'q, S30_2JDIDIF (p,q) = 3—3p3+ﬁ(3”—5)p4

37

4 3 n 4

d 9 =2"3p" + (3" =5)p",

DyDpF(p.q) = qa—q{12p2q3 + 5(3” —5)p°q’} 2

27 using equation (2.9), the augmented Zagreb index

=36p°¢’ + - (3" =5)p’q’,
2 A(H,) = [S,0-2/DyDIF (p.q)] -1

1
= —(3""7 —8887).

JDgDpF (p,q) :36P5+¥(3n*5)l76, 2

O
P11 s 27, ., 6

SpIDgDyF (p,q) 2/0 (213607 + (3" = 5)"}]dr 3.2 Topological indices of generalized wheel graph
36 o 27, . A generalized wheel graph W, = mC, + K is defined as :
= ?P + v (3"=5)p°, take m copies of cycle Cp,;n > 3 and then, join every vertex of
m copies of cycle C, with a vertex of a complete graph Kj.
using equation (2.8), the inverse sum index The generalized wheel graph W7 is shown in Figure 2. For

m = 1, the generalized wheel graph is turn out as wheel graph.
A generalized wheel graph W”" has mn + 1 number of vertices
(5.3"—9). and 2mn number of edges.

I(Hy) = [SPJDPDqF(PaCI)]p:qZI
_2
20

From equation (3.3),

9
DyF(p,q) = 18p*q° + ;3" -5)p’¢,

3.33
DyF(p,q) =6.3°p’q +=-(3"=5)p’¢’,

d 333 2= 2C.+ K
DpDyF (p,q) = po-{6:3°p’q* + =~ (3" = 5)p’¢’} W =26t K,
14 ; Figure 2. A representation of a generalized wheel graph W32
3.3.3
=6.2.33p’ ¢ + T(3" -5)p°¢,
Theorem 3.6. The M-polynomial of a generalized wheel

graph W is given by

3.33.33
T@" - 5)173613

D,DjF (p,q) = 6.2°.3°p*¢’ + 33 3
37 M(W," : p,q) = mn[p*q’ + p>q™).
_hda4 23 9 an &\ 3 3
=2"3"p g’ + ) (3 5)]7 q, Proof, We have,
. VW) [= et 1
IDDIF (p.q) = J{2*3'p’q + = (3" = 5)p’q’} ind

37
474 5 6
=23 p+ 563" =5, | E(W™) |= 2mn.

2153 :L
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The edge set of a graph W) = (V,E) has the following two
partitions :

E{3,mn} = {MV cE: d(u) = 3,d(V) = mn}’

Epsy={uw €E:d(u)=3,d(v) =3}
Now,

| E{3,mn} |: mn = m3 mn,

| E(3 3y |[=mn=mj33.
Thus, the M-polynomial of W,

MW :p.g)= Y

0<i<j<mn
= mM3,mn (ern)P3‘]mn +m33 (W;;n)PBCIS
—mn (qumn+p3q3) )

mi ;(W,)p'q’

O

Now, we consider M-polynomial of a generalized wheel
graph W)" as G(p,q). i.e.,

M(W,": p,q) = mn(p’q™ +p’q’) = G(p,q). (3.8)
Then, we compute the following expressions :
0
D,G(p,q) = pﬂ{mn(fq’”” +p°0)}
=3mnp3 g™ + 3mnp’q’, (3.9)
J 3 _mn 33
DyG(p,q) :qafq{mn(p 9" +p'q’)}
=m?n?p ¢ + 3mnp* g, (3.10)
S G _ P l 3 _mn 33 d
pGpa)= | [ Amn(e'q™ +1°q") Hdr
mn mn
= —pq"+—pq, (.11)
3 3
_ i 1 3. mn 3.3 d
$4G(pq) = | [ mnlp't™ + pe) Ydt
mn
=P+ 5 re, (3.12)
and
JG(p,q) =G(p.p) (3.13)
= mn(p™ 3+ p%). (3.14)

Theorem 3.7. Let W, be a generalized wheel graph, then
(i) first Zagreb index My (W) = mn(mn+9),
(ii) second Zagreb index Mp(W") = 3mn(mn+3),

1
iii) modified second Zagreb index "My(W") = mn(— +
. 3
mn
1

5
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Proof. Adding equations (3.9) and (3.10),
(Dy+Dy)G(p,q) = mn{6p°q’ + (mn+3)p>q"™},
using equation (2.1), the first Zagreb index
Mi(W,") = [(Dp + Dq)G(p,q)] p=g=1
=mn(mn+9).
From equation (3.9)

3qmn + 3mnp3q3,

D,G(p,q) = 3mnp
DyD,G(p,q) = 61(;9(](3"1"13361’”” +3mnp’q’)
= 3mn(mnp*q™ +3p°q*),
using equation (2.2), the second Zagreb index
My (W,") = [DyDyG(p,q)] g1 = 3mn(mn +3).
From equation (3.12)

mn mn
S,G(p,q) = p>q™ + 7p3q3

P P ([
SpSqG(p,q) = /0 {;(ﬁq +?I3q3)}df

n

9

1 m
=3P+ 5P

using equation (2.3), the modified second Zagreb index

1 mn
"Ma(W,") = [SpS4G (P, @) p=g=1 = 3t 9

O

Theorem 3.8. Let W, be a generalized wheel graph, then
(i) generalized Randi¢ index Ry (W)™) = mn{(3mn)* +9%},

(ii) inverse Randi¢ index RRq(W,™)

where o0 > 0.

= mn{7(3mn)“ + 97}7

Proof. From equation (3.10),

DyG(p.q) = mn(mnp*q™ +3p°q’),
DYG(p,q) = mn(m“n®p>q™ +3%p°q),

a, o 3 mn

0
D,DY G(p,q)=p7p[mn{m n®pPg™ +3%p*q*}]

_ mn(m(xnocp3qmn + 3a3p3q3)

DYDEG(p,q) = mn(3%m*n®p*q™ +3**p*q’),
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using equation (2.4), the generalized Randi¢ index
Ra(W)") = Dy DG G(p,q)]p=g=1
_ mn[3amtxnap3qmn + 32ap3q3]p:q:l
= mn{(3mn)* +9%}.

From equation (3.12),

o1
SaG(p,q) = mn( 3q””+§p3q3),

—p

mn
SaG( )_m( 1 3mn_|_i 33)
¢ G(p.q) = mn(—om o p*d™ + 5 0°q),

1
e t3qmn + 371‘3q3)}d1‘

P 1
$,52G(p.q) = [ {m

3 _mn

= mn( Pd"+ =0 7),

3.m%n*

3.3«

3 mn

1
S%S%G(p,q) = mn{ Pd"+ g p ')

1
(3mn)®
using equation (2.5), the inverse Randi¢ index

RRq(W,") = [SgSgG(P,CI)]p:q:l

1

(3mn)®

3 mn

1
Pq"+ 5P 0 lp=g=1
LI
=mn{——+—1}.
(Bmn)* = 9¢

= mn|

O

Theorem 3.9. Let W) be a generalized wheel graph, then
the symmetric sum division index
(mn)?

SSD(W,") =3+ 2mn+ 3

Proof. From equation (3.9),
D,G(p,q) = 3mnp*q"™" +3mnp’q’,
7.1 3 mn 3.3
Sq¢D,G(p,q) z/ {;(3mnp "+ 3mnp’t”) }dt
0

3 mn

=3p°q" +mnp’q,

from equation (3.10),

DyG(p,q) = (mn)*p*q™ + 3mnp’q’,

SDG( . Pl 2.3 mn 3 33d
WDyG(p.g) = [ 1) + 3 ¢ Yo

2
mn
:( 3) p3qmn+mnp3q3’

using equation (2.6), the symmetric sum division index
SSDW,") ={(S4Dp+S,Dq)G(P4) } p=g=1

2
:3+2mn+@.

2155 X

Theorem 3.10. Let W) be a generalized wheel graph, then

1 1
(i) harmonic index H(W") = 2mn(mn+ 3 + 6), 1
(ii) inverse sum index is [W") = 3mn(#i3 + E)7
33m3n3 36
(iii) augmented Zagreb index A(W"™) = mn{ m + B}

Proof. From equation (3.14),

JG(p,q) = mn[p™ "+ p°],

$9G(p.a) = [ [ imnle™ 3 1) as

pmn+3 p6
—=)

mn+3 + 6

= mn(

using equation (2.7), the harmonic index

HW,") =2[S,J/G(p,q)l,=1

pmn+3 p6
= [m”(mn+3 g)]p—l
1 1
=2 —).
mn( mn+3 6 )
From equation (3.9),
D,G(p.q) =3mnp>q"™ + 3mnp’q’,

0
D,D,G(p,q) = qa—q(3mnp3qm” + 3mnp3q3)

— 3mn (mnp3qmn +3p3q3) ,

IDyD,G(p,q) = J{3mn(mnp*q™ +3p*¢*)}
=3mn (mnpm”+3 + 3p6) ,

P11 mn+3 6
S,JDyD,G(p,q) = /O [ (Bmn (™ +:3¢%)

1
pmn+3 + 7p6)7

- 3mn(mn—|—3 2

using equation (2.8), the inverse sum index

I(W,") = [SpJDquG(P7C])]p=1
mn 1

mn+3 +§)

= 3mn(

From equation (3.10),

2.2 3 mn

DyG(p,q) = m*n*p*q™ +3mnp>q’,

D,G(p,q) = mn (m*n’ p’q"™ +3°p°q’),
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0
D,D}G(p.q) = p%{mn(msfff " +3°p’q’)}

— mn{3m3n3p3qmn + 34[)3q3}7
D,D,G(p,q) = mn{3’m’n’ p’q"™ +3°p’¢’},
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using equation (2.9), the augmented Zagreb index
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4. Conclusion

In this paper, we have computed M-polynomial for Hanoi
graph and generalized wheel graph. Using M-polynomial, we
have derived nine degree based topological indices namely
Zagreb group indices, modified second Zagreb index, gener-
alized Randi¢ index, inverse Randi¢ index, symmetric sum
division index, harmonic index, inverse sum index, augmented
Zagreb index of graphs H, and W;. It is important to note
that such topological indices may be determined directly via
the formulas given in the introduction.
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