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Existence of solutions of nonlocal fractional mixed
type integro-differential equations with
non-instantaneous impulses in Banach space
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Abstract

The key purpose of this manuscript is to examine the existence and uniqueness of PC-mild solution of nonlocal
fractional mixed type integro-differential equations with non-instantaneous impulses in Banach space. Based on
the general Banach contraction principle, we develop the main results.
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1. Introduction u,ii: Ax X — X, where A= {(x,s5) : 0 < s <x < 7} are given

Differential equations of fractional order have currently ~ functions which satisfies assumptions to be specified later on.
proven to be useful methods for modeling multiple phenom- The rest of the paper is organized as follows. In Section 2,

ena in different fields of science and engineering [1-3, 5,7]. W€ present the notations, definitions and Prelim'inary results
Significant advances in fractional differential equations have n(?eded in t_he following sections. In Section 3 is concerned
occurred in recent years; see the monographs by Kilbas et al. with the existence results of problem (1.1).
[5] and the papers by Zhou and Jio [8, 9] and the references
cited therein. 2. Preliminaries
Motivated by .[1, 4,6,7], inlthis paper.we consi<.ieracla.tss Let us set J = [0,7],Jo = [0,11], Ji = (t1,8] .- s Iy =
of nonlocgl fractl(?nal order mlx'ed type integro-differential (tw—1+tm] » Ju = (tm tm1] and introduce the space PC(J, X ) :=
systems with non-instantaneous impulses of the form {u:J—>X|ueC(pX),k=0,1,2,...,m, and there exist
u(t)and u(t; ), k=1,2,...,m,with u(t; ) =u(t;)}. Itis
D%x(t) = f (1,x(1), Kix(r) Kox(1)) clge;r)that PC((J]:}() is a Banach space With(t]iuz norng ﬁ)bt}\\pc =
t€ (sistis1],i=0,1,2,....m sup{||u(t)|| :t € J}.
x(t) =gi(t,x(1)), te,s],i=1,2,....m Let us recall the following well-known definitions [5].
(1.1)

Definition 2.1. A real function f(t) is said to be in the space

x(0) +h(x) = xo, Cq,a € R, if there exists a real number p > Q, such that
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f(z) =tPg(t), where g € C[0,0) and it is said to be in the
space Cy, if and only if f e Cq,neN.

Definition 2.2. The Riemann-Liouville derivative of order
o > 0 for a function f € Cy,n € N, is defined as
D f(t) =D"D*"f(1)

1 dl‘l

1
== / (t—s)"" % f(s)ds,t >0,n—1 < a <n.
0

C(n—a) di"

Definition 2.3. The Caputo fractional derivative of order
o > 0 for a function f € Cy,n € N, is defined as

CD/f(t) =D "D"f(1)
_ # ! _Jn—a—1¢n _
_F(n—a)/()(t s) f(s)ds,t >0,n—1< a<n.
Lemma 24. Let f:J — X be a continuous function. A
Sunction x € C(J,X) is a solution of the fractional integral
equation

1 b a—1 1 ! a—1
m./o (b—s) f(s)ds-i—m/o (t—5)"""f(s)ds
if and only if x(t) is a solution of the following fractional
Cauchy problem:

x(t) =xp—

CD%(t)=f(t), telJ

x(b)=xp, b>0

Now, we recall the following important Lemma which is
very useful to prove our main result.
Lemma 2.5. [7] Let 0<p <1,y>0,
D2 n—2
A S o)
2! n!

S=p"+Dlp" ly+ neN.

Then, for all constant 0 < & < 1 and all real number s > 1,

we get
(#)
— |, n — 4oo.
ns

én 1
S<o| 2= ol—1]=0
<o(z)+o (%)

In view of the Lemma 2.1, we define the PC-mild solution
for the given system (1.1).

Definition 2.6. A function x € PC(J,X) is a mild solution of
the problem (1.1) if x(0)+ h(x) = xo, x(t) = gi(t,x(t)), 1 €
(ti,si],i=1,2,...,m and

x(t) =x0 — h(x) + ﬁ /0’(, —s5)*!

F(s,x(s), K1 (x(s)),Ka(x(s)))ds, t€10,t]
and
1 o
x(t)—g,(s,,x(s,-))—m A (si—1)%"!
f(s,x(s), K1 (x(s)), K2 (x(s)) )ds

+ﬁ /O (t—5)* " f(s,x(s), Ky (x(s5)), Ka (x(s5)))ds,

where, t € (si,ti11].
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3. Existence and Uniqueness Results

In this section, we present and prove the existence and
uniqueness of the system (1.1) under Banach contraction prin-
ciple fixed point theorem.

To establish our results on the existence of solutions, we
consider the following hypotheses:

(A1) The function f € C(J x X3;X) and there exist positive
constants Ly, € L' (J,R") (k=1,2,3) such that
||f(t7xlax27x3) 7f(t7ylay27y3)”
<Ly ()l =y1ll +Lpy (0) o2 = y2ll + Ly (1) b — ]|
for all (x1,x2,x3),(y1,y2,y3) € X and every ¢ € J.

(A2) The functions u,u : A x X — X are continuous and there
exist constants L, L; > 0 such that

[ ute,5.6)) — . 55)lds | < Ll =31,
for all, x,y € X; and
| [ 56 = .50 < Lol

for all, x,y € X;
(A3) Fori=1,2,...,m, the functions g; € C ((f;,s;] x R;R)
and there exists Ly, € C(J,R™) such that
18i(t,x) — i(t,y)| < Lg;|x ]|
forall x,y € X and 7 € (1, s;].

(A4) h:PC(J,X)— X is continuous and there exists a posi-
tive constant L;, > 0 such that

[1A(x) =h(¥)|| < Lallx—=yllpc,

Theorem 3.1. If hypotheses (A1) — (A4) hold and 0 < A <
1 (A = max {Lh,Lgl,}) , then problem (1.1) has a unique PC-
mild solution x* € PC(J,X).

Proof. From Definition 2.4, we define an operator Y : PC(J,X)
— PC(J,X) as (Yx)(t) = (X1x)(¢) + (Y2x)(r), where

forall x,y€PC(J,X).

xo — h(x), t €10,1]
(C)(0) = { giltx(0)), 1€ (5] (3.1)
gi(si,x(si)), t€ (si,tip1],
and
(T22) (1)
1 ! a—1
T [ =99 6506 K (x6), Ko ),
t€10,1]
07
_ Jre(t,si] v
—%a) =0 7(51206) K1 (x(5): K)o
+ﬁ/0 (0= )% f(5,x(5), K1 (x(5)) K (x(s)) s,
te (Sivti+l] .
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For any x,y € PC(J,X), by (3.1) we sustain

[(Y1x)(1) = (Xry) (D)l
Allx=yl|lpc, t€10,8]
<SS Allx=yllpe, tE (tiysi],i=1,2,...,m
AH-x_yHPCa te(si7ti+1]7i:1725"'7m
3.3)
which means
[(Y1x) (£) — (X1y) (]| < Allx = yllpc,

where ¢ € [0,7;] U
obtain

(ti,8:) U (si,ti+1],i = 1,2,...,m. Then we

| < A%lx=yllee,

10r%2) (1) = (rfy) (1)

where 7 € [0,#1]U (¢, 5] U (s5,i+1],i = 1,2,...

that, we have

[(X7x) (1) = (X7) ()] < A"[lx = yllpc,
where 7 € [0,11]U (¢, 5] U (si,ti41],i = 1,2,...,m
For any real number 0 < € < 1, there exists a contin-
1 T
such that —— / (t—5)%" | £(s) —

I'(a) Jo
0(s) | ds < €, where £(s) = [Ly (s)+Lg, (s)Ly+ L, (5)Lg]

is a Lebesgue integrable function. For any 7 € [0,#/],x,y €
PC(J,X) and by (3.2), we obtain

| (02x) (1) — (Y2y) (1)
< [ 0.l

,m. It is clear

(3.4)

uous function ¢ (s)

I( )
— F5,3(5). K1 (5(5)), K2 (v(5))) | s
: %wl t—8)* VLp () + Ly ()L + Ly (5)Lg]
l|lx(s) —y(s)||ds
1
< a1

r
- <F(la)/o[(ts>“_llf(s) — ¢(s)|ds
1 t "
+m/0 (t—ys) 1|¢(s)|ds) x—y|lpc
<(e+A1)||x—y|lpc

At)!
= (D?El +D}( 1,) ) [lx—=yllpc,

(
(
(=) e(s)ds||x =yl

where max

1 oa—1
— (t— )| =
na gy 1 9)° 00| =2
Assume that, for any natural number &, we get
[[(X5x) (1) — (X5y) (1))

At
< (Dgsk—kD,isk 1 1)

E

Atk
) el
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From the above inequality and the formula D}’
D;(”*I, we obtain

00~ 3 )01
S =9 )+ Ly )L L )]
(rb96) (o)

- Fa | €00 (1%

1 o As)!
< (e [/ =91t -0t et +pfe 1 2

As
4+ Dkek~ —+( )>ds> llx—yllpc

| =D+

)y(s)lds

k!

’ (1“(105)/t(t_s)a_1¢(S) (Doek—i—Dl ek l(lls!)

As
+-- +DI/§€k k( k') >ds> ||X—y||pc

At At)k
<£<D08k+Dl ek i ( 1) 4oy Dlek k(kt') )||x—y|Pc

Jr/l/'(Dg 4 Dlek 1 (As )IJF 4 Diet x (As )k)ds
0 1! k!

lx —yllpc

An)!
< <D2+lek“+D,l+lek( 1') 4o

(k+1)—(k+1) (7“) e .
By mathematical methods of induction, for any natural
number n, we get

o+
+D +18

5x = Y2yl pc
0on n— 1€l n  n— nc
< (DYe"+D)e oA Dt = ) =yl

where { = AT. By Lemma 2.2, we have

n n " 1
%% =5y pe < [0 <\nf> +0 (h#)] llx —yllpc

1
o( ) e, (n = +o0),
3.5

where 0 < < 1,u > 1. It is easy to see that the above
equation (3.5) holds for ¢t € (s;,%i+1],i = 1,2,...,m. By (3.4)
and (3.5), we obtain

1
=Tyl < (4040 (52) )l sloe 5o

Thus, for any fixed constant ¢ > 1, we can find a positive
integer ng such that, for any n > ng, we get 0 < A" + ni# < 1.
Therefore, for any x,y € PC(J,X), we have

1
I Xy < (A" )HX—)’HPCSHX—YHPG V> .
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By the general Banach contraction mapping principle, we

get that the operator Y has a unique fixed point x* € PC(J,X),
which means that problem (1.1) has a unique PC-mild solu-
tion.
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