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Abstract
The single component Darcy-Benard-Marangoni convection (DBMC) is investigated in a composite layer, com-
prising of an incompressible couple stress fluid. The upper boundary of the composite layer is free and the lower
boundary is rigid. Both the boundaries of the composite layer are set under adiabatic condition. The eigen value
problem is solved using exact technique considering the three heat profiles linear, Parabolic as well as inverted
parabolic and respective expressions for Thermal Marangoni number (TMN) are obtained analytically for the
Darcy model. The impact of various factors like couple stress parameters, thermal ratio, viscosity ratio, porous
parameter and the horizontal wave number are graphically illustrated for all the three heat profiles.
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1. Introduction
Couple stress fluid flow is one among the major concepts
over which research articles line up in the current scenario.
Marangoni convection in a composite layer has inspired many
researchers due to its applications in aircraft and automobile
industries, oil flow in the reservoirs under the earth’s surface,

compound film growth etc. Research articles contributing to
Marangoni convection in couple stress fluid flow are rarely
available. Recently, Sumithra and Shyamala [2020] investi-
gated the problem of Darcy-Benard Marangoni convection in
a composite layer with free upper boundary and rigid lower
boundary comprising of an incompressible couple stress fluid
under adiabatic-adiabatic and isothermal-adiabatic conditions.
Anum et al [2020] have examined the Marangoni boundary
layer flow using single-wall and multi-wall carbon nanotubes
over a Riga plate together with the phenomenon of radiation.
Asifa et al [2020] have investigated the couple stress Nano
fluid flow with convective heat transfer and viscous dissipa-
tion in the presence of magnetic field. Gireesha and Sindhu
[2020] have studied the magneto hydro-dynamic flow of in-
compressible Casson fluid through an annular micro channel
filled with porous material under natural convection along
with heat generation/absorption. Sumithra et al [2020] have
analyzed the effect of constant heat source/sink on single com-
ponent Marangoni convection in a composite layer comprising
of incompressible single component fluid saturated porous
layer over which lies a layer of same fluid with constant heat
source in both the layers. Nur Zarifah Abdul Hameed et al
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[2019] have studied the onset of thermal convection in a binary
fluid saturated an anisotropic porous medium under the effect
of magnetic field and nonlinear temperature profile. Rahamat
Ellahi et al [2019] investigated the effect of magnetic field on
Couette-Poiseuille flow of couple stress fluid with temperature
dependent viscosity. Giovanni et al [2018] have examined
the bounds on heat transfer in Benard-Marangoni convection
at infinite Prandtl number by means of upper bounds on the
Nusselt number as a function of the Marangoni number. Ilani
& Ashmawy [2018] have studied the incompressible couple
stress fluid flow between two parallel plates with time depen-
dent pressure gradient wherein one plate is kept stationary and
the other one is in motion. Sameena & Pranesh [2016] have
examined the effects of gravity modulations in an electrically
conducting couple stress fluid with saturated porous layer.
Sanatan Das et al [2016] have investigated the flow of the
incompressible couple stress viscous fluid caused by a stretch-
ing sheet in the presence of thermal radiation. Gupta & Kalta
[2015] have analyzed the effect of non-uniform temperature
gradient on Marangoni convection in a layer of liquid which
is relatively hotter or cooler. Narasimha Murthy [2014] has
studied the mixed convection of couple stress fluid in a ver-
tical channel under the influence of heat generation or heat
absorption. Shivakumara et al [2012] have examined the
effects of basic temperature gradients on the onset of con-
vection in a layer of an incompressible couple stress fluid
saturated porous medium. Siti et al [2010] have examined
the effects of non-uniform temperature gradient along with
magnetic field and constant heat flux on Benard-Marangoni
convection. Mahmud et al [2009] have studied the effects of
nonlinear temperature profile on Marangoni convective flow
in micro polar fluid in the presence of magnetic field.

This research paper examines the effects of uniform and non-
uniform heat profiles on single component DBMC in a com-
posite layer comprising of couple stress fluid. The Thermal
Marangoni number values versus depth ratio are tabulated for
the linear, parabolic and inverted parabolic heat profiles. The
impact of various factors like couple stress parameters, ther-
mal ratio, viscosity ratio, porous parameter and the horizontal
wave number are graphically illustrated for all the three heat
profiles.

2. Mathematical Formulation
Let us consider an infinite horizontal layer of incompressible
couple stress fluid of thickness d and underneath lies the
porous layer saturated with same fluid, of thickness dm in the
vertical z-direction. The bottom surface of the porous layer
is considered to be rigid and the upper surface of the fluid
layer is free with surface tension effects depending on temper-
ature and are maintained at different constant temperatures.
A Cartesian coordinate system is considered with origin at
the interface between porous and fluid layers and the z-axis,
vertically upwards.

The basic equations for fluid and porous layer respectively
governing such a system are,

∇ ·−→q = 0 (2.1)

ρ0[
∂
−→q

∂ t
+(−→q ·∇)−→q ] =−∇P+µ∇

2−→q −µ
′
∇

4−→q (2.2)

∂T
∂ t

+(−→q ·∇)T = κ∇
2T (2.3)

∇m ·−→qm = 0 (2.4)

ρ0

[
1
φ
· ∂
−→qm

∂ t
+

1
φ 2 (
−→qm ·∇m)

−→qm

]
=−∇mPm−

µ

K
−→qm+

µm
′

K
∇m

2−→qm

(2.5)

M
∂Tm

∂ t
+(−→qm ·∇m)Tm = κm∇m

2Tm (2.6)

where −→q = (u,v,w) is the velocity vector, ρ0 is the fluid den-
sity, t is the time, P is the pressure, µ is the fluid viscosity, µ ′

is the couple stress viscosity of the fluid in the fluid layer, T
is the temperature, κ is the thermal diffusivity,φ is the poros-
ity, K is the permeability, µ ′m is the couple stress viscosity

of the fluid in the porous layer, M =
(ρ0Cp)m

(ρ0Cp) f
is the ratio of

heat capacities and the subscripts ’m’ and’f’ refer to respec-
tive quantities of the porous medium and the fluid respectively.

The basic state of the system being quiescent is described
by

[u,v,w,P,T ] = [0,0,0,Pb(z),Tb(z)] (2.7)

in the fluid layer and

[um,vm,wm,Pm,Tm] = [0,0,0,Pmb(zm),Tmb(zm)] (2.8)

in the porous layer where the subscript ’b’ denotes the basic
state.

The basic state temperature distributions Tb(z) and Tmb(zm),
respectively are found to be

Tb(z) = T0−
(T0−TU )g(z)

d
in 0≤ z≤ d (2.9)

Tmb(zm) = T0−
(TL−T0)gm(zm)

dm
in 0≤ zm ≤ dm (2.10)
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where T0 =
κdmTu +κmdTL

κmd +κdm
is the interface temperature, g(z)

and gm(zm) are the nondimensional heat profiles.
In order to investigate the stability of the basic solution, in-
finitesimal disturbances are introduced in the form

[−→q ,P,T ] = [0,Pb(z),Tb(z)]+ [−→q ′,P′,θ ] (2.11)

& [−→q m,Pm,Tm] = [0,Pmb(zm),Tmb(zm)]+ [−→q ′m,P′m,θm]

(2.12)

where the primed ones are the perturbed ones over their equi-
libirium counterparts. Now (2.11) and (2.12) are substituted
in to (2.1) to (2.6) and are linearized in the usual manner.
Next, the pressure term is eliminated from (2.2) and (2.5)
by taking curl twice on these two equations and only the
vertical component is retained. The resulting equations are

then non dimensionalised using d,
d2

κ
,

κ

d
,T0−TU as the units

of length, time, velocity and temperature in the fluid layer

and dm,
d2

m

κm
,

κm

dm
,TL−T0 as the corresponding characteristic

quantities in the porous layer.
The dimensionless equations are then subjected to normal

mode analysis as follows[
W
θ

]
=

[
W (z)
θ(z)

]
f (x,y)ent (2.13)

and[
Wm
θm

]
=

[
Wm(zm)
θm(zm)

]
f (xm,ym)enmt (2.14)

with ∇2 f + a2 f = 0 and ∇2
m fm + a2

m fm = 0 where a and am
are the nondimensional horizontal wave numbers, n and nm
are the frequencies, W and Wm are the dimensionless vertical
velocities in fluid and porous layer respectively. Since the
dimensional horizontal wave numbers must be the same for
the fluid and porous layers, we must have

a
d

=
am

dm
and hence

am=d̂a.
The following equations are obtained:
In 0≤ z≤ 1,

(D2−a2)

[
(D2−a2)−Cp(D2−a2)2 +

n
Pr

]
W = 0 (2.15)

[(D2−a2)+n]θ +Wg(z) = 0 (2.16)

In −1≤ zm ≤ 0,

(D2
m−a2

m)[Cpm(D2
m−a2

m)+
β 2

Prm
nm−1]Wm = 0 (2.17)

[(D2
m−a2

m)+Mnm]θm +Wmgm(zm) = 0 (2.18)

where, for the fluid layer, Cp =
µ ′

µd2 is the couple stress pa-

rameter, Pr =
ν

κ
is the Prandtl number, ν is the kinematic

viscosity and for the porous layer, Cpm =
µ ′m

µdm
2 is the couple

stress parameter, β 2 =
K

dm
2 = Da is the Darcy number, β

is the porous parameter, Prm =
φν

κm
is the Prandtl number

Assuming that the present problem satisfies the principle of
exchange of instability and hence putting n = nm = 0, we get
In 0≤ z≤ 1,

(D2−a2)2[1−Cp(D2−a2)]W = 0 (2.19)

(D2−a2)θ +Wg(z) = 0 (2.20)

In −1≤ zm ≤ 0,

(D2
m−a2

m)[1−Cpm(D2
m−a2

m)]Wm = 0 (2.21)

(D2
m−a2

m)θm +Wmgm(zm) = 0 (2.22)

3. Boundary Conditions
The suitable velocity and temperature boundary conditions
are nondimensionalized and then subjected to normal mode
expansion and are

W (1) = 0, D3W (1)−3a2DW (1) = 0

T̂W (0) =Wm(0)

T̂ d̂DW (0) = µ̂DmWm(0)

T̂ d̂3
β

2[D3W (0)−3a2DW (0)] =

−DmWm(0)+ µ̂β
2[D3

mWm(0)

−3a2
mDmWm(0)]Wm(−1) = 0

D3
mWm(−1)−3a2

mDmWm(−1) = 0

T̂ d̂2(D2 +a2)W (0) = µ̂(D2
m +a2

m)Wm(0)
DmWm(−1) = 0

D2W (1)+Mθ θ(1)a2 = 0
Dθ(1) = 0

θ(0) = T̂ θm(0)
Dθ(0) = Dmθm(0)
Dmθm(−1) = 0 (3.1)
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where Mθ =−∂σt

∂ t
(T0−TU )d

µκ
is the thermal Marangoni

number. T̂ =
TL−T0

T0−TU
is the thermal ratio.

β =

√
K

dm
2 is the porous parameter, d̂ =

dm

d
is the

depth ratio and µ̂ =
µm

µ
where µm is the effective viscosity

of the fluid in the porous layer.

4. Solution by Exact Method

The solutions W and Wm are obtained by solving (2.19) and
(2.21) using the velocity boundary conditions of (3.1)

W (z) = A1[Cosh[az]+A2Sinh[az]+

A3zCosh[az]+A4zSinh[az]+

A5Cosh[δ z]+A6Sinh[δ z]] (4.1)

Wm(z) = A1[Am1Cosh[amzm]+Am2Sinh[amzm]+

Am3Cosh[δmzm]+Am4Sinh[δmzm]] (4.2)

where δ =

√
a2 +

1
Cp

and δm =

√
a2

m +
1

Cpm

whereA′is : i = 2 to 6 and A′m js : j = 1 to 4 are constants
which are determined using the corresponding velocity bound-
ary conditions as

A2 =−ξ12Am1 +ξ13Am2−ξ14Am3 +ξ15Am4 +ξ16
A3 = ξ7Am1 +ξ8Am2 +ξ9Am3 +ξ10Am4−ξ11
A4 = ξ17Am1 +ξ18Am3 +ξ19

A5 =
1

T̂
(Am1 +Am3)−1

A6 =
−ξ2

ξ1
Am1−

ξ3

ξ1
Am2−

ξ4

ξ1
Am3−

ξ5

ξ1
Am4 +

ξ6

ξ1

Am1 =

(
Tanh[am]

(
− I1I4

I3
+ I2

)
+

Cosh[δm]

Cosh[am]

I4

I3

+
Sinh[δm]

Cosh[am]

)
Am4

Am2 =

(
− I1I4

I3
+ I2

)
Am4

Am3 =
−I4

I3
Am4

Am4 =−
ξ20

I8

ξ1 = Sinh[a]
δ 3−3a2δ

2a3 +Sinh[δ ]−Cosh[a]
δ 3−a2δ

2a2

ξ2 = Sinh[a]
(

a2
mµ̂

aT̂ d̂2
− δ 2 +a2

2aT̂

)
+

Cosh[δ ]

T̂

ξ3 = Sinh[a]

(
am +2a3

mµ̂β 2

2a3T̂ d̂3β 2

)
+

Cosh[a]

T̂

(
µ̂am−

am +2a3
mµ̂β 2

2a2d̂2β 2

)

ξ4 = Sinh[a]
(

µ̂(δ 2
m +a2

m)

2aT̂ d̂2
− δ 2 +a2

2aT̂

)
+

Cosh[δ ]

T̂

ξ5 = Sinh[a]

(
δm− µ̂β 2(δ 3

m−3a2
mδm)

2a3T̂ d̂3β 2

)
+

Cosh[a]

T̂ d̂

(
µ̂δm−

δm− µ̂β 2(δ 3
m−3a2

mδm)

2a2d̂2β 2

)
ξ6 =−Sinh[a]

δ 2−a2

2a
+Cosh[δ ]−Cosh[a]

ξ7 =
δ 3−a2δ

2a2

ξ8 =
δ 3−a2δ

2a2
ξ3

ξ1
+

1

T̂ d̂

(
µ̂am−

am +2a3
mµ̂β 2

2a2d̂2β 2

)
ξ9 =

δ 3−a2δ

2a2
ξ4

ξ1

ξ10 =
δ 3−a2δ

2a2
ξ5

ξ1
+

1

T̂ d̂

(
µ̂δm−

δm− µ̂β 2(δ 3
m−3a2

mδm)

2a2d̂2β 2

)
ξ11 =

δ 3−a2δ

2a2
ξ6

ξ1

ξ12 =
δ 3−3a2δ

2a3
ξ2

ξ1

ξ13 =
am +2a3

mµ̂β 2

2a3T̂ d̂3β 2
− δ 3−3a2δ

2a3
ξ3

ξ1

ξ14 =
δ 3−3a2δ

2a3
ξ4

ξ1

ξ15 =
δm− µ̂β 2(δ 3

m−3a2
mδm)

2a3T̂ d̂3β 2
− δ 3−3a2δ

2a3
ξ5

ξ1

ξ16 =
δ 3−3a2δ

2a3
ξ6

ξ1

ξ17 =
a2

mµ̂

aT̂ d̂2
− δ 2 +a2

2aT̂

ξ18 =
µ̂(δ 2

m +a2
m)

2aT̂
− δ 2 +a2

2aT̂

ξ19 =
δ 2−a2

2a
ξ20 =−2a3Sinh[a]−2a3Cosh[a]ξ16 +2a3Sinh[a]ξ11−
2a3Cosh[a]ξ1− (δ 3−3a2δ )Sinh[δ ]+

(δ 3−3a2δ )Cosh[δ ]
ξ6

ξ1
ξ21 = 2a3Cosh[a]ξ12−2a3Sinh[a]ξ7−2a3Cosh[a]ξ17

+(δ 3−3a2δ )Sinh[δ ]
1

T̂
− (δ 3−3a2δ )Cosh[δ ]

ξ2

ξ1
ξ22 =−2a3Cosh[a]ξ13−2a3Sinh[a]ξ8−
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(δ 3−3a2δ )Cosh[δ ]
ξ3

ξ1
ξ23 = 2a3Cosh[a]ξ14−2a3Sinh[a]ξ9−2a3Cosh[a]ξ18

+(δ 3−3a2δ )Sinh[δ ]
1

T̂
− (δ 3−3a2δ )Cosh[δ ]

ξ4

ξ1
ξ24 =−2a3Cosh[a]ξ15−2a3Sinh[a]ξ10−

(δ 3−3a2δ )Cosh[δ ]
ξ5

ξ1

I1 =−Sinh[am]Cosh[δm]+
δm

am
Cosh[am]Sinh[δm]

I2 = Sinh[am]Sinh[δm]−
δm

am
Cosh[am]Cosh[δm]

I3 = 2a3
mSinh[am]Tanh[am]I1−2a3

mTanh[am]Cosh[δm]−
2a3

mCosh[am]I1 +(3a2
mδm−δ 3

m)Sinh[δm]

I4 = 2a3
mSinh[am]Tanh[am]I2 +2a3

mTanh[am]Sinh[δm]−
2a3

mCosh[am]I2 +(δ 3
m−3a2

mδm)Cosh[δm]

I5 = ξ21

(
Tanh[am]

(
− I1I4

I3
+ I2

)
+

Cosh[δm]

Cosh[am]

I4

I3
+

Sinh[δm]

Cosh[am]

)

I6 = ξ22

(
− I1I4

I3
+ I2

)
I7 =

−I4

I3
ξ23

I8 = I5 + I6 + I7 +ξ24

4.1 Linear Heat Profile
The profiles under consideration are

g(z) = 1 and gm(zm) = 1 (4.3)

Using (4.3) as well as the temperature boundary conditions
from (3.1) in (2.20) & (2.22), the temperature distributions
for Linear Profile are obtained as

θ(z) = A1{D1Cosh[az]+D2Sinh[az]− f (z)} (4.4)

θm(z) = A1{D3Cosh[amzm]+D4Sinh[amzm]– fm(zm]} (4.5)

where
f (z) =

z
2a

Sinh[az]+
z

2a
Cosh[az]A2+(

z2

4a
Sinh[az]− z

4a2 Cosh[az]
)

A3+(
z2

4a
Cosh[az]− z

4a2 Sinh[az]
)

A4+

Cosh[δ z]
δ 2−a2 A5 +

Sinh[δ z]
δ 2−a2 A6

and
fm(zm) =

zm

am
Sinh[amzm]Am1 +

zm

am
Cosh[amzm]Am2+

1
δ 2

m−a2
m

Cosh[δmzm]Am3+
1

δ 2
m−a2

m
Sinh[δmzm]Am4

where,

λ59 =
Cosh[a]

2
+

Sinh[a]
2a

λ60 =
Sinh[a]

2
+

Cosh[a]
2a

λ61 =
Cosh[a]

4
+

Sinh[a]
4a

− Cosh[a]
4a2

λ62 =
Sinh[a]

4
+

Cosh[a]
4a

− Sinh[a]
4a2

λ63 =
δSinh[δ ]
δ 2−a2

λ64 =
δCosh[δ ]
δ 2−a2

λ65 = λ59 +A2λ60 +A3λ61 +A4λ62 +A5λ63 +A6λ64

λ66 =
A5

δ 2−a2 −
T̂ Am3

δ 2
m−a2

m

λ67 =
A2

2a
− A3

4a2 +
A6 δ

δ 2−a2

λ68 =
Am2

am
+

Am4 δm

δ 2
m−a2

m

λ69 = λ67−λ68

λ70 =Cosh[am]+
1

am
Sinh[am]

λ71 = Sinh[am]+
1

am
Cosh[am]

λ72 =
δmSinh[δm]

δ 2
m−a2

m

λ73 =
δmCosh[δm]

δ 2
m−a2

m

λ74 = Am1λ70−Am2λ71 +Am3λ72−Am4λ73

From the boundary conditions (3.1), we have the thermal
Marangoni number

Mθ =
−D2W (1)

a2θ(1)

The TMN for Linear Heat Profile which is Mθ1 is obtained as

Mθ1 =
−1
a2

(
B1

B2

)
where,
B1 = a2Cosh[a]+a2Sinh[a]A2 + J1A3 + J2A4+
δ 2Cosh[δ ]A5 +δ 2Sinh[δ ]A6

B2 = D1Cosh[a]+D2Sinh[a]− 1
2a

Sinh[a]−
1

2a
Cosh[a]A2− J3A3− J4A4− J5A5− J6A6

where,
J1 = 2aSinh[a]+a2Cosh[a]

2219



Effects of uniform and non - uniform heat profiles on Darcy - Benard - Marangoni Convection in a composite layer
comprising of couple stress fluid — 2220/2227

J2 = 2aCosh[a]+a2Sinh[a]

J3 =
1
4a

Sinh[a]− 1
4a2 Cosh[a]

J4 =
1
4a

Cosh[a]− 1
4a2 Sinh[a]

J5 =
Cosh[δ ]
δ 2−a2

J6 =
Sinh[δ ]
δ 2−a2

4.2 Parabolic Heat Profile
The profiles under consideration are

g(z) = 2z and gm(zm) = 2zm (4.6)

Using (4.6) as well as the temperature boundary conditions
from (3.1) in (2.20) & (2.22), the temperature distributions
for Parabolic Profile are obtained as

θ(z) = A1{D1Cosh[az]+D2Sinh[az]− f (z)} (4.7)

θm(z) = A1{D3Cosh[amzm]+D4Sinh[amzm]– fm(zm)} (4.8)

where

f (z) =
(

z2

2a
Sinh[az]− z

2a2 Cosh[az]
)
+

A2

(
z2

2a
Cosh[az]− z

2a2 Sinh[az]
)
+

A3

(
z3

3a
Sinh[az]− z2

2a2 Cosh[az]+
z

2a3 Sinh[az]
)
+

A4

(
z3

3a
Cosh[az]− z2

2a2 Sinh[az]+
z

2a3 Cosh[az]
)
+

A5

(
2zCosh[δ z]

δ 2−a2 − 4δSinh[δ z]
(δ 2−a2)2

)
+

A6

(
2zSinh[δ z]

δ 2−a2 −
4δCosh[δ z]
(δ 2−a2)2

)
and

fm(zm) =

(
zm

2

2am
Sinh[amzm]−

zm

2am2 Cosh[amzm]

)
Am1+(

zm
2

2am
Cosh[amzm]−

zm

2am2 Sinh[amzm]

)
Am2+(

2zmCosh[δmzm]

δm
2−am2

− 4δmSinh[δmzm]

(δm
2−am2)2

)
Am3+(

2zmSinh[δmzm]

δm
2−am2

− 4δmCosh[δmzm]

(δm
2−am2)2

)
Am4

where,

λ59 =
Cosh[a]

2
+

Sinh[a]
2a

− Cosh[a]
2a2

λ60 =
Sinh[a]

2
+

Cosh[a]
2a

− Sinh[a]
2a2

λ61 =
Cosh[a]

3
+

Sinh[a]
2a

− Cosh[a]
2a2 +

Sinh[a]
2a3

λ62 =
Sinh[a]

3
+

Cosh[a]
2a

− Sinh[a]
2a2 +

Cosh[a]
2a3

λ63 =
2δSinh[δ ]

δ 2−a2 −
2(a2 +δ 2)Cosh[δ ]

(δ 2−a2)2

λ64 =
2δCosh[δ ]

δ 2−a2 − 2(a2 +δ 2)Sinh[δ ]
(δ 2−a2)2

λ65 = λ59 +A2λ60 +A3λ61 +A4λ62 +A5λ63 +A6λ64

λ66 =
4T̂ δmAm4

(δ 2
m−a2

m)
2 −

4δA6

(δ 2−a2)2

λ67 =
−1
2a2 +

A4

2a3 −
2(a2 +δ 2)A5

(δ 2−a2)2

λ68 =
−Am1

2am2 −
2(am

2 +δm
2)Am3

(δm
2−am2)2

λ69 = λ67−λ68

λ70 =
Cosh[am]

2
+

Sinh[am]

2am
− Cosh[am]

2am2

λ71 =
−Sinh[am]

2
− Cosh[am]

2am
+

Sinh[am]

2am2

λ72 =
2δmSinh[δm]

δ 2
m−a2

m
− 2(am

2 +δm
2)Cosh[δm]

(δm
2−am2)2

λ73 =
−2δmCosh[δm]

δ 2
m−a2

m
− 2(am

2 +δm
2)Sinh[δm]

(δm
2−am2)2

λ74 = Am1λ70 +Am2λ71 +Am3λ72 +Am4λ73

From the boundary conditions (3.1), we have the thermal
Marangoni number

Mθ =
−D2W (1)

a2θ(1)

The TMN for Linear Heat Profile which is Mθ2 is obtained as

Mθ2 =
−1
a2

(
B1

B2

)
where,
B1 = a2Cosh[a]+a2Sinh[a]A2 + J1A3 + J2A4+
δ 2Cosh[δ ]A5 +δ 2Sinh[δ ]A6

B2 = D1Cosh[a]+D2Sinh[a]− 1
2a

Sinh[a]−
1

2a
Cosh[a]A2− J3A3− J4A4− J5A5− J6A6

where,
J1 = 2aSinh[a]+a2Cosh[a]

J2 = 2aCosh[a]+a2Sinh[a]

J3 =
1

4a
Sinh[a]− 1

4a2 Cosh[a]

J4 =
1

4a
Cosh[a]− 1

4a2 Sinh[a]
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J5 =
Cosh[δ ]
δ 2−a2

J6 =
Sinh[δ ]
δ 2−a2

4.3 Inverted Parabolic Heat Profile

The profiles under consideration are

g(z) = 2(1− z) and gm(zm) = 2(1− zm) (4.9)

Using (4.9) as well as the temperature boundary conditions
from (3.1) in (2.20) & (2.22), the temperature distributions
for Inverted Parabolic Profile are obtained as

θ(z) = A1{D1Cosh[az]+D2Sinh[az]− f (z)} (4.10)

θm(z)=A1{D3Cosh[amzm]+D4Sinh[amzm]– fm(zm)} (4.11)

where

f (z) =

(
z
a

Sinh[az]− z2

2a
Sinh[az]+

z
2a2 Cosh[az]

)
+

A2

(
z
a

Cosh[az]− z2

2a
Cosh[az]+

z
2a2 Sinh[az]

)
+

A3

(
z2

2a
Sinh[az]− z

2a2 Cosh[az]− z3

3a
Sinh[az]+

z2

2a2 Cosh[az]− z
2a3 Sinh[az]

)
+A4

(
z2

2a
Cosh[az]−

z
2a2 Sinh[az]− z3

3a
Cosh[az]+

z2

2a2 Sinh[az]− z
2a3 Cosh[az]

)
+

A5

(
2Cosh[δ z]

δ 2−a2 −
2zCosh[δ z]

δ 2−a2 +
4δSinh[δ z]
(δ 2−a2)2

)
+

A6

(
2Sinh[δ z]
δ 2−a2 −

2zSinh[δ z]
δ 2−a2 +

4δCosh[δ z]
(δ 2−a2)2

)

and

fm(zm) =

(
zm

am
Sinh[amzm]−

zm
2

2am
Sinh[amzm]+

zm

2am2 Cosh[amzm]

)
Am1 +

(
zm

am
Cosh[amzm]−

zm
2

2am
Cosh[amzm]+

zm

2am2 Sinh[amzm]

)
Am2+(

2Cosh[δmzm]

δm
2−am2

− 2zmCosh[δmzm]

δm
2−am2

+

4δmSinh[δmzm]

(δm
2−am2)2

)
Am3 +

(2Sinh[δmzm]

δm
2−am2

−

2zmSinh[δmzm]

δm
2−am2

+
4δmCosh[δmzm]

(δm
2−am2)2

)
Am4

where,

λ59 =
Cosh[a]

2
+

Sinh[a]
2a

+
Cosh[a]

2a2

λ60 =
Sinh[a]

2
+

Cosh[a]
2a

+
Sinh[a]

2a2

λ61 =
Cosh[a]

6
− Sinh[a]

2a3

λ62 =
Sinh[a]

6
− Cosh[a]

2a3

λ63 =
−2Cosh[δ ]

δ 2−a2 +
4δ 2Cosh[δ ]
(δ 2−a2)2

λ64 =
−2Sinh[δ ]

δ 2−a2 +
4δ 2Sinh[δ ]
(δ 2−a2)2

λ65 = λ59 +A2λ60 +A3λ61 +A4λ62 +A5λ63 +A6λ64

λ66 =
2T̂ Am3

δ 2
m−a2

m
+

4T̂ δmAm4

(δ 2
m−a2

m)
2 −

2A5

δ 2−a2 −
4δA6

(δ 2−a2)2

λ67 =
1

2a2 +
A2

a
− A3

2a2 −
A4

2a3 +

(
−2

δ 2−a2 +
4δ 2

(δ 2−a2)2

)
A5

+
2δ

δ 2−a2 A6

λ68 =
Am1

2am2 +
Am2

am
+

(
−2

δm
2−am2

+
4δm

2

(δm
2−am2)2

)
Am3

+
2δm

δm
2−am2

Am4

λ69 = λ67−λ68

λ70 =
3Cosh[am]

2
+

Sinh[am]

2am
− Cosh[am]

2am2

λ71 =
3Sinh[am]

2
+

Cosh[am]

2am
− Sinh[am]

2am2
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λ72 =
4δmSinh[δm]

δ 2
m−a2

m
+

2Cosh[δm]

δm
2−am2

− 4δm
2Cosh[δm]

(δm
2−am2)2

λ73 =
4δmCosh[δm]

δ 2
m−a2

m
+

2Sinh[δm]

δm
2−am2

− 4δm
2Sinh[δm]

(δm
2−am2)2

λ74 = Am1λ70−Am2λ71 +Am3λ72−Am4λ73

From the boundary conditions (3.1), we have the thermal
Marangoni number

Mθ =
−D2W (1)

a2θ(1)

The TMN for Inverted Parabolic Heat Profile which is Mθ3 is
obtained as

Mθ3 =
−1
a2

(
B1

B2

)
where,

B1 = a2Cosh[a]+a2Sinh[a]A2 + J1A3 + J2A4+

δ
2Cosh[δ ]A5 +δ

2Sinh[δ ]A6

B2 = D1Cosh[a]+D2Sinh[a]− 1
2a

Sinh[a]−

1
2a

Cosh[a]A2− J3A3− J4A4− J5A5− J6A6

where,
J1 = 2aSinh[a]+a2Cosh[a]

J2 = 2aCosh[a]+a2Sinh[a]

J3 =
1

4a
Sinh[a]− 1

4a2 Cosh[a]

J4 =
1

4a
Cosh[a]− 1

4a2 Sinh[a]

J5 =
Cosh[δ ]
δ 2−a2

J6 =
Sinh[δ ]
δ 2−a2

The terms common in the three cases are as follows:

D1 =
λ79

λ80

D2 =
λ78

λ77

D3 = T̂ D1−λ66

D4 =
a

am
D2−

λ69

am

λ75 =
−1

T̂
amSinh[am]

λ76 =Cosh[am]λ69−
1

T̂
amSinh[am]λ66−λ74

λ77 = aCosh[a]λ75−a2Sinh[a]Cosh[am]

λ78 = λ65λ75−λ76(aSinh[a])

λ79 = λ77λ76−aCosh[am]λ78

λ80 = λ77λ75

5. Interpretations

The three TMNs Mθ1, Mθ2 and Mθ3 for the linear, parabolic
and inverted parabolic heat profiles respectively are obtained
in terms of parameters such as horizontal wave numbers ’a’
for the fluid & ′a′m for porous layer, porous parameter ′β ′, ther-
mal ratio ′T̂ ′, viscosity ratio ′µ̂ ′, couple stress parameters ′C′p
& ′C′pm for fluid and porous layers. The thermal Marangoni
number Mθ versus depth ratio ′d̂′ is shown graphically for the
three profiles. The effects of the variations of each of these
parameters on thermal Marangoni number with all other pa-
rameters unaltered is displayed in figures 2,3,4,5,6 and 7.The
pattern of the curves for parabolic and inverted parabolic pro-
files are same but that of linear profile is different. That is,
for linear profile, when the value of depth ratio increases, the
thermal Marangoni number increases, but for parabolic and in-
verted parabolic profiles, as the value of depth ratio increases,
the thermal Marangoni number is found to decrease. A com-
parison of values of thermal Marangoni number Mθ against
depth ratio ′d̂′ while fixing the values of other parameters as
a=1,Cp = 0.3,Cpm = 0.7,β = 0.1, T̂ = 0.7 & µ̂ = 1 is shown
for the three profiles in table 1. From these values it is clear
that the thermal Marangoni number for linear profile is higher
indicating that this profile is the most stabilising one whereas
the inverted parabolic profile is the most unstable one.

Table1: Comparison of Thermal Marangoni Number for
Linear, Parabolic and Inverted Parabolic Heat Profiles
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(a)

(b)

(c)

Figure2: Effects of horizontal wave number ’a’
The effects of ’a’, the horizontal wave number for the fluid
layer on the thermal Marangoni number are shown in figure
2a, 2b & 2c for linear, parabolic and inverted parabolic pro-
files respectively for the assigned values a=1, 1.1, 1.2. In
parabolic profile the curves are converging whereas slight
divergence is noticed in case of linear and inverted parabolic
profiles. Similar effect of horizontal wave number is observed

in all the three profiles i.e., increase in horizontal wave num-
ber decreases the Marangoni number, hence the increase in
horizontal wave number destabilizes the system.

(a)

(b)

(c)

Figure3: Effects of porous parameter ’β ’
The effects of porous parameter ′β ′ on the thermal Marangoni
number are shown in figures 3a, 3b & 3c for linear, parabolic
and inverted parabolic profiles respectively for β = 0.1, 0.2
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and 10. The curves are converging in linear and parabolic
profiles. It is observed that in linear and parabolic profile
the variation effect of porous parameter is prominent for the
composite layer with d >> dm. Slight variation is found for
inverted parabolic profile through all depth ratios. The in-
crease in porous parameter increases the Marangoni number
in case of all the three profiles. That is, the increase in perme-
ability of the porous layer or the more space for the fluid to
move is making the system stable which is quite unexpected,
may be due to the nature of couple stress fluid.

(a)

(b)

(c)

Figure4: Effects of couple stress parameter in the fluid
layer’Cp’

The effects of couple stress parameter in the fluid layer ′C′p
on the thermal Marangoni number are shown in figure 4a, 4b
& 4c for the values of Cp = 0.1, 0.2, 0.3. Here, similar ef-
fect is observed between linear and parabolic profiles i.e., the
Marangoni mumber increases with increase in Cp whereas the
effect of Cp is reversed in case of inverted parabolic profile.
The curves are found diverging in case of linear profile and
converging for both parabolic and inverted parabolic profiles.
The couple stress parameter is prominent in porous layer dom-
inant composite layer in the case of linear profile whereas the
same is prominent in the fluid layer dominant composite layer
in the parabolic and inverted parabolic profiles.

(a)
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(b)

(c)

Figure5: Effects of couple stress parameter in the porous
layer’Cpm’

The effects of couple stress parameter in the porous layer
′C′pm on the thermal Marangoni number are shown in figure
5a, 5b & 5c for linear, parabolic and inverted parabolic pro-
files respectively for Cpm = 0.7, 0.8 and 0.9. The curves are
found converging for parabolic profile. Very less convergence
is noticed in case of linear and inverted parabolic profiles.
The increase in the value of Couple stress parameter in the
porous layer increases the thermal Marangoni number for the
linear profile and the effect of the same decreases the thermal
Marangoni number for the parabolic and inverted parabolic
profiles.

(a)

(b)

(c)

Figure6: Effects of viscosity ratio’µ̂’

The effects of viscosity ratio ′µ̂ ′ on the thermal Marangoni
number are shown in figure 6a, 6b and 6c for linear, parabolic
& inverted parabolic profiles respectively for the values of µ̂ =
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0.8, 0.9 and 1. Variation effect of µ̂ found unaltered for all the
values of depth ratios for linear and inverted parabolic profiles
and the curves are diverging in case of parabolic profile. It
is evident that thermal Marangoni number increases when µ̂

increases. The effective viscosity of the porous layer makes
the system stable, hence the onset of DBMC is postponed.

(a)

(b)

(c)

Figure7: Effects of thermal ratio’T̂ ’

The effects of the thermal ratio ′T̂ ′ on the thermal Marangoni
number are shown in figure 7a, 7b and 7c for linear, parabolic
and inverted parabolic profiles respectively for T̂ = 0.7, 0.8
and 0.9. It is seen from the graph that the curves are diverg-
ing for linear profile, converging for parabolic profile and the
variation effect of T̂ is not altered with all the values of depth
ratios for inverted parabolic profile and increase in this param-
eter increases thermal Marangoni number for linear profile
wherein it decreases the same in the other two profiles. So, the
increase in the value of thermal ratio makes the system stable
hence DBMC is postponed in linear profile and the same is
preponed for parabolic and inverted parabolic profiles.

6. Conclusion
The following are the findings from the theoretical investi-
gation of DBMC in a composite layer comprising of couple
stress fluid for linear, parabolic and inverted parabolic heat
profiles.

i. Increasing values of porous parameter, viscosity ratio
and decreasing values of horizontal wavenumber sup-
port the stability of DBMC in the presence of all the
profiles.

ii. Larger values of couple stress parameters in both the
fluid and porous layers and larger values of thermal ratio
stabilize DBMC when the composite layer is subjected
to linear heat profile.

iii. Lower the values of couple stress parameters and ther-
mal ratio stabilize DBMC when the composite layer is
subjected to inverted parabolic heat profile.

iv. The linear heat profile is suitable to control DBMC and
the inverted parabolic heat profile to enhance DBMC in
a composite layer comprising of couple stress fluid.
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