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Abstract
The key purpose of this manuscript is to examine the existence and uniqueness of integral solutions for a class
of fractional Volterra-Fredholm integro-differential systems with non-instantaneous impulses and non-densely
defined linear operators in Banach spaces. We are constructing the main findings on the basis of the Banach
contraction theory. An example is given to support the validation of the theoretical results achieved.
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1. Introduction
The theory of a fractional or non-integer calculus is not

a new topic. It’s a generalization of the conventional integer-
order calculus. Its appearance dates back to the debate be-
tween the mathematicians Leibniz and the Hospital. It has
recently become a popular field of inquiry in the light of its
actual implementations, following its theoretical development
a couple of hundred years back. It is a reasonable way to
describe memory for specific aspects, so there are diverse
disciplines of study in science and engineering, such as astron-
omy, biology, chemistry, economics, management of complex
processes, etc. Various books and articles in this domain, see
the monographs and papers [4, 6, 7].

Motivated by [1–3, 5], in this paper we consider a class of
fractional Volterra-Fredholm integro-differential systems with

non-instantaneous impulses of the form

cDα x(t) = Ax(t)+ f
(

t,x(t),
∫ t

0
k(t,s,x(s))ds,∫ T

0
k̃(t,s,x(s))ds

)
, t ∈ (si, ti+1] ,

i = 0,1,2, . . . ,m (1.1)
x(t) = gi(t,x(t)), t ∈ (ti,si] , i = 1,2, . . . ,m (1.2)
x(0) = x0,

where cDα is the Caputo fractional derivative of order α ∈
(0,1) with the lower limit zero, A : D(A)⊂ X → X not neces-
sarily a densely defined closed operator on the Banach space
(X ,‖ ·‖),x0 ∈ X ,0 = t0 = s0 < t1 ≤ s1 < t2 ≤ s2 < · · ·< tm ≤
sm < tm+1 = T are fixed numbers, gi ∈C

(
(ti,si]×X ;D(A)

)
,

f : [0,T ]×X3→ X is a nonlinear function and k, k̃ : ∆×X →
X , where ∆ = {(x,s) : 0 ≤ s ≤ x ≤ τ} are given functions
which satisfies assumptions to be specified later on. For

our convenience, we denote E1x(t) =
∫ t

0
k(t,s,x(s))ds and

E2x(t) =
∫ T

0
k̃(t,s,x(s))ds.

The rest of the paper is organized as follows. In Section 2,
we present the notations, definitions and preliminary results
needed in the following sections. In Section 3 is concerned
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with the existence and uniqueness result of problem (1.1). An
example is given in Section 4 to illustrate the results.

2. Preliminaries
In this section, we recall basic definitions of fractional

calculus and integral solutions which are very useful to prove
our main results.

Definition 2.1. [4] The Riemann-Liouville fractional integral
of order q with the lower limit zero for a function f is defined
as

Iq f (t) =
1

Γ(q)

∫ t

0
(t− s)q−1 f (s)ds, q > 0

provided the integral exists, where Γ(·) is the gamma function.

Definition 2.2. [4] The Riemann-Liouville derivative of order
q with the lower limit zero for a function f : [0,∞)→ R can
be written as

LDq f (t)=
1

Γ(n−q)
dn

dtn

∫ t

0
(t−s)n−q−1 f (s)ds, n−1< q< n, t > 0

Let us set J = [0,T ],J0 = [0, t1], J1 = (t1, t2] , . . ., Jm−1 =
(tm−1, tm] , Jm =(tm, tm+1] and introduce the space PC(J,X) :=
{u : J→ X | u ∈C (Jk,X) ,k = 0,1,2, . . . ,m, and there exist
u
(
t+k
)

and u
(
t−k
)
,k = 1,2, . . . ,m, with u

(
t−k
)
= u(tk)

}
. It is

clear that PC(J,X) is a Banach space with the norm ‖u‖PC =
sup{‖u(t)‖ : t ∈ J}.

Let X0 = D(A) and A0 be the part of A in D(A) defined by

D(A0) =
{

x1 ∈ D(A) : Ax1 ∈ D(A)
}
,A0 (x1) = A(x1)

Throughout our analysis, the following hypotheses will
be considered:

(H1) A : D(A)⊂ X → X satisfies the Hille-Yosida condition,
that is, there exist two constants ω ∈R and Λ0 ≥ 0 such
that (ω,∞)⊂ ρ(A) and∥∥(λ I−A)−n∥∥

L(X)
≤ Λ0

(λ −ω)n , for all λ > ω,n≥ 1

(H2) The part A0 of A generates a compact C0 -semigroup
{T (t)}t≥0 in X0 which is uniformly bounded, that is,
there exists ΛA ≥ 1 such that supt∈[0,∞) ‖T (t)‖< ΛA.

Let Bλ = λR(λ ,A) := λ (λ I−A)−1. Then for all x1 ∈
X0,Bλ x1→ x1 as λ → ∞. Also from Hille-Yosida condition,
it is clear that lim

λ→∞

‖Bλ‖ ≤ Λ0.

Definition 2.3. [6, 7] A function x ∈C(J,X) is said to be a
mild solution of the following problem:{ cDα x(t) = Ax(t)+ y(t), t ∈ (0,T ]

x(0) = x0

if it satisfies the integral equation

x(t) = Pα(t)x0 +
∫ t

0
(t− s)α−1Qα(t− s)y(s)ds.

Here

Pα (t) =
∫

∞

0
ξα (θ)T (tα

θ)dθ , Qα (t) = α

∫
∞

0
θξα (θ)T (tα

θ)dθ

ξα (θ) =
1
α

θ
−1− 1

α σα

(
θ
− 1

α

)
≥ 0

ϖα (θ) =
1
π

∞

∑
n=1

(−1)n−1
θ
−nα−1 Γ(nα +1)

n!
sin(nπα), θ ∈ (0,∞)

and ξα is a probability density function defined on (0,∞),
that is,

ξα(θ)≥ 0,θ ∈ (0,∞),
∫

∞

0
ξα(θ)dθ = 1

It is not difficult to verify that∫
∞

0
θξα(θ)dθ =

1
Γ(1+α)

.

We make the following assumption on A in the whole
paper.

H(A) : The operator A generators a strongly continuous
semigroup {T (t) : t ≥ 0} in X , and there is a constant ΛA ≥ 1
such that supt∈[0,∞) ‖T (t)‖L(X) ≤ ΛA. For any t > 0,T (t) is
compact.

Lemma 2.4. [6, 7] Let H(A) hold, then the operators Pα and
Qα have the following properties:

(1) For any fixed t ≥ 0,Pα(t) and Qα(t) are linear and
bounded operators, and for any x ∈ X,

‖Pα(t)x‖ ≤ ΛA‖x‖, ‖Qα(t)x‖ ≤ αΛA
Γ(1+α)‖x‖

(2) {Pα(t), t ≥ 0} and {Qα(t), t ≥ 0} are strongly continu-
ous;

(3) for every t > 0,Pα(t) and Qα(t) are compact operators.

Next, by using the concept discussed in [2], we define the
following definition of the mild solution for problem (1.1).

Definition 2.5. A function x ∈ PC(J,X) is said to be a PC
-mild solution of problem (1.1) if it satisfies the following
relation:

x(t)

=



Pα(t)x0 + lim
λ→∞

∫ t

0
(t− s)α−1Qα(t− s)Bλ

f (s,x(s),E1x(s),E2x(s))ds,
t ∈ [0, t1]
g1(t,x(t)), t ∈ (t1,s1]

Pα (t− s1)d1 + lim
λ→∞

∫ t

0
(t− s)α−1Qα(t− s)Bλ

f (s,x(s),E1x(s),E2x(s))ds,
t ∈ [s1, t2]
. . . ,
gi(t,x(t)), t ∈ (ti,si] , i = 1,2, . . . ,m,

Pα (t− si)di + lim
λ→∞

∫ t

0
(t− s)α−1Qα(t− s)Bλ

f (s,x(s),E1x(s),E2x(s))ds,
t ∈ [si, ti+1]

2229
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where, for i = 1,2, . . . ,m

di =gi (si,x(si))− lim
λ→∞

∫ si

0
(si− s)α−1 Qα (si− s)Bλ

f (s,x(s),E1x(s),E2x(s))ds (2.1)

and x0 ∈ X0.

3. Existence Results
In this section, we present and prove the existence and

uniqueness of the system (1.1) under Banach contraction prin-
ciple fixed point theorem.

From Definition 3.1, we define an operator S : PC(J,X)→
PC(J,X) as

(Sx)(t)

=



Pα(t)x0 + lim
λ→∞

∫ t

0
(t− s)α−1Qα(t− s)Bλ

f (s,x(s),E1x(s),E2x(s))ds, t ∈ [0, t1]
gi(t,x(t)), t ∈ (ti,si]

Pα (t− si)di + lim
λ→∞

∫ t

0
(t− s)α−1Qα(t− s)Bλ

f (s,x(s),E1x(s),E2x(s))ds,× ∈ [si, ti+1]

with di, i = 1,2, . . . ,m, defined by (2.1) and x0 ∈ X0..
To prove our first existence result we introduce the follow-

ing assumptions:
Here, we take a = α−1

1−α1
∈ (−1,0).

(H(f)) The function f ∈ C(J×X3;X) and there exists L f ∈
L

1
α1 (J,R+) with α1 ∈ (0,α) such that

‖ f (t,x1,x2,x3)− f (t,y1,y2,y3)‖
≤ L f (t)[‖x1− y1‖+‖x2− y2‖+‖x3− y3‖]

for all (x1,x2,x3),(y1,y2,y3) ∈ X and every t ∈ J.

(H(k, k̃)) The functions k, k̃ : ∆×X → X are continuous and
there exist constants Lk,Lk̃ > 0 such that∥∥∥∥∫ t

0
[k(t,s,x(s))− k(t,s,y(s))]ds

∥∥∥∥≤ Lk‖x− y‖,

for all, x,y ∈ X ; and∥∥∥∥∫ T

0
[̃k(t,s,x(s))− k̃(t,s,y(s))]ds

∥∥∥∥≤ Lk̃‖x− y‖,

for all, x,y ∈ X ;

(H(g)) For i = 1,2, . . . ,m, the functions gi ∈C ((ti,si]×X ;X0)
and there are positive constants Lgi such that

‖gi(t,x)−gi(t,y)‖ ≤ Lgi‖x− y‖

for all x,y ∈ X and t ∈ (ti,si].

Theorem 3.1. Assume H(f),H(k, k̃) and H(g) are satisfied
and

C = max

{
max

1≤i≤m

{
ΛA

(
Lgi +

Λ0ΛA

Γ(α)

s(1+a)(1−α1)
i
(1+a)1−α1

(3.1)

‖L f ‖
L

1
α1 ([0,si],R+)

[1+Lk +Lk̃]

)

+
Λ0ΛA

Γ(α)

t(1+a)(1−α1)
i+1
(1+a)1−α1

‖L f ‖
L

1
α1 ([0,ti+1],R+)

[1+Lk +Lk̃]

}
,

Λ0ΛA

Γ(α)

t(1+a)(1−α1)
1
(1+a)1−α1

‖L f ‖
L

1
α1 ([0,t1],R+)

[1+Lk +Lk̃]

}
< 1.

(3.2)

Then there exists a unique integral solution in PC(J,X) of the
system (1.1) provided x0 ∈ X0.

Proof. Proof From the assumptions it is easy to show that the
operator S is well defined on PC(J,X) Let x,y ∈ PC(J,X).
For t ∈ [0, t1] , from Lemma 2.1, we have

‖(Sx)(t)− (Sy)(t)‖

≤ lim
λ→∞

∫ t

0
(t− s)α−1 ‖Qα (t− s)Bλ ( f (s,x(s),E1x(s),E2x(s))

− f (s,y(s),E1y(s),E2y(s)))‖ds

≤ Λ0ΛA

Γ(α)

∫ t

0
(t− s)α−1L f (s)[1+Lk +Lk̃]ds‖x− y‖PC

≤ Λ0ΛA

Γ(α)

[∫ t

0

(
(t− s)α−1

) 1
1−α1 ds

]1−α1

‖L f ‖
L

1
α1 ([0,t1],R+)

[1+Lk +Lk̃]‖x− y‖PC

≤ Λ0ΛA

Γ(α)

t(1+a)(1−α1)
1
(1+a)1−α1

‖L f ‖
L

1
α1 ([0,t1],R+)

[1+Lk +Lk̃]‖x− y‖PC.

Similarly, we have, for t ∈ (ti,si] , i = 1,2, . . . ,m

‖(Sx)(t)− (Sy)(t)‖ ≤‖gi(t,x(t))−gi(t,y(t))‖
≤ Lgi‖x− y‖PC ≤ ΛLgi‖x− y‖PC

and, for t ∈ [si, ti+1] , i = 1,2, . . . ,m

‖(Sx)(t)− (Sy)(t)‖

≤

∥∥∥∥∥Pα (t− si)

[
gi (si,x(si))−gi (si,y(si))

− lim
λ→∞

∫ si

0
(si− s)α−1 Qα (si− s)Bλ

( f (s,x(s),E1x(s),E2x(s))− f (s,y(s),E1y(s),E2y(s)))ds

]∥∥∥∥∥
+ lim

λ→∞

∫ t

0
(t− s)α−1 ‖Qα (t− s)Bλ ( f (s,x(s),E1x(s),E2x(s))

− f (s,y(s),E1y(s),E2y(s)))‖ds

2230
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≤ΛA

(
Lgi +

Λ0ΛA

Γ(α)

s(1+a)(1−α1)
i
(1+a)1−α1

‖L f ‖
L

1
α1 ([0,si],R+)

[1+Lk +Lk̃]

)
‖x− y‖PC

+
Λ0ΛA

Γ(α)

t(1+a)(1−α1)
i+1
(1+a)1−α1

‖L f ‖
L

1
α1 ([0,ti+1],R+)

[1+Lk +Lk̃]‖x− y‖PC

≤

[
ΛA

(
Lgi +

Λ0ΛA

Γ(α)

s(1+a)(1−α1)
i
(1+a)1−α1

‖L f ‖
L

1
α1 ([0,si],R+)

[1+Lk +Lk̃]

)

+
Λ0ΛA

Γ(α)

t(1+a)(1−α1)
i+1
(1+a)1−α1

‖L f ‖
L

1
α1 ([0,ti+1],R+)

[1+Lk +Lk̃]

]
‖x− y‖PC.

From the above we can deduce that

‖(Sx)(t)− (Sy)(t)‖PC ≤C‖x− y‖PC.

Then it follows from condition (3.1) that S is a contraction
on the space PC(J,X). Hence by the Banach contraction
mapping principle, S has a unique fixed point x ∈ PC(J,X)
which is just the unique integral solution of problem (1.1).
The proof is now complete.

4. Application

A simple example is given in this section to illustrate the
result.

Let X =C2([0,π],R). Define an operator A : D(A)⊆ X→
X by Ax= x′′ with D(A)= {x∈ X : x′′ ∈ X ,x(0) = x(π) = 0} .

Consider the following impulsive problem:

cDα
t u(t,y) =

∂ 2

∂y2 u(t,y)+F(t,u(t,y),E1u(t,y),E2u(t,y)),

t ∈ ∪m
i=1(si, ti+1],y ∈ [0,π]

u(t,y) = Gi(t,u(t,y)),

t ∈ (ti,si], i = 1,2, . . . , m; y ∈ [0,π] (4.1)

u(t,y) = u0(y), y ∈ [0,π]

u(t,0) = u(t,π) = 0, t ∈ [0,T ],

where cDα
t means that the Caputo fractional derivative is

taken for the time variable t with the lower limit zero; x0 ∈
X ,0 = t0 = s0 < t1 ≤ s1 < t2 ≤ s2 < · · ·< tm ≤ sm < tm+1 = T
are fixed numbers, gi ∈C

(
(ti,si]×X ;D(A)

)
, i = 1,2, . . . ,m.

Define x(t)(y) = u(t,y),(t,y)∈ [0,T ]× [0,π]. Then F and
Gi can be rewritten as

f (t,x,E1x,E2x)(y) = F(t,u(t,y),E1u(t,y),E2u(t,y))

gi(t,x)(y) = Gi(t,u(t,y)), y ∈ [0,π],
t ∈ (ti,si], i = 1,2, . . . ,m,

where E1 and E2 are same as defined in (1.1).
This shows that the problem (1.1) is an abstract formula-

tion of the problem (4.1).

It is well known that the operator A satisfies the Hille-
Yosida condition with (0,+∞) ⊂ ρ(A),

∥∥(λ I−A)−1
∥∥ ≤ 1

λ

for λ > 0 and

D(A) = {x ∈ X : x(0) = x(π) = 0} 6= X .

This implies that A satisfies (H1) with |lambda0 = 1.
Since it is well known that A generates a compact C0-semigroup
{(T (t))}t>0 on X0 such that ‖T (t)‖ ≤ 1, hence (H2) is satis-
fied with ΛA = 1.

For the validation of Theorem 3.1, let us consider

f (t,x(t),E1x(t),E2x(t))

=
e−tx(t)

(9+ et)(1+ |x(t)|)
+

1
10

∫ t

0
e−

1
2 x(s)ds

+
1

10

∫ t

0
e−

1
4 x(s)ds

gi(t,x(t)) =
1
3

sinx(t)+ et , t ∈ (ti,si], i = 1,2, . . . ,m.

Then clearly f : [0,T ]×E3→ E is a continuous function
and

‖ f (t,x,E1x,E2x)− f (t,y,E1y,E2y)‖

≤ e−t

(9+ et)
[1+Lk +Lk̃]‖x− y‖, for allx,y ∈ X ,

with Lk =
1
2 , Lk̃ =

1
4 , L f (t) = e−t

(9+et ) and it follows that L f ∈

L
1

α1 ([0,T ],R+). Also gi : (ti,si]× X → X0 are continuous
function and

‖gi(t,x)−gi(t,y)‖ ≤ Lgi‖x− y‖

with Lgi =
1
3 . Thus f ,g,Lk and Lk̃ are satisfied the hypotheses

(Hf), (Hg) and (H(k, k̃)) respectively. Therefore, we deduce
that the model (4.1) has a unique integral solution.
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