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On fractional neutral Volterra-Fredholm
integro-differential systems with non-instantaneous
impulses in Banach space

M. Mallika Arjunan’

Abstract

The primary objective of this paper is to analyze the existence of PC-mild solution of fractional neutral Volterra-
Fredholm integro-differential systems with non-instantaneous impulses in Banach spaces. Based on the Banach
contraction principle, we develop the main results. An example is given to support the validation of the theoretical

results achieved.
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1. Introduction

In the past decades, research on fractional differential
equations has been published. There has been a considerable
improvement and new applications have been proposed since
then. For example, in [3], where models of viscoplasticity
are discussed, some examples of applications of fractional
order equations can be identified. Due to its broad applica-
tions in physics, economics, population dynamics, control
theory, etc., the study of differential equations with sudden
and instantaneous impulses seems to be of great importance.
The behavior of instantaneous impulses, however, does not
characterize some physical processes. For this reason, Her-
nandez et al. [2] introduced the concept of non-instantaneous
impulses.

Motivated by [1, 2, 4], in this paper, we consider a class
of fractional neutral Volterra-Fredholm integro-differential

systems with non-instantaneous impulses of the form

DY[x() + h(t,x(1))]
= Alx() +h(t,x(1))]

+f <t,x(l‘), /0 k{1, 5,x(5))ds, /0 Tié(t,s,x(s))ds> :
t € (siytiv1],i=0,1,2,....m
x(t) =1 (x (1) + gt x(t), t€(tis],i=12,....m
(1.1)
x(0) = xo,

where D is the Caputo fractional derivative of order o €
(0,1) with the lower limit zero, A : D(A) C X — X is the
generator of a Cp -semigroup of bounded linear operators
{T (¢) }+>0 on a Banach space (X, ||-]|),x0 € X,0 =19 =50 <
H<s1<thh<s§<- <ty < sy <tpy1 =T are fixed num-
bers, h: [0,T] xX — X; g € C((t;,51] x X;X),l; : X — X for
i=1,2,...,m, f:]0,T] xX*> — X is a nonlinear function and
k,k:AxX — X, where A= {(x,s):0<s<x< 7} are given
functions which satisfies assumptions to be specified later on.

t
For our convenience, we denote Ex(f) = / k(t,s,x(s))ds
0

and Exx(1) = / i(t,5,x(s))ds.
0
The impulses in problem (1.1) start abruptly at the points
t; and their action continues on the interval [t;,s;]. To be
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precise, the function x takes an abrupt impulse at ¢; and follows
different rules in the two subintervals (#;,s;] and (s;, 1] of the
interval (¢;,#;+1]. At the point s;, the function x is continuous.
The term I; (x (;)) means that the impulses are also related to
the value of x (1;) = x (#;).

We remark that if #; = s; and the second equation of (1)
takes the form of Ax(#;) = I; (x(t;)) = x(1;7) —x (¢;) with
x (1) =limg_o+ x(t; +€) ,x (1;) = limg_,o- x (f; + €) repre-
senting the right and left limits of x(¢) att =#;.

We also study the nonlocal Cauchy problems for impulsive
fractional evolution equations

D [x(t) + h(t,x(t))]
= Alx(r) + h(t,x(1))]

+f (l,x(t),/Otk(t,s,x(s))ds,/O.Tz(t,s,x(s))ds) ,

t € (siytir1],i=0,1,2,....m
x(t) =L (x()+git,x@), t€@,s],i=1,2,....m
(1.2)
x(0) = xp + b(x),

where A,f,h,li,gi,k7% are the same as above, b is a given
function; this constitutes a nonlocal Cauchy problem. It is
well known that the nonlocal condition has a better effect on
the solution and is more precise for physical measurements
than the classical initial condition alone.

The rest of the paper is organized as follows. In Section 2,
we present the notations, definitions and preliminary results
needed in the following sections. In Section 3 is concerned
with the existence results of problems (1.1) and (1.2). An
example is given in Section 4 to illustrate the results.

2. Preliminaries

Let us set J = [O T] Jo = [0 l1] (ll,l‘z] , Il =
(tm—1,tm] s Jm = (tm,tm+1] and 1ntroduce the space PC(J X):=
{u:J—=>X|ueC(J,X),k=0,1,2,...,m, and there exist
u(t;r) and u(t,;) Jk=1,2,...,m, with u(t,:) = u(tk)} Jtis
clear that PC(J,X) is a Banach space with the norm ||u||pc =
sup{ u(t)] : 1 € J}.

Definition 2.1. [3] The Riemann-Liouville fractional integral
of order q with the lower limit zero for a function f is defined
as

19f (1) = 1)/()t(ts)‘7_1f(s)ds, qg>0

(g
provided the integral exists, where T'(+) is the gamma function.

Definition 2.2. [3] The Riemann-Liouville derivative of order
q with the lower limit zero for a function f : [0,00) — R can
be written as

Loan g
Lpif(r) = d /(t—s)"_q_lf(s)d&n—1<q<n,t>0

C(n—q)di" Jo

Let us recall the following definition of mild solutions for
fractional evolution equations involving the Caputo fractional
derivative.
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Definition 2.3. [5, 6] A function x € C(J,X) is said to be a
mild solution of the following problem:

{ °D%x(t) = Ax(t) +y(t),
x(0) = xo

€ (0,T]

if it satisfies the integral equation
t
x(0) = Pa(ro+ [ (1=9)""'Qalt = 9)y(s)ds.
Here

~ o [ 0Eu(0)T (*6) a6

paa):iéwga(e)r(“e )d6, Qult)
£al0) = 07 oy (074) 20

(—1)y~1g—na-t M
n:

s

1
0y (0) = p sin(nmar), 6 € (0,00)
n=1

and &y is a probability density function defined on (0,0),

that is,
Ex(0)>0,0€(0 L/éa )de =1

It is not difficult to verify that

i 1
/0 00(0)d0 = Fr s

We make the following assumption on A in the whole
paper.

H(A) : The operator A generators a strongly continuous
semigroup {7(¢) : ¢ > 0} in X, and there is a constant My > 1
such that sup, o) [|7(¢)[|L(x) < Ma. For any # > 0,T(t) is
compact.

Lemma 2.4. [5, 6] Let H(A) hold, then the operators Py and
Qq have the following properties:

(1) For any fixed t > 0,Py(t) and Qq(t) are linear and
bounded operators, and for any x € X,

1Pe()x]| < Mallxll,  1Qa(0)ll < gy Il

(2) {Py(t),t >0} and {Qq(t),t > 0} are strongly continu-
ous;

(3) foreveryt > 0,Py(t) and Qo (t) are compact operators.

Next, by using the concept discussed in [1], we define the
following definition of the mild solution for problem (1.1).

Definition 2.5. A function x € PC(J,X) is said to be a PC
-mild solution of problem (1.1) if it satisfies the following

009 nn,,
5:

; ‘a’uv
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relation:

x(t)

for all, x,y € X; and

/OT [%(Ls,x(s)) —%(t, 5,v(5))]ds

—h(t,x(t) +/ V9 1 Qg (t —5)
f(s, (8))ds,t € 10,11]
Iy (x(t1)) +81(1,x(1)),1 € (t17sl]
Palt=s1)d = hle,x(0)+ [ (=9 Qalt—)
F(s,x(s), Erx(s), Exx(s))ds,t € [s1,] (H(T)) Fori=1,2,...,m,I; € C(X,X) and there is a constant
I (e (1) + i(,x(0)), 1 € (t157) i = 1.2,...om, b1 O such that (%) = H(Y)I| < Ly lx —y]| forall x,y €
1 .
Py (t—s,-)d,-—h(ux(t))—k/o (t— )% 0t —3)
F(s,x(s), E1x(s), Exx(s))ds,t € [si,tis1] .
. (H(g)) Fori=1,2,...,m, the functions g; € C([t;,si] X X;X)
where, fori=1,2,...,m and there exists L, € C(J,R™) such that

Pe(t) [xo + h(0,x(0))]
x(s), E1x(s), E J)C

for all, x,y € X;

di =I; (x (l‘l‘)) +&i (s,',x(s,-)) —|—h(si,x(si))
_/OS/ (Si _S)chl QO( (Si —S)f(S,X(S)7E]X(S)7EQX(S))dS. ||gl(t7x) _gl(t7y)|| S Lg(t)”x_)’”

@ forallx,y € X and t € [t;,s;].

3. Existence Results

In this section, we present and prove the existence and ~ Iheorem 3.1. Assume H(f), H (h), H(I), H (k. k) and H(g) are
uniqueness of the system (1.1) under Banach contraction prin- satisfied and
ciple fixed point theorem.

From Definition 3.1, we define an operator S : PC(J,X) — oM, 11—\l
PC(J,X) as MA<LI+HLch<J>)+(1+MA) Lh+r(a+1)< —1)
(Sx)()

T Ly o ) 1+ L+ L)} 3.1)

1

Py (t)[x0 +1(0,x(0))] — h(t,x(t)) +/0 (t—9)""Qq(t—s)

F(s,x(s),E1x(s),Exx(s))ds, t € [0,11]
=4 Li(x(t)+g(t.x(t)), t € (t,si]

1
Py (zfs,')difh(t7x(t))+/ (1 —5)% 1 Qqlt —s)
f(s,x(s)7E1x(s),E2x(s))ds70t € [sistiv1] Proof. Proof From the assumptions it is easy to show that the
operator S is well defined on PC(J,X) Let x,y € PC(J,X).

with d;,i = 1,2,...,m, defined by (2.1).

Fort € [0,1], from Lemma 2.1, we have
To prove our first existence result we introduce the follow-
ing assumptions:

Then there exists a unique PC -mild solution of problem (1.1).

[1(8x) (1) = (Sy) (@)l
(H(f)) The function f € C(J x X3;X) and there exists Ly €

1 <||h(t,x(¢)) — h(t, r —)* 1 0ult—s
B e s < IhC0) ~ ey O+ [ =9 [Qalr—9)
(f(s,x(s),Elx(s),sz(s))—f(s,y(s),Ely(s),Ezy(s)))Hds
||f(t7'x17x27x3)_f(tay17y27y3)|| aMy 1—71 -7
< Ly(0lller =yall+ 2 = yall + flxs = sll] = [ "ot 1) (a—r> 1Ll oy 1+ L LA

for all (x1,x2,x3),(y1,y2,y3) € X and every t € J. lx =l pc-

(H(h)) The function h € C([0,T] x X;X) and there exists a o .
positive constant L;, > 0 in a ways that Similarly, we have, for ¢ € (t;,si],i=1,2,...,m

||h(t7x)_h(tay)“SLth_y||7 xayexandtej-

[1(Sx) (2) = (Sy) (O] <[4 (x (#:) — 1 (v (1)) |

(H(k,k)) The functions k,k : A x X — X are continuous and there + [8i(t,x(1)) — &i(t, y(2)) |
exist constants Ly, L > 0 such that (LI + HL Hc ) [x=¥llpc

< Lfpe—=yll,

/O k(e 5,x(5)) — k(t,5,y(5))]ds

and, for t € [s;,t;11],i=1,2,...,m

2245 X
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1(8x)(2) = (Sy) (1)l

< || Po(t—si) | Ii (x () — 1 (v (#:)) + &i (si,x (5:))

—8i (80, (81)) +h(si,x(s:)) — h(si,y(si))
- /0 (51— )% Qu (51— 5) (f(5,x(s), E1x(s), Eax(s))

a0~y )]+ [ -9

1Qa(r = 5)(f (s,x(s), E1x(s), Exx(s))
—f(s,5(s), Ery(s), Eay(s))) || ds

vty (Lt 1y s M (1T
=T gllce) ™o C(a+1)\a-7

_f(say(s),Ely(S),Ezy(s)))ds]

S Ll g 1+ L+ 2] =l

oM, 1—7
+ L+ 4 <

-1
| — 5L

INo+1) a’c) i+l H fHL%([O,t.-H])
[+ Lie+ Ll e =yl e

From the above we can deduce that ( since My > 1)

[1(8x) (1) = (Sy)(®) [ pc
< My (Lr+ Ll ) + (14 Ma)

oM, 1—t\1=T g—

{1t ritty (42T gl 4 L 1
[lx=llpc.

Then it follows from condition (3.1) that S is a contraction

on the space PC(J,X). Hence by the Banach contraction

mapping principle, S has a unique fixed point x € PC(J,X)

which is just the unique PC-mild solution of problem (1.1).

The proof is now complete. O

Definition 3.2. A function x € PC(J,X) is said to be a PC
-mild solution of problem (1.2) if it satisfies the following
relation:

x(t)

Palt) (30 + bla) + H(0.5(0)) = h(t.x(1)

+ /O (t— )% Qb — 5) F(s,x(s), Erx(s), Exx(s))ds,
t €10,1]

I; ()C(ti)) +gi(t,x(t)),t € (l‘,’,S,’] = 1,2, co,m

!
Pa(t—si)di+/() (t— )% Qult —s)
F(s,x(s), E1x(s), Exx(s))ds,t € [si,ti+1]
withd;,i=1,2,...,m, defined by (2.1).

H(b) : b: PC(J,X) — X and there exist a constant L, > 0
and for x,y € PC(J,X),

[16(x) = b(Y)I| < Ly|lx = yllpc-

2246
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Theorem 3.3. Assume H(f),H (h),H(1), H (k,k) and H(g) are
satisfied and

oMy
Ma+1)

[MA <L1+ el +L’J) +(1+My) {Lﬁ

<1

-7 o o7 1
o—1 T HLfHL%(j)[ +Lk+LZ]

3.2)
Then there exists a unique PC -mild solution of problem (1.2).

Proof. The proof of this theorem is very similar to Theorem
3.1, so we omit it. O

4. Application

A simple example is given in this section to illustrate the
result.

Let X = L%(]0, x]). Define an operator A : D(A) C X — X
by Ax =x" with D(A) = {x € X :x" € X,x(0) = x(7) = 0}.
It is well known that A is the infinitesimal generator of a
strongly continuous semigroup {7'(¢) : ¢+ > 0} in X. Moreover,
T(¢) is compact fort >0 and || T'(¢)|,x) S e < 1=Ma,t >
0.

Consider the following impulsive problem:

D/ u(t,y) +h(t,u(t,y))]
2
= S lule.) Al (,)
+f(t7u(tay)7E1u(tvy)7E2u(t’y))a
te {O, ;} U (5,1] ,y €10,7]
ult,y)=1 (u (%,y)) +g(t,u(t,y)),
te <;,ﬂ ,y € [0, 7]
M(tay):u()(y)a y€[07ﬂ]
u(t,0)=u(t,m) =0, re€][0,1]

Ao

4.1)

1
Here D} means that the Caputo fractional derivative is taken
for the time variable ¢ with the lower limit zero.

Let

f(t7u(tvy)aEl”(tvy)aEZM(tay))

e 'ult,y) 1 /l —Lus
= —_— 2 y)d
O ) (1+utty)) 104 ¢ *

1 /1
L[ by
+ 10/0 e s

Bt u(t,3)) =50, 9),

()
I(u(t,y)) = 9+ [u(t,y)]’

2

1.
g(t,u(t,y)) =16 sinu(t,y) +e
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Define x(¢)(y) = u(t,y), (t,y) € [0,1] x [0, x]. Then f,I, and
g can be rewritten as

f(t»X(f)vElx( ) sz( )

= (9+er)(1+\x 10/ et
1 ! —zx(s)
+T6A€?4
x(0) =1x(0), 1(x(0)) =

1
g(t,x(1)) =—sinx(t) + '
16
by putting Ls(t) = %Oth =Ll = %,Lk

1L
Lg(t) = 15-
Moreover, since ¢ = %, let T = %, we have

MA(L,+HLgHC<J))+(1+MA){Lh+ aMy (11)1—7

T Ly ) 1+ L+ L]}

11
< 5+ g +2{0.1+0.8160x 14142

1 1 1
1 =052<1.
|14+ p-osee

Therefore by Theorem 3.1, we deduce that problem (4.1)
has a unique PC-mild solution on [0, 1].
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