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Abstract
In this paper, we proposed new generalized Laplace-Carson transform of fractional order called Fractional
Laplace-Carson transform of order 0 < α < 1. This transform is applying for functions which are differentiable but
by fractional order. By using the definition of fractional order Laplace-Carson transform we prove fundamental
properties of this integral transform. Finally, we have obtained convolution and inversion.
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1. Introduction
We all are familiar about the application of integral transform
for the solution of different differential and integral equations
[1,2]. It is the best tool for finding the solutions of many
of this problem. Laplace-Carson transform is the Laplace
type integral transform but it is generalization of Laplace
transform [3,4] which is widely used for solving differential
equation [7,8] with efficient and more convenient way. If
Ω(ζ ) is continuous and continuously differentiable then by

using regular definitions of different integral transform we
solve differential equations of function Ω(ζ ) but if Ω(ζ ) is
continues but differentiable by fractional order α , then this
definitions does not work, in that case we use the definition
of fractional order Laplace-Carson transform for finding the
solution of differential equations in particular fractional order
differential equations of function Ω(ζ ).

Authors work on different fractional order integral trans-
forms & generalized integral transforms[8,10,16] to solve
many real life problems in different fields.
In this Paper firstly we study the basic definitions, like defi-
nition of Laplace-Carson transform, Mittag-Leffler function,
fractional derivative and so on. After that we define fractional
order Laplace-Carson transform and prove some important
results and properties and in the final part we give proof of
convolution theorem and inversion formula.

2. Basics of Laplace-Carson Transform
and Fractional Derivatives

First, we summaries definitions of Laplace, Laplace-Carson
transform, fractional order derivative in the finite difference
form and other related definitions.

Definition 2.1. Let Ω(ζ ) is continuous real valued function
for ζ ∈R+ = [0,∞), and |Ω(ζ ) |≤PeQζ (ζ ≥ 0) for constants
P and Q. Then for η ∈ C,(Re(η)) ≥ Q, define the Laplace
transform [9] is,

L [Ω(ζ )](η) =
∫

∞

0
exp(−ηζ )Ω(ζ )dζ . (2.1)
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Definition 2.2 (Laplace-Carson transform [3,4]). Let Ω(ζ )
is continuous real valued function for ζ ∈ R+ = [0,∞), and
|Ω(ζ ) |≤ PeQζ (ζ ≥ 0) for constants P and Q. Then for η ∈
C,(Re(η))≥ Q. i.e.

∆ = {Ω(ζ ) | ∃P,Q > 0 |Ω(ζ ) |≤ PeQζ , where ζ ∈ R+ = [0,∞]},

define the Laplace-Carson transform the integral as,

L C [Ω(ζ )](η) = Ω
′
(η) =

∫
∞

0
ηexp(−ηζ )Ω(ζ )dζ (2.2)

L C [Ω(ζ )](η) = Ω
′
(η) = lim

z→∞

∫ z

0
ηexp(−ηζ )Ω(ζ )dζ .

The Inverse Laplace-Carson integral transform [3] is defined
as,

L C−1[Ω
′
(ζ )](η) =Ω(ζ ) =

1
2πi

∫
µ+i∞

µ−i∞

1
η

e(ηζ )
Ω
′
(η)dη ,

(2.3)

where ζ > 0 and µ is real number such that the counter path
of integration is in the region of convergence of Ω

′
(η).

Definition 2.3 (Derivative of Laplace-Carson integral trans-
form [4,7]). If the function Ω(n)(ζ ) is the nth derivative of
the function Ω(ζ ) with respect to ζ then it’s Laplace-Carson
integral transform is defined as,

L C [Ω(n)(ζ )] = η
(n)

Ω
′
(η)−

n−1

∑
k=0

(η)(n−k).Ω(k)(0), where n≥ 1.

(2.4)

Definition 2.4 (Laplace-Carson transform of Mittag-Leffler
function [9,10,11]).

Eα,β (ζ ) =
∞

∑
k=0

zk

Γ(αk+β )

α,β ∈ C and Re(α), Re(β )> 0 is given by,

L C [ζ τ−1Eα,β (εζ
α)] = η

β (1− ε(η)α)−τ , (2.5)

where Re(α), Re(β ), Re(τ)> 0 and ε ∈ C.

Definition 2.5 ([11,12]). Γ(z) is Euler Gamma function, which
is generalization of factorial function from set of integers to
the set of complex numbers. Defined as,

Γ(ζ ) =
∫

∞

0
tz−1e−tdt,z ∈ C,

with Re(z > 0), with Γ(ζ +1) = ζ Γ(ζ ), where ζ ∈ R+ and
Γ(ζ ) = (ζ −1)! where ζ ∈ R+.

Definition 2.6 (Definition of Fractional order derivative in
finite Difference form [9,12]). Let Ω : R → R denotes a
continuous function and h > 0 denote content discretization
span then, Define the forward operator FW(h) by the equality,

FW (h)(Ω(ζ )) = Ω(ζ +h). Then fractional order derivative
of order α , where 0 < α < 1 of Ω(ζ ) is,

∆
α

Ω(ζ )= (FW−1)α =
∞

∑
k=0

(−1)kCα
k Ω(ζ +(α−k)h). (2.6)

Fractional derivative of order α is the limit,

Ω
(α)(ζ ) = lim

h→0

∆α Ω(ζ )

hα
. (2.7)

3. Main Result

Definition 3.1. Laplace-Carson transform of fractional order
α of non-negative function Ω(ζ ) denoted by L C α [Ω(ζ )],
and defined as,

L C α [Ω(ζ )] =Ω
′
α(η) = η

α

∫
∞

0
Eα(−η

α
ζ

α)Ω(ζ )(dζ )α ,

(3.1)

where η ∈C, and Eα(ζ ) is Mittag-Leffler function Eα Ω(ζ ) =

∑
∞
k=0

ζ α

Γ(αk+1) .

3.1 Existence of Fractional order Laplace-Carson
transform

Theorem 3.2. If function Ω(ζ ) is non-negative piecewise
continuous in interval 0 ≤ ζ ≤ ξ and it is of exponential
order α then its fractional Laplace-Carson transform Ω

′
α(η)

exist.

Proof. Suppose that,

η
α

∫
∞

0
Eα(−η

α
ζ

α)Ω(ζ ))(dζ )α

= η
α

∫
ξ

0
Eα(−η

α
ζ

α)Ω(ζ ))(dζ )α

+η
α

∫
∞

ξ

Eα(−η
α

ζ
α)Ω(ζ ))(dζ )α . (3.2)

Since Ω(ζ ) is pricewise continuous in interval [0, ξ ] with
0≤ ζ ≤ ξ then first integral of RHS of (3.2) exist, since Ω(ζ )
is of exponential order α for ξ < ζ , to check the existence we
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concentrate on second term of RHS of (3.2) then,

|ηα

∫
∞

ξ

Eα(−η
α

ζ
α)Ω(ζ )(dζ )α |

≤ η
α

∫
∞

ξ

|Eα(−η
α

ζ
α)Ω(ζ )|(dζ )α

≤ η
α

∫
∞

ξ

Eα(−η
α

ζ
α)|Ω(ζ )|(dζ )α

≤ η
α

∫
∞

ξ

Eα(−η
α

ζ
α)CEα(uα

ζ
α)(dζ )α

=Cη
α

∫
∞

ξ

Eα(−(η−u)α
ζ

α)(dζ )α

=Cη
α lim

n→∞

∫ n

ξ

Eα(−(η−u)α
ζ

α)(dζ )α

=
−Cηα

(η−u)α
lim
n→∞

Eα(−(η−u)α
ζ

α)]n
ξ

=
−Cηα

(η−u)α
[0−Eα(−(η−u)α

ζ
α)].

But as ξ → 0 then we get the existence of Second term of
RHS also,∣∣∣∣∫ ∞

ξ

Eα(−η
α

ζ
α)Ω(ζ ))(dζ )α

∣∣∣∣≤ C
(η−u)α

= M. (3.3)

This completes the proof.

Now we prove basic properties related to fractional order
Laplace-Carson transform.

Theorem 3.3. Let functions Ω(ζ ) ∈ ∆. Then following Frac-
tional Laplace-Carson Transform of some standard functions
hold.

L S α [1]η = η
α

Γ(α +1). (3.4)

Proof. By using Definition in equation (3.1) for LHS in Equa-
tion (3.4) we get,

L S α [1]η = η
α

∫
∞

0
Eα(−η

α
ζ

α)[1](dζ )α

= η
α

α! Γα(1)
= η

α
Γ(α +1).

Theorem 3.4 (Linearity Property). Let functions aΩ1(ζ ),
bΩ2(ζ ) ∈ ∆ then aΩ1(ζ )+ bΩ2(ζ ) ∈ ∆ where a and b are
nonzero arbitrary constants and,

L C α [aΩ1(ζ )+bΩ2(ζ )]= aL C α [Ω1(ζ )]+bL C α [Ω2(ζ )].

(3.5)

Proof. By using Definition in equation (3.1) for LHS in Equa-
tion (3.5) we get,

L C α [aΩ1(ζ )+bΩ2(ζ )]

= η
α

∫
∞

0
Eα(−η

α
ζ

α)[aΩ1(ζ )+bΩ2(ζ )](dζ )α

= aη
α

∫
∞

0
Eα(−η

α
ζ

α)Ω1(ζ )(dζ )α

+bη
α

∫
∞

0
Eα(−η

α
ζ

α)Ω2(ζ ))(dζ )α

= aL C α [Ω1(ζ )]+bL C α [Ω2(ζ )].

This is the complete proof.

Theorem 3.5. If Ω(ζ ) ∈ ∆ and Dα
η is the derivative of a

function with respect to η of order α then

L C α [ζ
α

Ω(ζ )]=Dα
η L C α [Ω(ζ )]− Γ(α +1)

ηα
L C α [Ω(ζ )].

(3.6)

Proof. By using Definition of fractional order Laplace-Carson
transform in (3.1) then,

Dα
η L C α [Ω(ζ )] = Dα

η Ω
′
α(η)

= Dα
η{ηα

∫
∞

0
Eα(−η

α
ζ

α)[Ω(ζ )](dζ )α}

But

Dα
η{ηα Eα(−η

α
ζ

α)}= Γ(α +1)Eα(−η
α

ζ
α)

+η
α

ζ
α Eα(−η

α
ζ

α).

Taking integration, we get∫
∞

0
Dα

η{ηα Eα(−η
α

ζ
α)}[Ω(ζ )](dζ )α

=
∫

∞

0
{Γ(α +1)Eα(−η

α
ζ

α)

+η
α

ζ
α Eα(−η

α
ζ

α)}[Ω(ζ )](dζ )α

=
∫

∞

0
Γ(α +1)Eα(−η

α
ζ

α)[Ω(ζ )](dζ )α

+
∫

∞

0
η

α
ζ

α Eα(−η
α

ζ
α)[Ω(ζ )](dζ )α

= Γ(α +1)
∫

∞

0
Eα(−η

α
ζ

α)[Ω(ζ )](dζ )α

+η
α

∫
∞

0
Eα(−η

α
ζ

α)[ζ α
Ω(ζ )](dζ )α .

Now,

Dα
η{ηα

∫
∞

0
Eα(−η

α
ζ

α)[Ω(ζ )](dζ )α}

=
Γ(α +1)

ηα
L C α [Ω(ζ )]+L C α [ζ

α
Ω(ζ )]
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L C α [ζ
α

Ω(ζ )] = Dα
η{ηα

∫
∞

0
Eα(−η

α
ζ

α)[Ω(ζ )](dζ )α}

− Γ(α +1)
ηα

L C α [Ω(ζ )]

L C α [ζ
α

Ω(ζ )] = Dα
η L C α [Ω(ζ )]− Γ(α +1)

ηα
L C α [Ω(ζ )].

This is the final proof of above equation.

Theorem 3.6 (Change of scale property of fractional order
Laplace Carson transform). Let Ω(aζ ) ∈ ∆, where a be any
constant then,

L C α [Ω(aζ )]η = (
1
a
)αL C α [Ω(ζ )]η/a. (3.7)

Proof. By using Definition of fractional Laplace-Carson trans-
form,

L C α [Ω(aζ )]η = η
α

∫
∞

0
Eα(−η

α
ζ

α)[Ω(aζ )](dζ )α .

Put, aζ = λ , then ζ = λ

a then,

L C α [Ω(aζ )]η = η
α

∫
∞

0
Eα(−η

α(
λ

a
)α)[Ω(λ )]

(dλ )α

aα

= (
1
a
)α

η
α

∫
∞

0
Eα(

(−ηλ )α

aα
)[Ω(λ )](dλ )α

= (
1
a
)α

η
α

∫
∞

0
Eα(

(−ηζ )α

aα
)[Ω(ζ )](dζ )α

= (
1
a
)αL C α [Ω(ζ )]η/a.

Theorem 3.7 (Shifting property). Let Ω(ζ ) ∈ ∆ then for
Ω(ζ −b) ∈ ∆ where b is constant, following holds,

L C α [Ω(ζ −b)] = Eα(−η
α bα)L C α [Ω(ζ )]. (3.8)

Proof. By using Definition of fractional Laplace-Carson trans-
form,
L.H.S.= L C α [Ω(ζ −b)]
= ηα

∫
∞

0 Eα(−ηα ζ α)Ω(ζ −b)(dζ )α .
Put ζ −b = λ then ζ = λ +b then,

L C α [Ω(ζ −b)] = η
α

∫
∞

0
Eα(−η

α(λ +b)α)Ω(λ )(dλ )α

= η
α

∫
∞

0
Eα(−η

α
λ

α)Eα(−η
α bα)Ω(λ )(dλ )α

= η
α Eα(−η

α bα)
∫

∞

0
Eα(−η

α
λ

α)Ω(λ )(dλ )α

= Eα(−η
α bα)ηα

∫
∞

0
Eα(−η

α
ζ

α)Ω(ζ )(dζ )α

= Eα(−η
α bα)L C α [Ω(ζ )] = R.H.S.

Theorem 3.8. Let Eα(ζ ) be the Mittag-Leffler function and
Ω(ζ ) ∈ ∆ then,

L C α [Eα(−cα
ζ

α)Ω(ζ )]η = L C α [Ω(ζ )]η+c. (3.9)

Proof. By using Definition of fractional Laplace-Carson trans-
form,

L.H.S.= L C α [Eα(−cα
ζ

α)Ω(ζ )]

= η
α

∫
∞

0
Eα(−η

α
ζ

α)Eα(−cα
ζ

α)Ω(ζ )](dζ )α

= η
α

∫
∞

0
Eα(−[ηα

ζ
α + cα

ζ
α ]Ω(ζ )](dζ )α

= η
α

∫
∞

0
Eα(−[(η + c)α

ζ
α ]Ω(ζ )](dζ )α

= L C α [Ω(ζ )]η+c = R.H.S

Theorem 3.9. Let Ω(ζ ) ∈ ∆ then,

L C α [Dα

ζ
Ω(ζ )] = η

2αL C α [Ω(ζ )]−η
α

Γ(1+α)Ω(0).
(3.10)

Proof. By using Definition of fractional Laplace-Carson trans-
form,

L C α [Dα

ζ
Ω(ζ )] = η

α

∫
∞

0
Eα(−η

α
ζ

α)Dα

ζ
Ω(ζ )(dζ )α .

By using the definition of fractional integration by part for-
mula we get,

L.H.S.= L C α [Dα

ζ
Ω(ζ )]

= η
α

Γ(1+α)Ω(ζ )Eα(−η
α

ζ
α)|∞0

−
∫

∞

0
Dα

ζ
Eα(−η

α
ζ

α)Ω(ζ )(dζ
α

=−η
α

Γ(1+α)Ω(0)− (−η
2α)

∫
∞

0
Eα(−η

α
ζ

α)Ω(ζ )(dζ )α

=−η
α

Γ(1+α)Ω(0)+(η2α)
∫

∞

0
Eα(−η

α
ζ

α)Ω(ζ )(dζ )α

=−η
α

Γ(1+α)Ω(0)+(η2α)L C α [Ω(ζ )]

= η
2αL C α [Ω(ζ )]−Γ(1+α)Ω(0) = R.H.S.

Theorem 3.10. Let Ω(ζ ) ∈ ∆ then,

L C α

[∫
ζ

0
Ω(λ )dλ

α

]
= Γ(1+α)−1L C α [Ω(ζ )]. (3.11)

Proof. By using the definition of fractional order Laplace
Transform integral transform [3],

Lα

[∫
ζ

0
Ω(θ)(dθ)α

]
= Γ(1+α)−1(η)−αLα [Ω(θ)].

Using the duality of Laplace and L-C transform [13],

L C α

[∫
ζ

0
Ω(θ)(dθ)α

]
= η

α
Γ(1+α)−1(η)−αL C α [Ω(θ)]

= Γ(1+α)−1L C α [Ω(θ)].
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4. Convolution theorem of fractional
order Laplace-Carson transform

Theorem 4.1. If the convolution of order α of two functions
Ω1(ζ ) and Ω2(ζ ) is define by the integral of the form,

(Ω1(ζ )∗Ω2(ζ ))α =
∫

ζ

0
Ω1(ζ − v)Ω2(v)(dv)α .

Then we can write,

L C α [(Ω1(ζ )∗Ω2(ζ ))α ] =
1

ηα
L C α [Ω1(ζ )]L C α [Ω2(ζ )].

Proof. We starts from Definition,

L C α [(Ω1(ζ )∗Ω2(ζ ))α ]

= η
α

∫
∞

0
Eα(−η

α
ζ

α)
∫

ζ

0
Ω1(ζ − v)Ω2(v)(dv)α(dζ )α

= η
α

∫
∞

0
Eα(−η

α(ζ − v)α)Eα(−η
α(v)α)∫

ζ

0
Ω1(ζ − v)Ω2(v)(dv)α(dζ )α .

By changing variable ζ − v→ λ , and V → ξ taking limits
from zero to infinite we get,

L C α [(Ω1(ζ )∗Ω2(ζ ))α ]

= η
α

∫
∞

0
Eα(−η

α
λ

α)Ω1(λ )(dλ )α∫
∞

0
Eα(−η

α
ξ

α)Ω2(ξ )(dξ )α

= [ηα

∫
∞

0
Eα(−η

α
λ

α)Ω1(λ )(dλ )α ]
1

ηα

[ηα

∫
∞

0
Eα(−η

α
ξ

α)Ω2(ξ )(dξ )α ]

= [ηα

∫
∞

0
Eα(−η

α
ζ

α)Ω1(ζ )(dζ )α ]
1

ηα

[ηα

∫
∞

0
Eα(−η

α
ζ

α)Ω2(ζ )(dζ )α ]

=
1

ηα
L C α [Ω1(ζ )]L C α [Ω2(ζ )].

4.1 Inversion formula for fractional Laplace-Carson
Transform

Definition 4.2 ([9,12]). The Dirac’s distribution also known
as generalized function, δα(z) of order α , where α ∈ (0,1),
is define as,∫

R
Ω(ζ )δα(ζ −a)dζ

α = αΩ(a). (4.1)

In particular,
∫
R Ω(ζ )δα(ζ )dζ α = αΩ(0).

Lemma 4.3 ([9,12]). The equality

α

(ϑα)α

∫ +∞

−∞

Eα(i(−ρζ )α)(dρ)α = δα(ζ ), (4.2)

holds where ϑα is the period of complexed value Mittag-
Leffler function defined by the equality, Eα(i(ϑα)

α) = 1.

Proof. From equation (3.9) we can write,

α =
∫

R
Eα(i(ρζ )α)δα(ζ )dζ

α .

By using the value δα(ζ ) to LHS of the above equation we
get,

=
∫

R
(dζ )α Eα(i(ρζ )α)

α

(ϑα)α

∫ +∞

−∞

Eα(i(−uζ )α)(du)α

=
∫

R
(dζ )α α

(ϑα)α

∫
R

Eα(i(ρζ )α)Eα(i(−uζ )α)(du)α

=
∫

R

∫
R
(dζ )α α

(ϑα)α
Eα(i((ρ−u)ζ )α)(du)α

=
∫

R

∫
R

α

(ϑα)α
Eα(i(−ϕζ )α)(dϕ)α(dζ )α

=
∫

R
δα(ζ )(dζ )α .

4.2 Inversion Theorem of Fractional Order Laplace-
Carson transform:

Lemma 4.4. Fractional order Laplace-Carson transform de-
fine in Definition 4,

L C α [Ω(ζ )] =Ω
′
α(η) = η

α

∫
∞

0
Eα(−η

α
ζ

α)Ω(ζ )(dζ )α ,

(4.3)

then its inversion formula is,

Ω(ζ ) =
1

(ϑα)α

∫ −i∞

+i∞
η
−α Eα(η

α
ζ

α)Ω
′
α(η)(dη)α . (4.4)

Proof. By substituting equation (3.1) in (4.4) and using (4.1)
in (4.2) we get,

Ω(ζ ) =
1

(ϑα )α

∫ −i∞

+i∞
η
−α Eα (η

α
ζ

α )(dη)α
η

α

∫
∞

0
Eα (−η

α
λ

α )Ω(λ )(dλ )α

=
1

(ϑα )α

∫
∞

0
Ω(λ )(dλ )α

∫ −i∞

+i∞
Eα (−η

α
λ

α )

Eα (η
α

ζ
α )(dη)α

=
1

(ϑα )α

∫
∞

0
Ω(λ )(dλ )α

∫ −i∞

+i∞
Eα (−η

α (λ −ζ )α )(dη)α

=
1

(ϑα )α

∫
∞

0

(ϑα )
α

α
Ω(λ )δα (λ −ζ )(dλ )α

=
1
α

∫
R

Ω(λ )δα (ζ −λ )(dλ )α

=
1
α

αΩ(ζ )

= Ω(ζ ).
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5. Conclusion
From the above study we have developed fractional order
Laplace-Carson transform. Also, we establish properties of
fractional order Laplace-Carson transform. Further, some
main results like convolution and inversion theorem.
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