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Some standard results on even sum graphs
K. Chinju Krishna 1*, C. David Raj2 and K. Rubin Mary3

Abstract
A sum graph is a graph for which there is a labeling of its vertices with distinct positive integers so that two
vertices are adjacent if and only if the sum of their labels is the label of another vertex. Integral sum graphs are
defined similarly, except that the labels may be any integers. The concept of Even Sum Graphs was introduced
by C. David Raj, et al. A graph G is called an even sum graph if there is a labeling θ of its vertices with distinct
non - negative even integers, so that for any two distinct vertices u and v, uv is an edge of G if and only if
θ(u)+θ(v) = θ(w) for some vertex w in G. The minimum number of isolated vertices required to make the graph
G, an even sum graph is called the even sum number of G and is denoted by γ(G).
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1. Introduction
Graph Labeling was first introduced by Alexandra Rosa

during 1960. In Graph Labeling, vast amount of literature is
available. Labeling is an assignment of integers to the vertices
or edges or both is subject to certain conditions motivated by
practical problems. The concept of Sum Graphs and Integral
Sum Graphs was introduced by F. Harary [6, 7, 8, 9]. The
properties of Sum Graphs are investigated by many authors,
including Chen. Z [1], Mary Florida. L [11], Nicholas. T [10],
Soma Sundaram. S [10], Vilfred.V [10, 11,12], Surya Kala.V
[12] and Rubin Mary. K [12]. In this paper we investigates
different types of Even Sum Graphs [2, 3, 4, 5]. For all basic
ideas, we refer [6,7].

Let Pm and Pn be two paths. Let the vertices of Pn be
u1,u2, . . .un. Take n copies of Pm. Let the vertices of jth copy
be v1 j,v2 j, . . . ,vm j,1 ≤ j ≤ n. Identify the end vertex v1 j of
Pm with u j,1≤ j ≤ n, the resultant graph is Pm ∗Pn .

An Umbrella graph Um,n is obtained by joining each ver-
tices of the path Pm with an end vertex of the path Pn.

Let g,b be the positive integers such that g≥ 3 and Pg de-
notes a path of order g with the vertex set {v1,v2, . . . ,vg} and
the edge set E(Pg) = {vivi+1/1≤ i≤ g−1}. Then the graph
1∗Pg has the vertex set V (1∗Pg) = {v}∪V (Pg) and let E(1∗
Pg) = E(Pg)∪{vvi/1≤ i≤ g}. Finally Cg+b denote the cycle
of order (g+b) with V (Cg+b) = {v1,v2, . . . ,vg,v′1,v

′
2, . . . ,v

′
b}

and E(Cg+b) = E(Pg)∪{v1v′1,vgv′b/1 ≤ i ≤ b−1}∪{v′iv′i+1
/ 1 ≤ i ≤ b− 1}. Then the resultant graph is defined as a
parachute Pg,b and is given by Pg,b = (Vg,b,Eg,b) such that
g,b ∈ N,g ≥ 3 where Pg,b is the amalgamation of (1 ∗Pg)∪
Cg+b, obtained from the union of 1∗Pg and Cg+b by passing
them along Pg such that the intersection (1 ∗Pg)∩Cg+b is
equal to Pg.

2. Main Results
Theorem 2.1. A graph Pm ∗Pn is an even sum graph.

Proof. Let u1,u2, . . . ,un be the vertices of Pn. Take n copies
of Pm. Let the vertices of jth copy of Pm be v1 j,v2 j, . . .vm j,1≤
j≤ n. Identify the end vertex v1 j of Pm with u j,1≤ j≤ n, the
resultant graph is Pm ∗Pn. Define a function
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θ : V (G)→ 2Z+∪{0} by θ(v11) = 2;θ(v12) = 4;
θ(v1 j) = θ(v1( j−2))+θ(v1( j−1)), 3≤ j ≤ n;
θ(v21) = θ(v1(n−1))+θ(v1n);
θ(v2 j) = θ(v(n−1)( j−1))+θ(vn( j−1)), 2≤ j ≤ n;
θ(vi j) = θ(v(i−1) j) + θ(v(i−2) j),1≤ i≤ m,3≤ j ≤ n;
θ(v(m−1)n) = 0;θ(vmn) = θ(v(m−2)n)+θ(v(m−3)n).
Then the labels are distinct and θ(u)+θ(v) = θ(w) for some
vertices u,v,w in G. Hence Pm ∗Pn is an even sum graph.

Example 2.2. Even sum graph of P6 ∗P5 is shown in Figure
1.
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Figure 1. P6 ∗P5

Theorem 2.3. A graph G = (Um,n)∪ 1K1 is an even sum
graph.

Proof. Let xi,1 ≤ i ≤ m and yi,1 ≤ i ≤ n be the vertices
of Um,n. Let w0 be an isolated vertex of G. Let E(G) =
{xixi+1,/1 ≤ i ≤ m− 1}∪ {xiyi/1 ≤ i ≤ m}∪ {xiyi+1,/1 ≤
i≤ n−1}. Define a function θ :V (G)→ 2Z+∪{0}by θ(x1)=
2;θ(x2) = 4;θ(xi) = θ(xi−2)+ θ(xi−1),3 ≤ i ≤ m;θ(y1) =
0;θ(y2)= θ(xn−1)+θ(xn);θ(y3)= θ(y2)+2; θ(yi)= θ(yi−2)+
θ(yi−1),4≤ i≤ n;θ(w0) = θ(yn−1)+θ(yn). Then the labels
are distinct and θ(u)+θ(v) = θ(w) for some vertices u,v,w
in G. Hence the graph G is an even sum graph.

Example 2.4. An Even sum graph ofG =U6,5∪1K1 is shown
in the Figure 2.
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Figure 2. G =U6,5∪1K1

Theorem 2.5. A graph G = Pg,b∪2K1 is an even sum graph.

Proof. Let v1,v2, . . . ,vg,v′1,v
′
2, . . . ,v

′
b be the vertices of Cg+b

where Cg+b denote the cycle of order (g+ b). Join a ver-
tex v to each vertices of Pg. The resultant graph is 1 ∗Pg.
Add two isolated vertices w1,w2 to Pg,b . The graph so ob-
tained is G whose edge set is E(G) = {vvi,vivi+1/1 ≤ i ≤
g−1}∪{v′jv′j+1,v1v′1,v

′
bvg/1≤ i≤ g−1, 1≤ j≤ b−1}. De-

fine a function θ : V (G)→ 2Z+∪{0} by θ(v) = 0;θ(v1) =
2;θ(v2) = 4;θ(vi) = θ(vi−2) + θ(vi−1),3 ≤ i ≤ g;θ(v′1) =
θ(vn−1)+ θ(vn); θ(v′2) = θ(v1)+ θ(v′1),θ(v

′
j) = θ(v′j−2)+

θ(v′j−1),3≤ j ≤ b;θ(w1) = θ(v′b−2)+θ(v′b−1);
θ(w2) = θ(v′b−1)+ θ(v′b). Then the labels are distinct and
θ(u)+θ(v) = θ(w) for some vertices u,v,w in G. Hence the
graph G is an even sum graph.

Example 2.6. An even sum graph of G = P6,5∪2K1 is shown
in the Figure 3.
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Figure 3. G = P6,5∪2K1
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