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Abstract. In this paper, we introduce generalized (¢, 1))-Jaggi contraction mappings and prove the existence of fixed points
for such mappings in orbitally complete partially ordered metric spaces. We provide examples in support of our results. Our
results generalize the results of Harjani, Lopez and Sadarangani [3].
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1. Introduction and Background

A number of generalizations of the Banach contraction theorem were obtained in various directions by
different authors. Generalization of contraction conditions and proving the existence of fixed points is an
interesting aspect. In 1977, Jaggi [4] introduced a new concept namely ‘rational type contraction mappings’ and
proved the existence of fixed points of such mappings.

Theorem 1.1. [4] Let f be a continuous selfmap defined on a complete metric space (X, d). Suppose that f
satisfies the following condition: there exist a, v € [0,1) with a + v < 1 such that

d(z, fz)d(y, fy)

d(fz, fy) <« i(r.y)

+yd(z,y) foralz,y € X, x #y. (1.1)

Then f has a fixed point in X.

Here we note that a mapping f : X — X, X a metric space that satisfies (1.1) is called a Jaggi contraction
map on X.

Harjani, Lopez and Sadarangani [3] extended Theorem 1.1 to the context of partially ordered complete
metric spaces.
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Theorem 1.2. [3] Let (X, <) be a partially ordered set and suppose that there is a metric d on X such that
(X, d) is a complete metric space. Let f : X — X be a non-decreasing mapping such that

d(z, fx)d(y, fy)
d(z,y)

forallx,y € X withx =y, v #ywhere 0 < o,y < lwitha+~v < 1.
Also, assume either

d(fz, fy) < a +d(z,y) (1.2)

(i) f is continuous; (or)
(ii) if a non-decreasing sequence {x,} in X is such that x,, — x as n — oo then x = sup{x, }.
If there exists xog € X such that xo = fxo, then f has a fixed point.

In 2013, Samet, Vetro and Vetro[7] introduced a new type of contraction condition and proved fixed point
theorems in complete metric spaces that generalize Banach contraction principle and Kannan fixed point results.
For more works on the existence of fixed points in complete metric spaces, we refer [7].

Recently, Babu, Sailaja and Kidane[2] proved some new fixed point theorems in orbitally complete partially
ordered metric spaces that generalize the fixed point theorems of Samet, Vetro and Vetro [7] and Ran and
Reurings[6]. We denote
Uy = {¢ : [0,00) — [0, 00) /9 is non-decreasing, continuous and 1 (¢) = 0 < t = 0}.

An element ¢ in ¥ is called an ‘altering distance function’, [5].

Theorem 1.3. (Babu, Sailaja and Kidane [2]) Let (X, <) be a partially ordered set and d a metric on X. Suppose
that f : X — X is a non-decreasing map and xo € X such that xo < fxo. Suppose that there exist a lower
semi continuous function ¢ : X — [0,00) and ¢ € U such that the following condition holds.
“For each 0 < a < b < oo, there exists y(a,b) € [0,1) such that
a < P(d(z,y)) + o(x) + ¢(y) < bimplies
Y(d(fz, fy)) +e(fz) + o(fy) < v(a,b)M(z,y), where
M(x,y) = max{e:(d(z,y)) + 9(2) + p(y). b(d(x, f2)) + ¢(x) + (),
Y(d(y, fy)) + (y) + e(fy)}

foreach x,y € O(xg) withx < y.”

Assume that X is f-orbitally complete. Then, the sequence {x,} defined by 11 = fx,, n=0,1,2,...,is
Cauchy in X. Let nlgr;c Ty =2, z€ X.

Suppose that either
(i) f is orbitally continuous at z; (or)

(i) if {xn} is a non-decreasing sequence converging to x € X, then x,, < ,

forall n.
Then, z is a fixed point of | and p(z) = 0.

Definition 1.4. Let (X, <) be a partially ordered set. Amap f : X — X is said to be non-decreasing if, for any
x,y € X withx <y then fx < fy.

Definition 1.5. Let X be a nonempty set and f be a selfmap of X. Let x € X, we define the orbit of z w. r. t. f
by O(x) = {f"x/n =0,1,2,...}. Here f° = I, I is the identity map of X.

Definition 1.6. Let (X, d) be a metric space. Let f : X — X be a selfimap of X. A metric space X is said to be

f-orbitally complete if every Cauchy sequence which is contained in O(x) for all x € X converges to a point
of X.

e
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Note: Every complete metric space is f-orbitally complete for any f; but every f-orbitally complete metric space
need not be a complete metric space [9].

Definition 1.7. A selfinap f of X is said to be orbitally continuous at a point z € X with respect to x inX, if
for any sequence {x,} C O(x) with x,, = z as n — oo implies fx, — fzasn — oc.

Clearly, any continuous mapping of a metric space is orbitally continuous, but its converse need not be true

[9].
We use the following lemma in our main result.

Lemma 1.8. [1] Suppose that (X, d) is a metric space. Let {x,,} be a sequence in X such that d(x,, Tnt1) —
0 asn — oo. If {x,} is not a Cauchy sequence then there exist an € > 0 and sequences of positive integers
{m(k)} and {n(k)} with m(k) > n(k) > k such that d(2,(x), Tn(k)) > €, ATm)y—1,Tnk)) < € and
(7') kli{go d(xn(k)—la xm(k)-‘rl) =6 (“) klinolo d(zn(k)7 ‘Tm(k)) =6

P - e (iv) 1 e —.
(i4i) Jim d(Zp(k)—1, Tmr)) =6 (iv) Jim (T (kys Tim(k)+1) = €

(v) kILH;O (T (k)s Tr(k)+1) = 6 and (vi) kll}ngo (T (k)41 Tm(k)+1) = €

Motivated by Theorem 1.3, we define generalized (i, 1))-Jaggi contraction maps which contain rational
expressions, in orbitally partially ordered metric spaces and prove the existence of fixed points.

In the following, W5 denotes the family of non-decreasing functions 1) : [0, +00) — [0, +00) such that 9 is
continuous on [0, o0) and ¥5° ;9" (¢) < +oo for each t > 0, where " is the n'" iterate of 1.

Remark 1.9. Any function ¢ € Uy satisfies lim ¢"™(t) = 0 and ¥ (t) < t for any t > 0.
n—oo
In the following, we observe that the classes of maps ¥; and W5 are different.

Example 1.10. We define ) : RT — R by ¢(t) = \t, where X > 1.
Then ¢ € Uy but ) ¢ Us.

0 ift<1

R+ + —
Example 1.11. We define ¢ : RT™ — RT by 9)(t) { % iFts 1

Then ) € Uy but i) ¢ V5.
We now introduce generalized (¢, 1)-Jaggi contraction in partially ordered metric spaces.

Definition 1.12. Let (X, <) be a partially ordered metric space and suppose that f : X — X be a mapping. If
there exist two functions ¢ : X — [0, 00) lower semi continuous, 1 € Uy and a point xy € X such that

d(fz, fy) + o(fx) + ¢(fy) < (M (z,y)), (1.3)

where M(2,) = ma{d(z, )+ p(z) + ply), UL HLCIRGNU0 1)ty ol

forall x,y € O(xo) withx < yand x # y,
then we say that [ is a generalized (o, ) — Jaggi contraction.

Remark 1.13. If ¢ = 0 in the inequality (1.3), then we say that f is a generalized 1)-Jaggi contraction.

Note: In the context of partially ordered metric spaces, if f satisfies (1.2) with « + v < 1 then f is a
generalized (o, 1)-Jaggi contraction with ¢ = 0 and 9 (t) = (« + )¢, t > 0 so that every Jaggi contraction is a
generalized (i, 1)-Jaggi contraction. But, the following example suggests that its converse need not be true.
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Example 1.14. Let X = [0, 1) with the usual metric. We define partial order < on X as follows:
<i={(z,y) e X x X :z =y} U{(z,y) € X x X/x Ry < x <y, where < s the usual order}.
0 ifz=0
We define f : X — X by fo = “ifz€(0,2)
% if xe [2 1).

cheﬁnego:X%[O,oo)bygo(x){;_

¥ [0, oo) [0, 00) byw() 4tforallt>0

Let xg = g, fzo = 16 then xg X fxg. Here O(zg) = {8, 16 17% ..} and

O(xo) = {5, 75,2} = O(wo). Let ,y € O(xy).

The following three cases arise to verify the inequality (1.3).

Case (i): v = § and y = .

In this case, d(fzx, fy) +<p(fx) +cp(fy) = 12 and M (z,y) = 2.
d(fz, fy) + o(fr) + ¢(fy) = 35 < zb(?) - y(M (2, 9).

Case (ii): x = % andy = 3

In this case, the inequality (1.3) holds trivially.

Case (iii): v = § and y = 3.

In this case, d(fz, fy) + o(fr) + cp(fy) 12 and M (z,y) = 1.

d(fz, fy) +o(fz) + o(fy) = 53 < V(55 ) ¢(M(x y))

Hence f is a generalized (o, w)-.laggi contraction.
Also we observe that the inequality (1.2) fails to hold.

For, by choosing x = 0and y = % we have

0,f0)d(3,f3
d(fo,f(3) =% fa )< 3= BLlS) 4 qd(0,3).

E\H

i.e., f isnota Jaggl contractzon map.

Thus we conclude that the class of generalized (¢, )-Jaggi contractions is more general than the class of
Jaggi contraction maps.

In Section 2, we prove the existence of fixed points of generalized (¢, 1))-Jaggi contraction mappings in
orbitally complete partially ordered metric spaces. In Section 3, we deduce some corollaries to the main results
and provide examples in support of our results.

2. Main Results

Theorem 2.1. Let (X, d, <) be a partially ordered metric space. Suppose that f : X — X is a non-decreasing
map and xo € X such that xo < fxo. Suppose that f is a generalized (p,v)-Jaggi contraction and X is
f-orbitally complete. Then, the sequence {x,} defined by x,+1 = fx,, n = 0,1,2, ..., is Cauchy in X. Let
lim z, =z, z € X. Assume that f is orbitally continuous at z. Then z is a fixed point of f and o(z) = 0.

n—oo

Proof. Let xp € X be such that xy < fxg. We write z; € X so that x1 = fx( then xy < x1. Since f is
non-decreasing 1 = fxg < fx1. Now, we write 5 € X so that o = fx; then 21 < z5. On continuing this

process, we get a sequence {z, } C O(x) such that
Tpy1 = fon, forn=0,1,2 ... 2.1
satisfying zg <1 229 X ... 2Ty ZTpg1 D e

If z,, = x,,+1 for some n, then the conclusion of the theorem trivially holds. Hence, without loss of generality,
we assume that z,, # x,,41 for all n. We denote

T = d(Xn_1,%n) + p(@n_1) + ©(xn) forn =1,2,.... (2.2)

e
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We consider 7,41 = d(Zpn, Tnt1) + @(Tn) + @(Tnt1) = d(frn—1, fzn) + @(fTn-1) + (fzn)
< P(M(z,y)), (2.3)

where

M(z,y) = max{d(xn_1, Tn)+o(Tn_1)+eo(xn), (d(mn_l7fzn_1Hw;?;:,ll),—;fgiﬁ(;i),)Ec)lf;(g:;Hw(anw(ﬂn))}

n-Tnt+1

= max{r,, =} = max{ry, rp41}.
If max{ry, rny1} = rn41 then from (2.3) we have

Tn4+1 S w(rn—i-l) < Tn+1,
a contradiction.
Hence max{r,, 7,1} = ry, then from (2.3) we have

Tl < U(ry) <. 2.4)

Thus it follows that {r,} is strictly decreasing sequence of non-negative real numbers and hence lim 7, exists
n—oo

and it is r(say). i.e., lim r, =r > 0.
n—oo
We now show that r = 0.
Suppose that 7 > 0. Then from (2.4), we have
Tn+41 S q/)(7”'77,)
On letting n — oo, we have
< 1 = i =
r < lim () = o lim ra) = () <7,
a contradiction.
Hence lim d(zp41,%n) + @(@nt1) + @(rn) = 0, which implies
n— oo

nh_}ngo d(xps1,zn) = 0and n11_)11;1O o(zy) = 0.

We now show that {z,, } is a Cauchy sequence in X.
Suppose that {z,,} is not a Cauchy sequence. Then, there exist € > 0 and sequences of positive integers {m(k)}
and {n(k)} with m(k) > n(k) > k such that

A(T (), Tr(iy) = € (2.5)
We choose m(k), the least positive integer satisfying (2.5). Then, we have
m(k) > n(k) > k with

A(Tm (k) Tnk)) > € AT (k)—1, Tn(k)) < €
Now by Lemma 1.8, it follows that klim (T (k)+15 Tr(k)+1) = €
— 00

Now from (1.3), we have
AT (k)41 Tnk)+1) T P(Tm)+1) + @(Tnmy+1) = A fTm@), FTnk)) + (fTmry) + @ (fTni))
< (M (x,y)), (2.6)

where M (x,y) = max{d(=y,(k); Zn(k)) + L(@m)) + @ (@nw)),
(AT (k) 5T () +1) TP (@ (1)) TP (@Em k) +1)) (AT n (k) T (k) +1) TP (Tn ) +P(En (k) +1)) }
(T (k) T (k) TP (T m (k) +P(@n(k)) :

Now, on letting k — oo in (2.6) we have
e<hle) < e,
a contradiction.
Therefore {x,,} C O(zo) is a Cauchy sequence in (X, d). Since X is f-orbitally complete, there exists z € X
such that
lim z, = z. 2.7

n—oo

Since ¢ is lower semi continuous, we have
p(z) < liminf, o p(zn) = 0.
Hence ¢(z) = 0.
Since f is orbitally continuous at z w.r.t. g, from (2.1), we have

z= lim z,41 = lim fz, = fz.
n—oo n—oo
This completes the proof of the theorem.

i
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Theorem 2.2. Let (X, d, <) be a partially ordered metric space. Suppose that f : X — X is a non-decreasing
map and o € X such that o =< fzg, @ : X — RT lower semi continuous and vp € Uy such that

d(fz, fy) + o(fz) + o(fy) < (M (z,y)) (2.8)

M) = max{d(s,3) + ) + ply), Lotebbefenlaly st atro

forall z,y € Uy <tay, 2oexO(xo) with z < y and x # y.
Assume the following:

(i) if {zn} is a non-decreasing sequence converging to z € X, then x,, = z, for all n; and

(iD) if {zn} and {y,} are sequences in X with x,, < yn, for all n and

lm z, =z, lim y, =y, z, y € X thenx < y.
n—oo n—oo

Assume that X is f-orbitally complete. Then, the sequence {x,} defined by 11 = fx,, n = 0,1,2,..., is
Cauchy in X. Let lim xz, = z, z € X. Then z is a fixed point of f and p(z) = 0. Further, f is orbitally

. n— 00
continuous at z.

Proof. Let xyp € X be such that zyp < fxo. On proceeding as in the proof of Theorem 2.1, we have
{zn} C O(xo) defined by (2.1)is a Cauchy sequence in (X, d). Since X is f-orbitally complete, there exists
z € X such that
lim z, =z (2.9
n— o0
Since ¢ is lower semi continuous, we have
p(z) < liminf, . @(z,) = 0.
Hence ¢(z) = 0.
Since {x,, } is a non-decreasing sequence and x,, — z, by (i) we have x,, < z for all n. Since f is non-decreasing,
we have fz,, < fzforall n. i.e., z,41 =X fz for all n. Moreover, as x,, < z,11 =< fz for all n and by using
(ii), we get z < fz.

We now define a sequence {y,} as yo = 2z, Ynt1 = fyn, n = 0,1,2,... . Then yo =< fyo. Since f is
non-decreasing, we obtain that {y, } is a non-decreasing sequence and {y,, } is Cauchy (similar to the argument
to show {x,,} is Cauchy) y,, — y (say), y € X. Again, by the condition (¢), we have y,, < y. Since z,, < z =
yo = fz = fyo =X yn =X y forall n, we have z,, < vy, for all n, and hence z < y.

It z,, = y,, for some n, then x,, < z =yg <X fz = fyo = yn = T, so that fz = 2.
Hence we assume that x,, # y,, for all n.
Suppose that z # y. Now from (2.8), we have

d(Tpy1,Ynt1) + @(xn-i-l) + ‘P(yn-‘rl) =d(frn, fyn) + <p(fxn) +¢(fyn)

< p(M(x,y)), where (2.10)

d Ty, Ty Tn Tn d(y n n Yn n
M(x,y) = max{d(zn, yn) + ¢(wn) + @(yn), Lol telepbollcn) Ty ool el )

On letting n — oo in (2.10), we have
d(z,y) < ¢(d(z,y)) < d(z,y),

a contradiction. ; F
Hence z = y,and we have 2 < fz = fyo Syn Sy = 2.
Therefore z is a fixed point of f. " |

Remark: Condition (ii) of Theorem 2.2 holds trivially in R with the usual order. But in partially ordered metric
spaces it need not hold always. For more details, we refer [8].

Now we prove the uniqueness of fixed point of f by using ‘condition (H)’ and it is the following:
Condition (H): For all =,y € X there exists z € X suchthatx < zand y < z.

Theorem 2.3. In addition to the hypotheses of Theorem 2.1 (Theorem 2.2) if condition (H) holds, then f has a
unique fixed point.
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Proof. By Theorem 2.1, we have f has a fixed point. Suppose that z,y € X are two fixed points of f. By
condition (H), there exists z € X suchthat x < zand y < z.

Put z = zg, 21 = f2o. and define a sequence {z,} in X by 2,41 = fz, foralln > 0. Then x < 2 and y < 2.
By using the non-decreasing property of f, we have

fr =X fzpand fy < fzp. Hence z < z; and y < 2.

On continuing this process, we have

x =Xz, andy X z, for n>0. 2.11)

In (2.11), if x = z, for some n, then fx = fz, so that x = z,;1. In fact, we have x = z,, for m > n so that
lim, o0 2, =
Ifx ;Z zp, for all n =0,1,2, ... then by using (1.3), we have
d(x, zn11) + p(z) + ‘P(Zn+1) =d(fx, fzn) + o(fx) + ©(f2n)
< Y(max{d(z, zn) + o(x) + ¢(2n), (d(z, fw)+<ﬂ(x)+w(fx))(d(zn,fzn)+w(zn)+<ﬂ(fzn))}

(I z")+tp(z)+tp(zn)
= Yp(max{d(z, zn) + ¢(

Zn),O}) = ( (JJ,Zn) + (p(Zn))
< p(d(w, zn) + 0(20)) = Y(0(d(x, 2n-1) + ©(2n-1))
<P (d(z, zn-1) + (20-1))
< P 2)) <

(d(z, zn—2) + @(2n—

d(x, zny1) + o(2ny1)

< Y(d(x,21) + @(z1)) = 0asn — oco.

Therefore 1i_>m Zn = . 2.12)

Again, by applying the similar argument to y # 2, foralln = 0, 1,2, ...., it follows that
lim z, =y. (2.13)

n—oo

From (2.12) and (2.13) we have x = y.
This completes the proof of the theorem. |

3. Corollaries and examples

In the following, we deduce some corollaries to the main results of Section 2.

Corollary 3.1. Let (X, d, <) be a partially ordered metric space. Suppose that f : X — X is a non-decreasing
map and xg € X such that xq < fxg. Suppose that there exists 1 € Vo such that

d(z, fx)d(y, fy)

d(fz, fy) < max{d(z,y), ie.y)

1 3.1

forall x,y € O(xo) withz < yand x # y.
Assume that X is f-orbitally complete. Then, the sequence {x,,} defined by
Tnt1 = fxn, n=0,1,2,...,is Cauchy in X. Let lim z, = z, z € X. Suppose that f is orbitally continuous

n— oo

at z. Then z is a fixed point of f.

Proof. The inequality (3.1) implies the inequality (1.3) with ¢ = 0 on X, and hence the conclusion of the

corollary follows from Theorem 2.1. |

Corollary 3.2. Let (X, d, <) be a partially ordered metric space. Suppose that f : X — X is a non-decreasing
map and xo € X such that xy < fxg. Suppose that there exist a constant k € (0, 1) such that

d(z, f)d(y, I'y) }

d(fz, fy) < kmax{d(z,y), d(z,y)

e <

85



G. V. R. Babu, K. K. M. Sarma and V. A. Kumari

forall x,y € O(xo) withz < yand x # y.
Assume that X is f-orbitally complete. Then, the sequence {x,} defined by p11 = fxn, n = 0,1,2,..., is

Cauchy in X. Let lim =z, = z, z € X. Suppose that f is orbitally continuous at z. Then z is a fixed point of f.
n—oo

Proof. By choosing ¥ (t) = kt, t > 0 in the inequality (3.1), the conclusion of this corollary follows from
Corollary 3.1. |

Remark 3.3. Theorem 1.2 follows as a corollary to Corollary 3.2, since the inequality (1.2) implies the
inequality (3.2) withk = a+ v < 1.

Corollary 3.4. Let (X, d, <) be a partially ordered metric space. Suppose that f : X — X is a non-decreasing

map and xg € X such that xqg < fxg and ¥ € Vg such that

d(z, fx)d(y, fy)

d(fz, fy) < ¥(max{d(x,y), d(z,y)

1) (3.3

forallx,y € Ugo<fao, zoexO(xo) withx <y and x # y.

Assume the following:
(i) if {zn} is a non-decreasing sequence converging to z € X, then x,, < z, for all n; and

(ii) if {zn} and {y,} are sequences in X with x,, < yn, for all n and

lim z, =z, lim y,=vy, x, y € X thenx < y.
n—oo n—oo

Assume that X is f-orbitally complete. Then, the sequence {x,} defined by xp11 = fx,, n = 0,1,2,..., is
Cauchyin X. Let lim z, =z, z € X.

n— oo
Then z is a fixed point of f.

Proof. The inequality (3.3) implies the inequality (2.8) with ¢ = 0 on X, and hence the conclusion of the

corollary follows from Theorem 2.2. |

Corollary 3.5. Let (X, d, <) be a partially ordered metric space. Suppose that f : X — X is a non-decreasing
map and xo € X such that xy < fxo and there exist a constant k € (0,1) such that

d(z, fx)d(y, fy)

d(fz, fy) < kmax{d(z,y), d(z,y)

} 34

Sforall z,y € Uyo<ruy, zoex O(xo) withz <y and x # y.

Assume the following:

(i) if {zn} is a non-decreasing sequence converging to z € X, then x,, =< z,

forall n; and

3

s
2
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(i) if {zn} and {y,} are sequences in X with x,, < Yy, for all n and

lim z, =z, lim y, =y, x, y € X thenx < y.
n—oo n—oo

Assume that X is f-orbitally complete. Then, the sequence {x,} defined by xp11 = fxn, n = 0,1,2,..., is

Cauchy in X. Let lim z, = z, z € X. Then z is a fixed point of f.
n— oo

Proof. By choosing ¢ (t) = kt, t > 0 in the inequality (3.3), the conclusion of this corollary follows from

Corollary 3.4. ]

Remark 3.6. Theorem 1.2 follows as a corollary to Corollary 3.5, since the inequality (1.2) implies the
inequality (3.4) withk = o+ v < 1.

In the following, we provide examples in support of the results that are proved in Section 2.

Example 3.7. Let X = [0,2) with the usual metric. We define partial order < on X by

<i={(z,y) e X x Xz =y} U{(z,y)/z,y € X, x Ry & x >y, where > is the usual order}.

0 ifz=0
% if x€[3,1)
We define f : X — X by fo = »{i ifxe[%’%)
ez 0f @ € [garr, 5w)in > 2
2—zifxell,2)

We define ) : [0,00) — [0, 00) by ¥(t) = 2t forall t > 0 and

z if x €0, )

v—ifxwelg, ).

Let g = % then xg = fxg. Here O(xg) = {%, 2, 2%, 2—19, 22”%,} = {%, 2%} U {%/n > 8}

and O(zg) = O(zo) U{0}.

We show that f is a generalized (p,1)-Jaggi contraction. The following are the possible four cases.

v: X —[0,00) by p(x) =

Case (i): v = 3 and y = 5.

In this case, d(fx, fy) + o(fx) + o(fy) = g5 and M(z,y) = 53.

d(fz, fy) + o(fz) + o(fy) = 355 < V(58) = (M (z,y)).

Case (ii): x = 2% and y = 2%, 7> 2.

In this case, d(fx, fy) + p(fz) + (fy) = % and M (z,y) = 23,(92771_26)
d(fz, fy) + o(fx) + ¢(fy) = 35 < V(gmamy) = V(M (2,p)).

Case (iii): x = % andy = Qi%, 1 > 2. In this case,
9220 ifi>2

29-9.2° -
Fon if 152

d(fz, fy) + o(fz) + o(fy) = and M (2,y) = siz915)-

Sub case (a):

d(fx, fy) + ¢(f2) + (fy) = 3575 < V(orpisdre) = $(M(2,1)).

e
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Sub case (b) d(fx fy) + 90( ) + Sa(fy) = 2;5%31 < 1/)(24(216_3?_16)) = l/J(M(w, y))

Case (iv): x = % andy = 5+, i > 2and j > i.

In this case, d(fx, fy) + o(fz) + o(fy) = 2:;"2;;3 and M (z,y) = % ?213721.
d(fz, fy) + o(fz) + o(fy) = 357% < (L2522 = (M (x,y)).
Hence, all the hypotheses of Theorem 2.1 hold and 0, 1 are two fixed points of f in O(z). Also ¢(0) = 0.

Since, the inequality (1.3) fails to hold at x = 0, y = 1 when ¢ = 0, f is not a generalized -Jaggi
contraction. Further, we observe that at x = 0 and y = 1, we have
d(0,£0)d(1,,
d(f0,f1) =1¢ a.0+~.1= a% +~d(0,1)
so that the inequality (1.2) does not hold for any « and ~ in [0,1) with a« + v < 1. i.e., f is not a
Jaggi contraction map. Therefore Theorem 1.2 is not applicable.

Thus, it suggests that Theorem 2.1 is a generalization of Theorem 1.2.

Remark 3.8. For x = 0 and y = 1, and for any z € X we have either 0 £ z or 1 £ z. Hence condition (H)

fails to hold and f has more than one fixed point namely 0 and 1.

Example 3.9. Ler X = [0, 1) with the usual metric. We define partial order < on X by
<i={(z,y) e X x X :x =y} U{(z,y)/z,y € X, x 2y < x >y, where > is the usual order}.

& ; 1
We define f : X — X by fx = ifz €03

Tzfxe( 1.

We define ) : [0,00) — [0, 00) by ¥(t) = 3¢ forall t > 0 and
o X 5 [0,00) by () = { © el
m——zfxe[m,l)

1

We choose xo = 5 then xg < fxo, O(z0) = {35, 35, 35 - }={5=/n > 1} and O(xy) = O(z0) U {0}.

1
oy By e
The following two cases arise to verify the inequality (2.8).

Case (i): = 5 andy = 25, i > 2and j > i.
In this case, d(fx, fy) + () + o(fy) = 357% and M (z,y) = L2522
d(fz, fy) + o (fo) + o(fy) = 25
< P52 = (M (x,y)).

Case (ii): x = 3- andy =0, i > 1.
In this case, d(fz, fy) + ¢(fz) + o(fy) = 5% and M (z,y) = 55;.

d(fz, fy) + o(fz) + o(fy) = 3%

< Y(z5) = Y(M(z,y)).

Hence, all the hypotheses of Theorem 2.2 hold and 0 is a fixed point of f in O(xg). Also ¢(0) = 0.

e
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