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2-Dominating sets and 2-domination polynomials of
pan graph P, »

P.C. Priyanka Nair '* and T. Anitha Baby?

Abstract

Let G be a simple graph of order m. Let D>(G,x) be the family of 2-dominating sets in G with size 1. The
polynomial D,(G,x) = Z;’;h(m d»(G,i)x" is called the 2-domination polynomial of G. Let D,(B,,2,i) be the family of
2-dominating sets of the pan graph £, with cardinality i and let dz(Pn,2,i) = [D2(Pn,2,i)|- Then, the 2-domination
polynomial Dy (P, 2,x) of B, » is defined as, D,(P,2,x) = Z;’jij ) da (P 2,0)x', where 1(P,,2) is the 2 - domination
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number of B, ». In this paper we obtain a recursive formula for d (P2, ).
construct the 2-domination polynomial, D;(By,2,x) = Y™,
i=

2-dominating sets of P, » of cardinality i and some properties of this polynomial have been studied.

Pan, 2-dominating set, 2-domination number, 2-domination polynomial.

1.2 Department of Mathematics, Womens Christian College, Nagercoil, Kanyakumari District, Tamil Nadu, India. Affiliated to Manonmaniam

Article History: Received 10 July 2020; Accepted 22 November 2020

. Using this recursive formula we
2 d>(Pp2,i)x!, where da(P,2,i) is the number of

m—+2
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1. Introduction

A Subset D of V is a dominating set of G if N[D] =V or
equivalently, every vertex in V — D is adjacent to at least
one vertex in D. The domination number of the graph G
is defined as the minimum size taken over all dominating
sets D of vertices in G and is denoted by (G). Let P,,» be a
pan graph with m + 2 vertices. Let D(P,,i) be the fam-
ily of 2-dominating sets of a pan graph P, » with cardinal-
ity i, let da(Pn2,i) = |D2(Pn2,i)|. We call the polynomial
D> (P, x) = ):’"”m Lo (P2,i)x', as a 2-domination poly-
"]

nomial of a pan graph P,, ». We use [m], for the smallest inte-

ger greater than or equal to m. In this paper [m] denotes the
set {1,2,...,m}

2. 2-DOMINATING SETS OF PAN GRAPH
Pm,2

Definition 2.1. A set D CV is a 2-dominating set if every
vertex in V — D is adjacent to at least two vertices in D. The
2-domination number of a graph G is defined as the minimum
size taken over all 2-dominating sets of vertices in G and is
denoted by v (G).

Definition 2.2. The pan graph is the graph obtained by join-
ing a cycle graph to a Singleton graph with a bridge. The pan
graph is therefore isomorphic with the tadpole graph.

Definition 2.3. Let B, > be the pan graph with m+2 vertices.
Label the vertices of P2 as V1,V2,V3, s Vi, Vint-1, V2 Where
Vi IS the vertex of degree 3, vy, 1 is the vertex of degree 2 and
V2 18 the vertex of degree 1.

Lemma 2.4. Let B, » be the pan graph with m+ 2 vertices,

2
then its 2-domination number is Y (BPy2) = Fn;—-‘ .
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Lemma 2.5. Let P, 2,m > 5 be the pan graph with |V (B, 2)| =

2
m~+2. Then, dy(Py2,i) =01ifi < [m—}——‘ ori>m+2and

2
dy(Pya,i) > 0 if [’"er <i<m+2.
. m+2 . . .
Proof. Ifi < > or i > m+ 2, then there is no 2-domi-

2
nating set of size i. Therefore, Dy(Py2,i) = ¢ ,ifi < [m;

and i > m+ 2. By Lemma 2.4, the minimum size of the 2-

2
dominating set of P, 5 is VT—‘ Therefore, da (P, 2,i) > 0,

2
if i > % and i < m+2. Thus, we get, do(Py2,i) = 0 if

2 2
< {m;w ori >m+2 and da(Py,2,i) > 0 if VH w <

i<m+42.

Lemma 2.6. If Dy(Py2,i) # ¢,
have

then for every m > 6, we

1. Dy(Pp—12,i—1)=¢,D2(Py22,i—1) # ¢,
Dy(Py_32,i—1) # ¢ iff m=2k andi=k+1 for

some k > 3.
2. Dz(Pm_z_z,i—l) ¢ Dz( m— 3271—1) ¢and
Dy(Py-12,i—1)# @ iffi=m+2.
3. Da(Pu-12,i—1)# ¢, Da2(Pu22,i—1) # ¢
and Dy(Py_30,i—1) =@ iffi=m+1
Proof. (i) Assume that, Dy (By—12,i—1) =@, Dy(Py—22,i—
1) # ¢ and
Dy (Py—32,i—1) # ¢. Since, Dy(Py—12,i—1) = ¢, by Lemma

m—+1

25, i—1>m+1lori—1< Mi—-1>m+1,
then i > m+ 2, which implies D3 (P 2,i) =

1
contradiction. Therefore, i — 1 < [m;—" . That is, i <

¢, which is a

Since, Dy (Pu—22,i—1) # ¢ and Dy (Py—32,i— 1) # ¢, we
m . (m—1) .
have, [Ewgz—lgm—Zand T <i—1<m-3.

2
Therefore, {%—‘ <i—1<m— 3. This implies that, mt2 <
2
i, (2). From (1) and (2) we get [m;——‘ <i<
1
% . This inequality is true only when m = 2k and

i=k+1 for some k > 3.
Conversely, assume that m =2k and i = k+ 1.

Therefore,k:%andifl:k.ifl:kimpliesiflzg<

1
Vi—zi_-‘ . Therefore, D> (Py—1,2,i—1) = ¢. Also, Dy (Py—22,i

2289

1) = Dy(Poy—22,k) # ¢,
since [(216_22—’—2)-‘ = [2k/2] = k.
Da(Py-32,i—1)=Ds(Py—32,k) # ¢, Since [(2k -3 +2) /2] =

{(21;— 1} .

(i) Assume that Dy (Py—22,i—1) =@, Dy (Py—32,i—1) =
¢ and Dy(Py—12,i—1) # ¢. Since, Dy (Py—22,i— 1) = ¢ and
Dy(Py—32,i—1) = ¢, by Lemma 2.5, we have, i — 1 > m or

iml< [%-‘ andi—1>m—lori—1< {(mzl) . There-
fore,i—1>mori—1< sz_l)—‘ di—-1< {(mz—l)—‘,

m—+2

then i — 1 < | —— | holds. Therefore, by Lemma 2.5,
D> (Py2,i) # ¢, which is a contradiction. So, we have, i —1 >
m. Therefore, i > m+ 1. Therefore, i > m—+2......... (1). Also,
since Dy(Pp—12,i—1) # ¢, we have | —— | <i—1<
m-+ 1. Therefore, i < m+2..ccceveveunn... (2). From (1) and
2)we get,i =m+2.
Conversely, if i =m—+2,Dy(Py—12,i—1) =D (Py— 12,m+
# ¢ Dy(Bu—22,i—1)=Dy(By—22,m~+1)=¢.Dy(Py_32,i

¢. (iii) Assume that D2(Pm 12,i—
= ¢. Since,
¢, by Lemma 2.5, we have, i — 1 >m — 1

-1 2
< {(mz)-‘ ,theni < {m—;-‘
holds. Therefore, D>(P,2,i) = ¢, which is a contradiction.

Therefore,i—1 >m—1.,i >m. Therefore,i >m-+1.............. (1).
Since, Dy(Py—12,i— 1) # ¢ and Dy(Py—22,i— 1) # ¢, we

1
have Pn;—-‘ <i—1<m+1 and [%—‘ <i—1<m. There-

1)

1) =Dy(Pp_3p,m+1) =
1)#¢,D2(Pp22,i—1)# ¢ and Dy(Py32,i—1)
Dy(Pp32,i—1)=

ri—1< @ Ifi—1

fore, <i—1<m. Therefore,i <m-+1................ (2).

From (1) and (2) we get, i =m+ 1.

Conversely, suppose i = m+ 1. Then, D>(Py—12,i—1) =
Dy(Pp—12,m)# ¢,Dy(Pp—22,i—1) =D2(Py_22,m) # ¢ and
Dz(Pm,3,2,l'— 1) = Dz(Pm,3,27m) = (P D

2
Theorem 2.7. For everym > 2 and i > ’Vm;r—‘

1. Dy(Pya,m+1)={2,4,6,8... 2m+2}.

2. IfDy(Py—22,i—1)=¢,Dy(Py_32,i—1)=¢
and Dy (Py—12,i—1) # @, then

Dy (Py2,i) = Dy(Ppp,m+2) = [m+2]

3. IfDy(Pu—12,i—1) # ¢,D2(Pp_2p2,i—1) # ¢ and
Dy (Pu-32,i—1) = @, then Dy(Ppy,i) = D2(Pp2,m+
)= {jm 12—

{x}/xe[m+2] and x#m+2}
4. If Dy(Pu—12,i—1) = ¢,D2(Py—22,i— 1) # ¢, then

Dz(Pm.’Q, ) {XU{m+2}XEDQ(Pm_Qg,l'—l)}
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5. IfDQ( m— l2al_1)7é¢aD2( m— 227l_1) ¢7then

Do(Pypo,i) ={YU{m+2}Y € Dy(Pp_12,i—1)}

6. If Dy(Pu—12,i—1) # ¢
and Dy (Py,— 22,1 1) # ¢, then Dy (P, 2 L N ={Xu{m+
2}UYU{m+2}

if Y starts with 1UY —{m+1}U {m,m+2}

if Y starts with 2 and {m—3} € YUY —{m—1} U
{m,m+2}

if Y starts with2 and {m —2} €Y}

where X € Dy(Pp—22,i—1)

andY EDQ(Pm_l.z,i—l)

Proof. (i) For every m > 2,D;(Po2,m+ 1) has only one 2 -
dominating set as, 2,4,6,...,2m+ 2. Therefore, Dy (Poyn2,m+

1)=12,4,6,...2m+2.
(i) Since D (Bp-—22,i—1) = ¢,D2(Py-32,i—1) = ¢ and
Dy(Py—12,i—1) # ¢, by Lemma 2.6 (ii), wehavei = m+2.

Therefore, D> (P 2,i) = D2(Ppo,m+2) = [m+2].

(iii) Since, Dy (P,— 12,0 — 1) # ¢,Dy(Py— 22,0 — 1) #¢
and Dy (Py_32,i— 1) = ¢, by Lemma 2.6(iii), we have i =
m+ 1. Therefore, Dy(Py2,i) = D2(Pp2,m+1) =
= [m+2] —x/x € [m+2]andx # m+2.

(iv) Let X be a 2 - dominating set of P,,_, with size i — 1.
All the elements of Dy(P,—22,i— 1) end with m. Therefore
m € X, adjoin m+2 with X. Hence, every X of D>(Py—22,1

1) belongs to Dy (P, 2,i) by adjoining m + 2 only.

(v) Let Y be a 2 - dominating set of P,_1, with size
i— 1. All the elements of Dy(P,,—12,i— 1) end with m+ 1.
Therefore, m + 1 € Y, adjoin m + 2 with Y. Hence, every Y
of Dy (Pu—12,i— 1) belongs to D> (P 2,i) by adjoining m+2
only.

(vi) Constructlon of Dy(Py 2,i) from Dy(P,—1 2,i—1) and
Dy(Py—22,i—1). Let X be a 2 - dominating set of P, with
size i — 1. All the elements of Dy (P,,—22,i— 1) ends with m.
Therefore, m € X, adjoin m + 2 with X. Hence, every X of
Dy(Pu—22,i— 1) belongs to Dy(Py,i) by adjoining m + 2
only. LetY bea?2 - dominating set of P,_1 with size i —1.
All the elements of D, (P,,—12,i— 1) starts with 1 or 2 and end
withm—+1. Adjoin m+2 with Y if Y starts with 1 and end with
m+ 1. Adjoin m and m+ 2 with Y and remove m + 1 from Y
if Y starts with 2 and {m —3} € Y. Adjoin m and m +2 with Y
and remove {m— 1} fromY ifY starts with 2 and {m—2} €Y.
Hence, every Y of Dy(P,—12,i— 1) belongs to Dy(PB,,2,i) by
adjoining m + 2, adjoining {m m+ 2} and removing m + 1
and adjoining {m,m+ 2} and removing {m — 1}. O

Theorem 2.8. If Dy(P,, 2,i) be the family of the 2-dominating
sets of Py with size i, where i > + -‘ then, dy(Py2,i) =
d2(Pn-12,i—1) +da(Pp—22,i—1).

3. 2-DOMINATION POLYNOMIALS OF
PAN GRAPH B, ».

Definition 3.1. Let P, > be the pan graph with m+2 vertices.
Then, the 2 - domination polynomial D (P, 2,x) of By 2 is de-

2290

fined as, Dy (P 2,x) = Zl'”yzz dz( AN i)x, where 1, (Py, 2)

is the 2 - domination number of Pu».

Theorem 3.2. Foreverym>5,Da(Pyp2,x) =x[Da(Py—12,%)+
D> (Py—22,x)] with initial values D2(P3,2,x) =270+ x4+
XDy (Py,2,x) = x>+ 5x* + 5% 48

Proof. Wehavedg( mz,) dz(Pm ]2,1—1)—|—d2( m—2.2,1

1) Therefore, dz( m,2s1 )x —dz( n— 12,171) +d2( n— 22,17
1)x!
ZdZ(Pm
ZdZ(Pm
1)xi=!
Dy (Pp2,x) = xD2(Py—12,X) +xD2(Py_22,x)

Do (Pn,x) =x[D2(Pn—12,%) + D2 (Pu—22,x)]

with the initial values D5 (P5,2,x) = 2x> +x* +x°, D2 (P4, 2,x) =

i)' =Y dy(Py_12,i— 1)x' + Y.do (P 2271—1)
X =xYda(Py_12,i—1)xi—1+xY¥do(Py_22,i

B 45500 +4°
i 31415 6 7 8 9 10 11 12 | 13
Py | 2|41
Py | 1]5]5] 1
Ps, [0]3]9] 6] 1
Poo |0 1|8 |14 7 | 1
Py, |00 41720 8 | 1
P> 0]0]1 12 | 31 | 27 9 1
Po |00 0] 5 29 | 51 35 10 1
Po2 |O]0]O0 1 17 | 60 78 44 11 1
Piip 0(0]|0 0 6 46 | 111 113 | 54 | 12 1

O

Theorem 3.3. The following properties hold for the coeffi-
cients of Dy (P 2,x) for all m:

1. dy(Pnp,m+2) =1, for every m> 3.

2. dy(Ppp,m+1) =m+1, for everym > 3.

1
3. dy(Ppp,m) = E[m2 —m— 2], for every m > 3.
1. 3 2
4. dr(Ppo,m—1) = g[m — 6m~ + 5m + 18], for every
m>4.
1
5. dy(Pyo,m—2 = —[m* —14m> +59m> — 22m — 240,

24
for everym > 6.

6. dr(Poy,2,m+1) =1, for every m > 2.

7. dy(Poyn—3,2,m) =m— 1, for every m > 3.
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