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Radio even mean graceful labeling on some special
graphs
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Abstract
Radio Even Mean Graceful Labeling of a connected graph G is a bijection ¢ from the vertex set V(G) to

{2,4,6,...2|V|} satisfying the condition d(s,?) + M > 1+ diam(G) for every s, t € V(G). A graph which

admits radio even mean graceful labeling is called radio even mean graceful graph. In this paper we investigate
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1. Introduction

graph labeling is an assignment of integers to the vertices
or edges or both subject to certain conditions. Chartrand et al
developed the concept of radio labeling in [1]. Somasundaram
S and Ponraj introduce the notion of mean labeling of graphs
in [13]. Radio mean labeling was introduced by Ponraj et al
in [10]. Sampathkumar E and Walikar H B introduced the
notion of the splitting graph of a graph in [12]. Ponraj R and
S Somasundaram developed the concept of degree splitting
of graphs in [9]. C David Raj, K Sunitha and A Subramanian
found the radio odd mean and even mean labeling of some
graphs in [5]. Y. Lavanya et al introduced the new concept
of Radio mean graceful graphs in [8]. C David Raj, M. Deva
Saroja and Brindha Mary V T investigated radio mean labeling

on degree splitting of graphs in [3]. C. David Raj and Brindha
Mary V T investigated the radio mean graceful labeling on
degree splitting of cycle related graphs in [4]. Brindha Mary
V T, C David Raj and C Jayasekaran investigated the Radio
mean graceful labeling on splitting of wheel related graphs
in [2]. we consider simple, finite, connected and undirected
graphs throughout this paper. For any real x, [x] is the smallest
integer greater than or equal to X. For theoretic terminology,
we refer to Harary [7] and for a detailed survey of graph
labeling we refer to Gallian[6]. We denote the vertex set of
G by V(G), distance between the vertices s and t by d(s, t),
diameter of G by diam(G), degree splitting of graph G by
DS(G) and order of a graph G by ’V‘

2. Main Results

Definition 2.1. [1 1]. The triangular book with n pages B(3,
n) is a graph obtained from n — copies of cycle C3 sharing a
common edge. The common edge is called the spine or base
of the book.

Definition 2.2. The quadrilateral book with n pages B(4, n)
is a graph obtained from n copies of quadrilaterals sharing
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a common edge. The common edge is called the spine of the
book. That is the quadrilateral book is the Cartesian product
of a star graph K, ,, and K.

Definition 2.3. [1 1]. The triangular book with book mark is
a triangular book B(3, n) with a pendant edge attached at any
one end vertices of the spine. It is denoted by T B, (u,v)(v,w).

Definition 2.4. The quadrilateral book with book mark is a
quadrilateral book B(4, n) with a pendant edge attached at any
one end vertices of the spine. It is denoted by OB, (u,v)(v,w).

Definition 2.5. [9] Let G = (V, E) be a graph withV = S1 U
S>U...5;UT where each S; is a set of vertices having atleast
two vertices and having the same degree and T = V—-U S;.
The degree splitting graph of G denoted by DS(G) is obtained
from G by adding wi,wy,...w; and joining w; to each vertex
of Si,1 <i<t

Definition 2.6. A Radio Even Mean Graceful Labeling of a
connected graph G is a bijection ¢ : V(G) — {2,4, o,..., 2|V|}

satisfying the condition d(s,t) + M > 1+diam(G),

for every u, v € V(G). A graph which admits radio even mean
graceful labeling is called an radio even mean graceful graph.

Theorem 2.7. DS(B(3, n)) is a radio even mean graceful
graph.

Proof. Lets,t,u;,1 <i<nbe the vertices of B(3, n) in which
s, tis joined with u;, 1 <i < n. Introduce two new vertices
v,w and join it with the vertices of B(3, n) of degree two and
n + 1 respectively. The new graph thus obtained is DS(B(3,
n)) whose vertex setis V = {s,t,u;,1 <i <n}U{vw}.

. 1 ifn=1
Clearly the diameter of DS(B(3,n)) = 3 ifn>1
Define a bijection ¢ : V(DS(B(3,n))) — {2,4,6,..2|V|} by
O(s)=2n+4,0(t)=2n+6 ¢(u;) =2i,1 <i<n, ¢(v) =
2n+8, 0(w) =2n+2.
Now we analyze the radio even mean graceful condition for
9,
Casel: n=2
Since the diam(DS(B(3, n))) = 1, it satisifes the radio even
mean graceful condition for every pair of vertices.
Case2:n>1
Subcase(i): Examine the pair (s,7) :

d(s,t)+ P’( sl ﬂ > 1+ {4"“0} >4=1+diam(DS(B(3,n)).

Subcase(ii): Examine the pair (s,u;), 1 <i<n:
d(&ui)—l— (P(S)J;(p(ul)“ > l+ ’72n+21+4“ 24
Subcase(iii): Examine the pair (s,v) :

d(s,v) + ’V¢(S)-*2-¢(V)-‘ >24 ’74%2—12—‘ >4,

Subcase(iv): Examine the pair (s,w) :

2324

d(s,w)+ | L) | >y [4";6} >4,
Subcase(v): Examine the pair (,u;), 1 <i<n

d(t,u)+ | Q000D | > gy 226 | > g

Subcase(vi): Examine the pair (¢, v)
d(t,v)+ ¢()+¢(> >0 4n+14-‘ 4.
Subcase(vii): Examine the pair (7,w) :

o) +o(w n
d(f,W)+ <t)2 ( >—‘ > 1+ ’74 +8—‘ 4.

Subcase(viii): Examine the pair (u;,u;),1 <i<n—1,i+1<
J<n:

dlus) + Pwi)?(ﬂ . P;ﬂ -
Subcase(ix): Examine the pair (u;,v), 1
d(ui,v) + {Wl > 1+ 2”+2’+ﬂ >4,
Subcase(x): Examine the pair (u;,w), 1

d(ui’w)+ ’V@"(”z);ﬁ(l)(w)-‘ >24 ’72n+21+2-‘ > 4.

<i<nm:
Subcase(xi): Examine the pair (v,w) :
d(V, W) + ¢(V)J£¢(W> >3+ 4n+10 > 4.

Thus the radio even mean graceful condition is satisfied for
every pair of vertices. Hence DS(B(3,n)) is a radio even mean
graceful graph. O

Example:1

Figure: 1. Radio even mean graceful labeling of DS(B(3,
5))graph.

Theorem 2.8. DS(B(4, n)) is a radio even mean graceful
graph.

Proof. Let s,t,s;,t;,1 <i < n be the vertices of B(4, n) in
which s, t is joined with s;, and #;, 1 <i < n respectively. In-
troduce two new vertices u,v and join it with the vertices

009 nn,,
5:

; ‘a’uv
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of B(4, n) of degree n + 1 and two respectively. The new

graph thus obtained is DS(B(4, n)) whose vertex setis V =

{s,t,s1,8;,1 <i<n}U{u,v}.

Clearly the diameter of DS(B(4,n)) = { 2 ifn=I
’ 3 ifn>1

Define a bijection ¢ : V(DS(B(4,n))) — {2,4,6,..2|V|} by

O(s)=4n+4,0(0t)=4n+6 ¢(s;)) =2i,1 <i<n, ¢(t;,) =

2n+2i1<i<n, ¢(u)=4n+2,0(v) =4n+38.

Now we analyze the radio even mean graceful condition for

9,

Casel: n=2
Since the diam(DS(B(4, n))) = 2, it obviously satisfies the
radio even mean graceful condition for every pair of vertices.

Case2:n>1
Subcase(i): Examine the pair (s,7) :

d(S,t)—F ¢(S)‘2"‘¢(’) >1+ SnZIO—‘ >4

= 1+diam(DS(B(4,n)).
Subcase(ii): Examine the pair (s, s;)

1<
4n+21+4—‘
), 1

Subcase(lll) Examine the pair (s,1),

$(s)+0 (1)
2

d(S sl)+ ¢( )+¢(51) Z 1_|_

| /\

d(s7t,-)—|— 6n+21+4 >4,

>2+
Subcase(iv): Examine the pair (s,u) :
d(s,u) + Ww >24 B0 | > g
Subcase(v): Examine the pair (s,v) :

W—‘ > 1+ {8%12—‘ >4,

Subcase(vi): Examine the pair (7,5;)1 <i<n:

d(s,v)+

d([ S)+ ¢( )+¢(Vz) > 2+ 4n+2z+6“ 24

Subcase(vii): Examine the pair (t,1),1<i<n

2(0)+0(1:)
p)

d(t,1)+ > 14 | 70

> 4.

~_ "

Subcase(viii): Examine the pair (¢, u

d(t,u)+ M >24 8n+8—‘24.

Subcase(ix): Examine the pair (t,v):

d(t,v) + | Q00| > gy | Sntld | > g

Subcase(x): Examine the pair (s;,5;), 1 <i<n-—1,
i+1<j<n:

d(Si,Sj)+ ’V“?(Si);“)(sj)-‘ >24 ’721—0—2]—‘ > 4.

2325

Subcase(xi): Examine the pair (s;,7;),1 <i,j <n:

d(S,',[j) —+ M >24 2”+21+21 >4,
Subcase(xu) Examine the pair (s;,u),1 <i<n:
d(siu) + w > 4 | dn2ie2

Subcase(xnl) Examine the pair (s;,v

d(si,v) + (Si);"/)(") >24 4n+21+8

—J\' —l,_;
I\/

Subcase(xiv): Examine the pair (#;,7;),1 <i<n
J<n:

d(fi,lj)Jr

¢(z,-);¢(zj) >24 4n+22i+2j-‘ > 4.

Subcase(xv): Examine the pair (#;,u),1 <i<n:

d(ti,u)—&— ¢<fi);¢(”) >1+ 6n+21+2 > 4.

I /\

Subcase(x_vi): Examine the pair (¢;,v),1 <i

9(1)+0(v)
2

d(t;,v)+ >0 |2 | >y

Subcase(xvii): Examine the pair (u,v) :

d(u,\/)+ ¢(’4)42f¢(") >3+ 8n+10 > 4.

Thus the radio even mean graceful condition is satisfied for
every pair of vertices. Hence DS(B(4,n)) is a radio even mean

graceful graph.
O
Example:2
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Figure: 2. Radio even mean graceful labeling of DS(B(4,
4))graph.

Theorem 2.9. DS(TB,(t,
graceful graph.

s),(s,w))) is a radio even mean
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Proof. Let s,t,w,u;,1 < i< n be the vertices of i triangle of
TB,(t,s),(s,w)) in which s, t is joined with u;, 1 <i <n and
s with t, w respectively. Introduce a new vertex v and join it
with the vertex of TB,(t,s), (s,w)) of degree two. The new
graph thus obtained is DS(T'B,(t,s), (s,w))) whose vertex set
isV={s,r,wu;,1 <i<n}U{v}.

Clearly the diameter of DS(T'B,(¢,s), (s,w))) =

Define a bijection ¢ : V(DS(T B, (t,s),
by ¢(s) =2n+8, ¢(r) =2n+6 ¢(
0(v) = 4, andg (w) =

Now we analyze the radio even mean graceful condition for

9,

case(i): Examine the pair (s,7) :
d(s,t) + ¢(S)J2r¢(t) > 14 4n+14—‘ >4

= 1+diam(DS(TB,(t,s),(s,w))).
case(ii): Examine the pair (s,u;), | <i<n:

d(s,u;) + P(S)v;‘?(ui)—‘ >14+ ’72n+21+12—‘ >4,
case(iii): Examine the pair (s,v) :
d(s,v)+ ’V‘p(‘y);w")-‘ >2+ ’72”“2“ > 4.

case(iv): Examine the pair (s,w)

]

case(v): Examine the pair (¢,u;),1 <i<n
d(t,u) + {‘P(’)Z‘P(w)—‘ > 1+
case(vi): Examine the pair (¢,v) :

d([ V)+ ¢( >+¢( ) > 2+ ’72H+]0“ 2 4.

) =2i+41<i<n,

d(s,w)+ ¢(S)+2¢(W)

2n+21+10 >4

case(vii): Examine the pair (z,w) :
d(t,w) + {W >24 P"ﬁw >4,

case(viii): Examine the pair (u;,u;),1 <i<n—1,i+1<j<

n:
d(ui,uj)—&— ’V(P(ui)'*z‘q)(uj)—‘ >0+ ’72i+%j+8—‘

case(ix): Examine the pair (u;,v),1 <i<n:

v

4.

d(u,v) + | Q0L > g 128 ] > g
case(x): Examine the pair (u;,w), | <i<n:
d(u,w) + | K0 | >0 Z’Qﬂ > 4.
case(xi): Examine the pair (v,w) :

d(v,w)+ | 2O > 34 16 > g,

Thus the even radio mean graceful condition is satisfied for
every pair of vertices. Hence DS(TB,(¢,s), (s,w))) is a radio
even mean graceful graph.

2326

(s, )H{z 4,6,..2V|}

Example:3

Figure: 3. Radio mean graceful labeling of
DS(TBs(t,s)(s,w)))graph.

Theorem 2.10. DS(QB,(t,s)(s,w)) is a radio even mean
graceful graph.

Proof. Let s,t,v,w,s;,t;,1 <i<n be the vertices of OB, (t,s)
(s,w)) in which s is joined with w, s;, and t with #;,1 <i < n.
Also join s and t. Introduce a new vertex v and join it
with the vertices of OB, (t,s)(s,w)) of degree two. The new
graph thus obtained is DS(QB;(z,s)(s,w)) whose vertex set
isV ={s,t,v,w,s;,t,1 <i<n}U{v}. Clearly, the diameter
of DS(QB,(t,s)

(s,w))= 3. Define a bijection ¢ : V(DS(QB,(t,s)(s,w))) —
{274,6,...2‘V|} by ¢(s) =4n+4, ¢(t) =4n+6 ¢(s;) =
2i1<i<n, ¢(t;)=2n+2i+2,1<i<n, ¢(v)=2n+2
and ¢(w) =4n+38.

Now we analyze the radio even mean graceful condition for ¢,

case(i): Examine the pair (s,?) :

8n+10-‘ >4

d(s,t) + ’V‘P( )H00) | > 4

1+ diam(DS(QB,(t,s)(s, w)

case(ii): Examine the pair ( 1<i<n

1 — —

)-
,S
1+ ’V n+21+4

case(iii): Examine the pair (s,#;),1 <i <
d(s,t;) + P)(S)Z‘P(Ii)—‘ >24 {6n+22i+6—‘ >4,
case(iv): Examine the pair (s,w) :
d(S,W)+ ’V¢(5)‘;¢(W) 2 2+ ’7&1512-‘ >4
case(v): Examine the pair (s,v)

d(S,V)+ ’7‘17(3)"2'45(")—‘ >1+ ’76n+6-‘
1<i<n

case(vi): Examine the pair (¢

d(s,s;) + ’V¢( 5)+9(si)
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d(l Sz)+ ’V¢( )+0(si) >24 ’74n+21+6—‘ 4.

\ /\

case(vii): Examine the pair (¢,7;),

-‘ > 1+ ’76n+21+8-‘
(r,w

case(viii): Examine the pair
o()+o
B s

case(ix): Examine the pair (7,v) :

d(t,v)+ {‘Ww > 1+ {6”;8} > 4.
1

<i

d(t,1;) + | Q0o )+¢ u

\ /\

case(x): Examine the pair (s;,s;),
d(s,',Sj) + ’VW >24+ ’721-"_2]—‘ >4,
case(xi): Examine the pair (s;,7;),1 <i,j <

<
d(si 1))+ P(s;‘);rﬁb(tj) > 14 zn+2i2+2j+2-‘ >4,

n—Li+1<j<n:

case(xii): Examine the pair (s;,w),1 <i
d(si,w)+ ’VW >2+ 4”+22"+ﬂ >4,
case(xiii): Examine the pair (siv), 1 <i<n:
O(si)+o(v) 204242
2} > 14 [ 1 W >4,

case(xiv): Examine the pair (t,-,tj),l <i<n—1,i+1<j<
n:

d(si,v)+

d(tit;) + ‘P(’i);‘z’(’j)-‘ >0 ’74n+2i;2j+4 >4,

_

case(xv): Examine the pair (t;,w),1 <i<n:

d(ti,w) + ¢(ti>;¢(w) >34 6n+22i+10-‘ >4,

case(xvi): Examine the pair (¢;,v),1 <i<n:
d(t;,v) + ¢(n)+¢( )| > 14+ 2idd | > 4,
case(xvii): Examine the pair (v,w) :

d(v,w) + 7(1’@);‘»(”') >34 | Snfl0 > g

Thus the even radio mean graceful condition is satisfied for
every pair of vertices.Hence DS(QB,(t,s)(s,w))) is a radio
even mean graceful graph.

O
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Example:4
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Figure: 4. Radio even mean graceful labeling of
DS(QBa(t,s)(s,w)))graph.
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