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Connected 2-domination polynomials of some graph
operations
T. Anitha Baby '* and Y. A. Shiny?

Abstract

In this paper, we derive the connected 2-domination polynomials of some graph operations. The connected
2-domination polynomial of a graph G of order m is the polynomial D, (G, x) = ZT:%Z(G) do (G, j)x’, where d (G, j)
is the number of connected 2-dominating sets of G of size j and ., (G) is the connected 2-domination number of

G.
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1. Introduction

Let G = (V,E) be a simple graph of order, |V| = m. For
any vertex v € V, the open neighbourhood of v is the set
N(v) ={u €V /uv € E} and the closed neighbourhood of v is

the set N[v] = N(v)U{v}. Foraset .S C V, the open neighbour-
hood of S is N(S) = U,e:N(v) and the closed neighbourhood
of Sis N(S)US.

A set D C 'V is a dominating set of G, if N[D] =V or
equivalently, every vertex in V — D is adjacent to atleast one
vertex in D.

The domination number of a graph G is defined as the
cardinality of a minimum dominating set D of vertices in G
and is denoted by y(G).

A dominating set D of G is called a connected dominating
set if the induced sub-graph < D > is connected.

The connected domination number of a graph G is defined
as the cardinality of a minimum connected dominating set D
of vertices in G and is denoted by 7.(G).

Definition 1.1. A walk is called a trail if all the edges ap-
pearing in the walk are distinct. It is called a path, if all
the vertices are distinct; P, denotes a path on m vertices. A
cycle is a closed trail in which the vertices are all distinct; Cy,
denotes a cycle on m vertices.

Definition 1.2. The complement G of G is the graph whose
vertex set is V(G) and such that for each pair u,v of vertices
of G, uv is an edge of G if and only if uv is not an edge of G.

Definition 1.3. The complete graph on m vertices, denoted by
K., is the simple graph that contains exactly one edge between
each pair of distinct vertices.

Definition 1.4. The corona of two graphs G| and G» is de-
noted by G o Gy, formed from one copy of Gy and |V (G))|
copies of Ga, where the j* vertex of Gy is adjacent to every
vertex in the j'" copy of Go. The corona, G o Ky, in particular,
is the graph constructed from a copy of G, where for each
vertex v € V(G), a new vertex v and a pendant edge w are
added.

Definition 1.5. Let G and H be two graphs. G adding H at u
and v is defined as the graph withV (G, ®H,) =V (G)UV (H)
and E(G, ® H,)=E(G)UE(H) +uv and is denoted by G,, @
H,. G joining H at u and v denoted by G, © H, is obtained
from G, & H, by contracting the edge uv.

Definition 1.6. Ler G| and G, be two graphs. The compo-
sition of G1[Ga] is a graph with the vertex set Vi X V, and
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two vertices (uy,uz), (vi,v2) are adjacent if u; = vy and uy is
adjacent to v, or uy is adjacent to v;.

2. Connected 2-Domination Polynomials
of Some graph Operations

In this section, we state the connected 2- domination poly-
nomial and derive the connected 2- domination polynomials
of some graph operations.

Definition 2.1. Let G be a simple graph of order m with no
isolated vertices. A subset D CV is a 2- dominating set of
the graph G if every vertex v € V — D is adjacent to atleast
two vertices in D. A 2-dominating set is called a connected
2-dominating set if the induced subgraph < D > is connected.

Definition 2.2. Let D (G, j) be the family of connected 2-
dominating sets of the graph G with cardinality j. Then
the connected 2-domination number of G is defined as the
minimum cardinality taken over all connected 2-dominating
sets of vertices in G and is denoted by Y.»(G).

Definition 2.3. Ler D2 (G, j) be the family of connected 2-
dominating sets of the graph G with cardinality j and let
de2(G,j) = |De2(G, j)|. Then the connected 2-domination

polynomial D (G,x) of G is defined as DCQ(G,x)zzlj-V:(g(‘G)

dx (G, j)x/, where Y. (G) is the connected 2-domination num-
ber of G.

Theorem 2.4. The connected 2-domination polynomial of
P (K] is De, (P2 [Kpn),x) = (14x)%" — (1 + 2mx).

Proof. Let P, be the path with order 2 and K, be the complete
graph with order m. Then, P,[K,,| has 2m vertices.

Let {v;,v,} be the vertices of P, and {u,us,...,u,} be
the vertices of K.

V2
uj uy K3:
P2 D G—
V3

.
Figure 1.3

Figure 1.4 P5[K3]

The connected 2-dominating sets of P,|K3| of cardinality 2
are {{1,2},{1,31,{1,4},{1,5},{1,6},{2,3},{2,4},{2,5},
{2,6},{3,4},{3,5},{3,6},{4,5}.{4,6},{5,6}}.

Therefore, d.,(P»[K3],2) = 15.

The connected 2-dominating sets of P,|K3)] of cardinality 3
are {{1,2,3},{1,2,4},{1,2,5},{1,2,6},{1,3,4},{1,3,5},
(1,3,6),{1,4,5},{1,4,6},{1,5,6},{2,3,4}, {2,3,5},{2.3,6},
{2451 {2,4,61.{2.5.6}, {345}, {3.4.6}. {3.5.6}. {4.5.6} }.

Therefore, d.,(P>[K3],3) = 20.

The connected 2-dominating sets of P,|K3) of cardinality 4
are {{1,2,3,4},{1,2,3,5},{1,2,3,6},{1,2,4,5},{1,2,4.6},
(1,2,5,6},{1,3,4,5},{1,3,4,6},{1,3,5,6},{1,4,5,6},{2,3,
4,5},12,3,4,6},{2,3,5,6},{2,4,5,6},{3.4,5,6} ).

Therefore, d.,(P>[K3],4) = 15.

The connected 2-dominating sets of P,|[K3] of cardinality 5
are {{1,2,3,4,5},{1,2,3,4,6},{1,2,3,5,6},{1,2.4,5.6},{1,3,
4,5,6),{2,3,4,5,6}).

Therefore, d.,(P>[K3],5) = 6.

The connected 2-dominating set of P»[K3of cardinality 6
is {1,2,3,4,5,6}.

Therefore, d.,(P>[K3],6) = 1.

Since, the minimum cardinality is 2,y.c2)(P2[K3]) =2

P [K3))|

% N
Then, V(P2 [Kn]) = {(vi,u1), (vi,u2), (v1,u3), ..., (Vi,tm), (v2, ul)Therefore,DCQ (P[K3],x) = Z‘j:(y[,z (P[K3)) de, (P[K3], j)x!

(v2,u2),ees (v2,43), ooy (V2 ttm) }
The minimum cardinality of P>[K,] 1S Y., (P2 [Kin]) = 2.

There are (2;") possibilities of connected 2-dominating
sets of P»[K,,| of cardinality j.

Hence, D, (P, [Kn),x) = Z‘J.V:(Z[g’,z][%m])
= L7 dey (Pa[Kon], )/
= ()2 4+ ()0 + () ot ()2 =+ )
=[x (2;")xf ] —1—2mx

Hence, D, (P2[Kp),x) = (14x)*" — (1 +2mx). O

dcz (P2 [Km] ) j)xj

Example 2.5. For the graphs P> and K3 given in Figure 1.3,
the graph P,[K3) is given in Figure 1.4.

2330

= Y5 2 de,(P2[K3), j)x/
= 15x% 4+ 20x3 + 15x* 4+ 6x° + x°.
Hence, D, (P2[K3],x) = (1 +x)% — (1 +6x).

Theorem 2.6. The connected 2-domination polynomial of
Cn©®C,is

Do, (Cr®Cyyx) =2(m+n—4)x" "3 4 (mA-n—2)x" =2 4
mernfll
Proof. Let {uj,uy,...,um—1,u} be the vertex set of C,, and
let {vi,v2,...,vs—1,v} be the vertex set of C,. Therefore,
{ur,up,...;upm—_1,u = v,vi,va,....,v,_1 } be the vertex set of
Cp ©Cy.

Hence, C,, ® C,, has m +n — 1 vertices.
There is no connected 2-dominating sets of cardinality less
than m+n — 3.
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There are 2(m+n —4) connected 2-dominating sets of cardi-
nality m+n — 3.

Therefore, d., (Cn @ Cp,m~+n—3) =2(m+n—4).

There are m + n — 2 connected 2-dominating sets of cardinal-
itym+n-—2.

Therefore, de,(Cp © Cpym+n—2) =m—+n—2.

There is only one connected 2-dominating sets of cardinality
m+n—1.

Therefore, d., (Cn ©@Cpym+n—1) = 1.

Since, the minimum cardinality is m +n—3,%.,(Cn ©Cy) =
m+n—3.

Therefore, De, (Cpy @ Cppx) = Y7001

j=m+n—3 dCz (Cm © C’l ) j)xj

= dcz (Cm @Cmm +n— 3)xm+n,3+
dC2 (Cm @C,,,m +n— 2)Xm+n72_|_
dcz(cm @Cn,m+n, 1)xm+n71

Hence, D, (Cyy ©Cy,x) = 2(m~+n—4)x""3 4+ (m+n—
2)x1n+n—2 _’_xm-ﬁ-n—l.
O

Example 2.7. For the graphs C3 and Cy4 given in Figure 1.5,
the graph C3 ® Cy is given in Figure 1.6.

1% V3
V2
C3 . C4 :
V1 V3 V1 V4
Figure 1.5
V2 V4 Vs
C3OGy:
V1 V3 Ve

Figure 1.6 C3 ©Cy

There is no connected 2-dominating sets of C3 © C4 of
cardinality 2 and 3.
The connected 2-dominating sets of C3 ® Cy of cardinality 4

are {{V],V3,V4,V5},{Vl,V},V4,V6}7{V],V3,V5,V6},{V27V3,V4,V5},

{v2,v3,va,v6},{v2,v3,5,v6} }
Therefore, d.,(C3 © C4,4) = 6.
The connected 2-dominating sets of C3 ® C4 of cardinality 5

= 2?24 de,(C3® Cy, j)x/
= 6x* 4+ 5x° + 5.
Hence, D,,(C3 ® C4,x) = 6x* + 5x° 4 x5.

Theorem 2.8. The connected 2-domination polynomial of
Cn®Cpis Doy (Cop Cyx) = 2(m+n—4)x" "2+ (m+n—
2)xm+n71 + xmtn,

Proof. Let {uy,uy,...,um—1,u} be the vertex set of C,, and
{vi,v2,...,vn_1,v} be the vertex set of C,,.
Therefore, {u,un, ..., Um—1,u,v,v1,v2,...,v,—1 } be the vertex
set of C,,, ® C,,.
Hence, C,, ® C,, has m + n vertices.
There is no connected 2-dominating sets of cardinality less
than m+n —2.
There are 2(m +n —4) connected 2-dominating sets of cardi-
nality m+n—2.
Therefore, de, (Cpy ® Cpym+n—2) =2(m+n—4).
There are m +n — 2 connected 2-dominating sets of cardinal-
itym—+n—1.
Therefore, de, (Cn @ Cpym+n—1) =m+n—2.
There is only one connected 2-dominating set of cardinality
m+n.
Therefore, d;, (Crn & Cy,m~+n) = 1.
Since, the minimum cardinality is m+n—2,%, (Cn & Cy) =
m+n—2.
Therefore,
D, (Cm 2] me) = Z;E_,ZJM,Z dcz (Cm @G, j)x]
=de, (Cp ® Cyym+n —2)x" 24
de,(C ®Cpym—+n—1)xm14
de, (Cp ® Cyym+ n)x™t"

Hence, D, (C;y ®Cy,x) = 2(m~+n—4)x" "2 4 (m+n—

2)Xm+n—l _~_xm+n. O

Example 2.9. For the graphs Cz and C4 given in Figure 1.7
the graph C3 ® Cy is given in Figure 1.8.

V2 V2 V3
Cs: Cy
3
Vi Figure Bl V4
V2 Vs V6
C3BCy
Vi V3 V4 V7

Figure 1.8 C3 ®Cy

There is no connected 2-dominating sets of Cz ® Cy of

are {{V17V27V37V47V5}a{v17v27v37v4avﬁ}7{vlav27v3uv53v6}7{V17Vgardinall‘ty 2’ 3 and 4

V4,V5,V6}, {VQ,V3,V4,V5,V6}}.

Therefore, d.,(C3 ©Cy4,5) = 5.

The connected 2-dominating set of C3 ® Cy4 of cardinality 6 is
{VI,Vz,V3,V4,V5,V6}.

Therefore, d.,(C3 © C4,6) = 1.

Since, the minimum cardinality is 4,7.,(C3 ©Cy) =4.

C30C, N
Therefore, D.,(C3 © Cy,x) = ):‘jvz(%z ( C34G))|C4) de,(C3©Cy, j)x!

The connected 2-dominating sets of C3 & Cy4 of cardinality 5
are

{{vi,v3,va,vs,v6 ), {v1,v3,v4,vs5,v7}, {v1,v3,v4,v6,v7}, {v2,
V3,V4,V5,V6},1V2,V3,V4,V5,V7 }, {v2,V3,V4,V6,v7} }-
Therefore, d.,(C3®Cys5) = 6.

The connected 2-dominating sets of C3 & Cy4 of cardinality 6

are {{V17V27V3,V4,V5,V6},{VI,V2,V3,V4,V5,V7},{V],Vz,V},V4,V6,
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XYW

0,7 42
50827
“,

)
AW

2331



Connected 2-domination polynomials of some graph operations — 2332/2332

V7}, {vl,V3,V4,vS,v6,V7}, {Vz,V3,V4,V5,V6,V7}}.

Therefore, d.,(C3 ®Cs) = 5.

The connected 2-dominating set of C3 & Cy of cardinality 7 is
{Vl,vz,V3,V4,V5,V6,V7}.

Therefore, d.,(C3®C47) = 1.

Since, the minimum cardinality is 5,Y.,(C3 ®Cs) = 5.

Therefore, D.,(C3 & C4,x) = Z‘JVZ(ZE(BC(’; 4E)B|C4) de,(C3 & Cy, j)x/

= 23:5 de,(C3DCy, j)x! =63 +5x8 +x7.
Hence, D, (C3 ® Cy,x) = 6x° +5x5 +x7.

Theorem 2.10. Let G be any connected graph with m vertices.
Then, D.,(GoKj,x) = X2,

Proof. Since, G has m vertices, G o K| has 2m vertices.
There is no connected 2-dominating set of cardinality less
than 2m.

Clearly, {vi,v2,...,v2, } is the only connected 2-dominating
set of Go K.

Therefore, ¥.,(GoK;) =2m and d.,(GoKy,2m) = 1.
Hence, D, (GoKj,x) = X2, O

Example 2.11. Consider the graph C40 K given in Figure

1.9
Vs V6
Vi i)
C4 @) K] .
V4 V3
1% V7

Figure 1.9 C4oK

There is no connected 2- dominating sets of C40 K| of
cardinality 2,3,4,5,6 and 7.
The connected 2-dominating set of C4 o K| with cardinality 8
is {vi,v2,v3,V4,V5,V6,v7,V8 }.
Therefore, d.,(C40K;,8) = 1.
The minimum cardinality of C410 K is 8.
Therefore, Y.,(C40Kj,x) = 8.
Hence, D> (Cy0Kp,x) = x5,

Theorem 2.12. Let G be a simple graph of order n. Then
the connected 2-domination polynomial of G o K, is D¢, (G o
km) — im+1)

Proof. G has n vertices and K,, has m vertices. Go K, has
n(m+ 1) vertices.

Any set S of cardinality less than n(m+1),< s > isnot a
connected 2-dominating set. Also, the connected 2-domination
number of GoK,, is n(m+1).

Hence, D2 (Go Ky, x) = xrmt1) O

Example 2.13. Consider the graph Cs o K, given in Figure
1.10

V3

V9 Fieure 1.10 C20 K>

There is no connected 2- dominating sets of C3 o K, of
cardinality 2,3,4,5,6,7 and 8.
The connected 2-dominating set of Cs o Ky with cardinality 9
is {v1,v2,V3,v4,V5,6,V7,8, Vo }.
Therefore, d.,(C30K,,9) = 1.
The minimum cardinality of C3 0K, is 9.
Therefore, ¥,,(C30K>) = 9.
Hence, D (C30Ka,x) = x°.

3. Conclusion

In this paper, the connected 2-domination polynomials has
been derived by identifying its connected 2-dominating sets.
It also help us to characterize the connected 2-dominating sets
of cardinality j. We can generalize this study to any power of
graphs.
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