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1. Introduction

In 1965, the concept of fuzzy set was introduced by
Zadeh [15]. Kramosil and Michalek [10] introduced the con-
cept of fuzzy metric spaces in terms of 7- norm. George and
Veeramani [6] modified the concept of fuzzy metric spaces
introduced by Kramosil and Michalek and defined the Haus-
dorff topology of fuzzy metric spaces. Using the idea of .Z -
fuzzy set, Saadati et al [13] introduced the notion of .Z - fuzzy
metric spaces with the help of continuous - norm as a gener-
alization of fuzzy metric space due to George and Veeramani.
In this paper, we prove some common fixed point theorems
for self mappings in complete .Z - fuzzy metric space.

2. Preliminaries

Definition 2.1. Let ¥ = (L, <) be a complete lattice and U
be a non empty set called universe. An L - fuzzy set & on U
is defined as a mapping o : U — L. For each u in U, </ (u)
represents the degree (in L) to which u satisfies <7 .

Definition 2.2. A triangular norm(t- norm) on £ is a map-
ping T : L* — L satisfying the following conditions:

(i) T (x,19) = x, for all x € L (boundary condition)

(ii) T (x,y) = T (y,x), for all x,y € L (commutativity)

(iii) T (x,.7 (y,2)) = T (T (x,¥),2), for all x,y,z € L (asso-
ciativity)

(iv)x<px andy <y implies T (x,y) <. ﬂ(x,,yl), for all
x,x/,y,y' € L (monotonicity)

Definition 2.3. A t-norm 7 on & is said to be continu-
ous if for any x,y € L and any sequences {x,} and {y,}
in L which converge to x and y respectively, then we have
limnﬂwy(xna))n) = <7(3673))'

Example 2.4. 7 (x,y) = min(x,y) and F (x,y) = xy are two
continuous t-norm on [0, 1].

Definition 2.5. A negation on £ is any decreasing mapping
N i L — L satisfying /' (0g) =1y and N (ly) =0g. If
N (AN (x)) =x, forall x € L, then A is called an involutive
negation. The negation A5 on ([0, 1], <) defined as Ns(x) =
1 —x, for all x € [0,1] is called the standard negation on
([0, 1], <).

Definition 2.6. The 3-tuple (X, #,T) is said to be an £ -
Sfuzzy metric space if X is an arbitrary non empty set, T
is a continuous t-norm on £ and M is an L-fuzzy set on
X2 x (0,+o0) satisfying the following conditions for every x,
v zinXandt, s in (0,0):

(i) M (x,3.1) >0,
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(ii) M (x,y,t) = 1 o, for all t > 0 if and only if x=y,
(iii) A (x,y,t) = M (y,x,1),

(iv) T (M (x,y,1), M (y,2,5)) <L M (x,2,1 +5),

(v)A (x,y,.) : (0,00) — L is continuous.

Example 2.7. Let (X,d) be a metric space. Define 7 (a,b) =
ab, for all a,b € L' and let M be an L - fuzzy set defined as
_ ht"

" 4-md(x,)

forallt,h,m,n € RY. Then (X,.#,T) is an L - fuzzy metric
space. If h = m = n = 1, then the above equation gives

A (x,Y,1)

t
M (X, y,t) = ————
(x,31) t+d(x,y)
In this case (X, # ,.7) is called the standard L - fuzzy metric
space. Hence every metric induces an £ - fuzzy metric.

Definition 2.8. Let (X, .# ,T) be an £ -fuzzy metric space.For
t € (0,00), the open ball B(x,r,t) with center x € X and radius
r€ L\{0»,1¢} is defined by

B(x,nt) ={yeX A (x,y,t) >L N (r)}

A subset A C X is called open if for each x € A, there exist
t>0andr e L\{0g,1.»} such that B(x,r,t) C A.

Definition 2.9. Let (X, .#,T) be an £ -fuzzy metric space
and {x,} be a sequence in X. Then

(i) {xn} is called a Cauchy sequence if for each € € L\ {0.»}
and t > 0, there exists ny € N such that for all m > n > ng
(n>m>ng), M (X, xn,t) >1 N (€).

(ii) {xn } is said to be convergent to a point x € X if M (x,,x,t) =
M (X,xp,1) = 1. as n — oo for everyt > 0.

(iii) A L -fuzzy metric space is said to be complete if every
Cauchy sequence is convergent.

Lemma 2.10. Let (X, #,T) be an £-fuzzy metric space.
Then A (x,y,t) is nondecreasing with respect to t, for all x, y
in X.

Lemma 2.11. Let (X, .#,.T) be an £-fuzzy metric space. If
we define Ej, ,: X> — RTU{0} by

Ey,n(x,y)=inf{t >0: .4 (x,y,t) > N (L)}

foreach A € L\ {0.»,1 2} and x,y € X. Then we have

(i) For any g € L\ {0»,1 ¢} there exists A € L\ {0.»,1 4}

such thatE}h/ﬂ ()C] axn) < El.lm/ﬂ ()C] ax2) +El.lv./// (x27x3) +ot
Ey..wr (Xn—1,%,) for any x1,xz,...,x, € X.

(ii) The sequence {x,} is convergent to x with respect to £ -
fuzzy metric A if and only if E) 4 (xn,x) — 0. Also the

sequence {x,} is Cauchy with respect to L -fuzzy metric M

if and only if it is Cauchy with Ej,_ .

Definition 2.12. An Z-fuzzy metric space (X,.# ,T) has

the property(C) if it satisfies condition M (x,y,t) = C, for all

t > 0implies C = 1.

Lemma 2.13. Let (X, 4,7 ) be an £L-fuzzy metric space,

which has the property (C). If for all x,y € X,t > 0 and for a
number k € (0,1), A (x,y,kt) > M (x,y,t), then x = y.
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3. Main Results

Theorem 3.1. Let (X,.#,.7) be a complete L - fuzzy met-
ric spacespace with property (C). Let A and B be two self

mappings of X satisfying
M*(Ax,By,kt) >1 M*(x,y,t) + .M (x,Ax,t)..4(y,By,t)

forall x,y e X, t>0and k € (0,1).Then A and B have a
unique common fixed point.

Proof. Let xp € X be an arbitrary point.
Define a sequence {x,} in X by Axp, = x2,11 and Bxo,+1 =
Xopgo forn=0,1,2,...
Now we prove {x,} is a cauchy sequence in X.
For n > 0,we have
.//2 (x2n+1 ,xzn+2,kt) = .//2 (A)QmB)CQn_H s kl‘)
2L %2(x2n7x2n+1 ) t) +%(x2n7Ax2mt)~%(x2n+l 7Bx2n+l ;t)
= M (Xon, Xoni1,1) + M (Xon, X2 41,1) A (Xop 41, %2012, 1)
Therefore, M? (X2n+] , X2n42,5 kl‘) >L M*? (XZ,Z,)CQ,,+] ,l‘)
+ %(X2n7x2n+l at)--/%(x2n+l ax2n+27t)
Dividing both sides by .#?(xa,,X2,+1,¢) and putting r =
M (Xon Xont1:)

M (oni1 Xons kt)
M (Xop Xy 1:0)

we get

S
Therefore, 2 >, 1 o+
Thatis, ”” —r—1¢ >; 0y
Suppose r <z, 1
Thus 7> —r—1¢ <7 0 (since r >; 0.)
which is contradiction to r2 —r— 1 ¢ >7 0
Thus r >; 1 ¢
Therefore, A (Xon+1,Xon+2,kt) >p M (Xon,X0n+1,1)
Similarly, .# (xon12,X2n+3,kt) > A (Xons1,%2012,1)
Hence A (xp41,Xn12,kt) >1 M (Xp,xp+1,t) for all n
By induction we have,
M (Xny X 158) 2L M (X1, X, §) 2L M (Xn—2,%0-1,75) L
o > M (x0,x1, ]:7)
For every A € L\ {0#, 14} we have,
Ejpont (Xn, Xng1) = inf{t >0 A (xp,xp41,8) > N (L)}
< inf{t >0: . (xo,x1, ﬁ) >r JV(A,)}
=k"inf{t > 0: .4 (x0,x1,t) > N (1)}
= k”EA,(/// (xo,xl)
Therefore, for every u € L\ {0»,1¢} there exists y € L\
{0.#,1 .} such that Ey,n (X, 2m) < Ey, .« (XnsXn41)
+ E}’u/// (xn+1 7xn+2) +.. +E7n%/ (xm—l 7xm)
< knEy,// (xg,xl ) +k"+1Ey,,/// (xo,X1 ) +...+
km_lE}'v//{ (X(),)C])
<Ey.x (xo,xl)):’?’;nl k! - 0asm,n — o
Therefore by Lemma 2.11(ii), {x,j is a Cauchy sequence in
% - fuzzy metric space.
Since X is complete, {x,} converges to a point x € X.
Now we prove x is a common fixed point of A and B.
Now consider
M (Ax,x,kt) = limy ool *(Ax, Xop 12, kt)
= limnﬁmeﬁz (Ax,B)Q,H_l Jkt)
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> limy oo { M (X, X2n41,1)
+ M (x,Ax,t). M (x2n+1,BX2n+1,1)}
= limysoo{ M *(X, X204 1,1)
+ M (x,Ax,t). M (X2nt1,%2m42,1) }
= M*(x,x,) + M (x,Ax,1).M (x,%,1) = | o+ .M (Ax, X, 1)
Hence .# (Ax,x,kt) >1 1 forallz >0
That is, .4 (Ax,x,t) > 1 o forallt >0
Therefore, Ax = x
Similarly, Bx = x
Hence x is a common fixed point of A and B.
Uniqueness: Let y # x be another common fixed point of A
and B.
M3 (x,y,kt) = M*(Ax, By, kt)
> M (x,y,1) + M (x,Ax, ). M (y, By,t)
= M (x,y, 1) + M (%, x,1). M (3, ;1)
= M*(x,y,t)+ 1y
>L %2 (x,y, t)
Hence .# (x,y,kt) >, 4 (x,y,t), for allt >0
Therefore by Lemma 2.13, x =y
Hence x is a unique common fixed point of A and B. O

Theorem 3.2. Let (X, . #,T ) be a complete £ - fuzzy metric
space with property (C). Let A and B be two self mappings of
X satisfying
M (x Axt).. 4 (,By,
%Z(Ava)’»kt) ZL %z(xayﬂ‘) + W
Jorallx,ye X, t>0andk € (0,1). Then A and B have a
unique common fixed point.

Proof. Let xop € X be an arbitrary point.

Define a sequence {x,} in X by Axp, = x2,41 and Bxo,41 =
Xon+2 forn = (), 1,2,

Now we prove {x,} is a cauchy sequence in X.

For n > 0, we have

./%2()62n+1 JXonto,kt) = M? (Axpn, Bxoyt1,kt)

t//(xz LA, t)“/[(xz 1,BX0541 l)
> 2 Yo, X ¢ n,AX2n n+1,0X2n+415
=L % ( 2nyA2n+1s ) + ‘%<x2nsx2n+l «,[)

o M (X Xon sy 15t) A (Xons 1520 12,t)
o % (x2n7X2n+1 ’ t) + ‘%(XZmXZVH»l -,t)

= M (xXon, Xon+1,1) + M (Xop41,X2n42,1)
Therefore, 4> (Xons1,Xon12,kt) > A *(Xon,Xon11,t)
+ M (Xon+1,X2n+42,1)
Dividing both sides by .#?(x2,,%2,+1,¢) and putting r =
A (Xon i1 Xon12.kt)

/if (¥2n X201 1,t)

M (X 11:X0n42,k) M (X2 41%0125t)
> > > 1 _|_ n+1:A2n+2;

-L'z (/”2 (XZIL X2n4-1 at>

M (x2n X0 4158) A )
EL lf + ,///(x2mx2n+I J)

M (X1 Xon+2,kt)
ZLlz+ M (Xon X2y 1)

we get

Therefore, 12 >; 1 o +r

Thatis, > —r— 14 >; 0y

Suppose r <p 1

Thus 7 —r— 1 <7 0. (since r >; 0.¢)

which is contradiction to 2 —r — 14 >; 0

Thus r >; 1o

Therefore, .///(XQn+1,)C2n+2,kt) >1, M (X2, X2n41,1)
Similarly, A (xop12,X0n43,kt) > M (X2n11,X2042,1)
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Hence A (xp+1,%n+2,kt) >1, M (X, xn+1,t) for all n
By induction we have,
<%(xnaxn+l 7t) 2L <//(xn71 s Xny %) >L %(xnfzaxnfl 5 kLz) >L
e >p M (X0,X1, kL”)
For every A € L\ {0¢, 14} we have,
Epsr nyXn1) = inf{t > 01 A (xXp, Xps1,1) >0 A (L)}
< ii’lf{t > 0: . (x0,x1, ﬁ) >r JV(A)}
=K"inf{t > 0: .4 (x0,x1,t) > N (1)}
=K"Ep,.z (x0,x1)
Therefore, for every u € L\ {0»,1¢} there exists y € L\
{0, 1¢} such that Ey, 7 (Xn,%m) < Ey,.zr (Xn, Xn1)
+ EYM// (anrl 7xn+2) + ... +E77A/// (xmfl axm)
< k"Ey,/// ()C(),xl) +k"+]Ey,{/// ()C(),)q) +...+
K" Ey, 4 (x0,x1)
<Ey, y (xo,xl)):m:_nl ki — 0 as m,n — oo
Therefore by Lemma 2.11(ii), {xnljL is a Cauchy sequence in
£ - fuzzy metric space.
Since X is complete, {x,} converges to a point x € X.
Now we prove x is a common fixed point of A and B.
Now consider
M (Ax, X, kt) = limyy ool > (AX, X201 2, kt)
= limy,_soo > (AX, Bxopy 1, kt)
> 1 limyseo{ M* (X, X0041,1) +

= limn—>oo{¢%2(x7x2n+lvt) +

= loy+ .4 (Ax,x,1)
Hence .#*(Ax,x,kt) >1 1. forallt >0
That is, .# (Ax,x,t) >1 1 & forallz >0
Therefore, Ax = x
Similarly, Bx = x
Hence x is a common fixed point of A and B.
Uniqueness: Let y  x be another common fixed point of A
and B.
Now consider
M*(x,y,kt) = M*(Ax,By,kt)

:///2(x,y,r)+%m

= %2()‘:7%[) + k/”}f)’vt)
2L %2 (x,y, t)
Hence .# (x,y,kt) > A (x,y,t) forallt >0
Therefore by Lemma 2.13, x =y
Hence x is a unique common fixed point of A and B. O

M AX). M (X9 41,BXn11:1) }
A (X X2n41,1)
M (x,Ax,t). M (Xop 11 Xon12:t) }
=///(X~,XZH+1 ﬂt)
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