Malaya Journal of Matematik, Vol. 8, No. 4, 2352-2355, 2020

https://doi.org/10.26637/MJM0804/0181

Group mean cordial labeling of some splitting graphs
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Let G be a (p,q) graph and let A be a group. Let f: V(G) — A be a map. For each edge uv assign the label
Here o(f(«)) denotes the order of f(u) as an element of the group A. Let I be the set of all
integers that are labels of the edges of G. f is called a group mean cordial labeling if the following conditions

(1) Forx,y € A, [vs(x) —vs(y)| < 1, where vy(x) is the number of vertices labeled with x .

(2) Fori,jel, |ef(i) —er(j)| <1, where ey (i) denote the number of edges labeled with i.

A graph with a group mean cordial labeling is called a group mean cordial graph. In this paper, we take A as
the group of fourth roots of unity and prove that,the splitting graphs of Path (7,
Complete Bipartite graph (K, , when n is even ) are group mean cordial graphs. Also we characterized the group
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1. Introduction

Graphs considered here are finite, undirected and simple.Terms
not defined here are used in the sense of Harary [4] and Gal-
lian [3]. Somasundaram and Ponraj [6] introduced the concept
of mean labeling of graphs.

Definition 1.1. [6] A graph G with p vertices and g edges
is a mean graph if there is an injective function f from the
vertices of G to 0,1,2,...,q such that when each edge uv is
labeled with L+/0) +f if f(u)+ f(v) is even and M if
flu)+ f(v)is odd then the resulting edge labels are distinct.

Cahit [2] introduced the concept of cordial labeling.

Definition 1.2. [2] Let f: V(G) — {0,1} be any function.
For each edge xy assign the label |f(x) — f(y)]. f is called a
cordial labeling if the number of vertices labeled 0 and the
number of vertices labeled 1 differ by at most 1. Also the
number of edges labeled 0 and the number of edges labeled 1
differ by at most 1.

Ponraj et al. [5] introduced mean cordial labeling of

graphs.

Definition 1.3. [5] Let f be a function from the vertex set
V (G) to {0,1,2}. For each edge uv assign the label W( u) L/ )—‘.

[ is called a mean cordial labeling if |vy (i) — vs (j)| < 1 and
ler (i) —er (j)| < 1,4, j € {0,1,2}, where v (x) and e (x)
respectively denote the number of vertices and edges labeled
withx (x=0,1,2). A graph with a mean cordial labeling is
called a mean cordial graph.

Athisayanathan et al. [1] introduced the concept of group
A cordial labeling.
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Definition 1.4. [1] Let A be a group. We denote the order
of an element a € A by o(a). Let f : V(G) — A be a function.
For each edge uv assign the label 1 if (o(f(«)),0(f(v))) =
lor O otherwise. f is called a group A Cordial labeling if
[ve(a) —ve(b)] < 1and |ef(0) —er(1)| < 1, where v¢(x) and
er(n) respectively denote the number of vertices labelled with
an element x and number of edges labelled with n(n =0, 1).
A graph which admits a group A Cordial labeling is called a
group A Cordial graph.

Motivated by these , we define group mean cordial label-
ing of graphs.

For any real number x, we denoted by | x|, the greatest
integer smaller than or equal to x and by [x]|, we mean the
smallest integer greater than or equal to x.

Definition 1.5. The Splitting graph of G,S'(G) is obtained
from G by adding for each vertex v of G a new vertex V' so
that V' is adjacent of every vertex that is adjacent to v.

2. Main Results

Definition 2.1. Let G be a (p,q) graph and let A be a group.
Let f be a map from V(G) to A. For each edge uv assign the

label w . Let I be the set of all integers that

are labels of the edges of G. f is called group mean cordial
labeling if the following conditions hold:

(x)=vr(y)| < 1, where v (x) is the number
of vertices labeled with x.

er(i) —er(j)| < 1, where ey (i) denote the
number of edges labeled with i.

A graph with a group mean cordial labeling is called a group
mean cordial graph.

In this paper, we take the group A as the group {1, —1,i,—i}

which is the group of fourth roots of unity, that is cyclic with
generators i and —i.

Example 2.2. The following is a simple example of a group
mean cordial graph.

i
Figure 1

Theorem 2.3. The splitting graph of the path, S'(P,) is a
group mean cordial graph for every n.

Proof. Let P, : ujus...u, be a path. Let vi,vs,...,v, be the
newly added vertices. Then E(S'(P,)) = E(P,) U{u;jvj;1 :
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1 <j<n}U{ujvj_;:2< j<n}. Note that §'(P,) has 2n
vertices and 3n — 3 edges.
Define f: V(S'(P,)) — {1,—1

Jluj) =15 f(vj) =i

,i,—i} as follows:

for j=1(mod4)

fluj)=—1:f(v;) = —i for j =2 (mod4)
fluj)=i; f(vj)=1 for j=3(mod4)
fluj) =—i;f(vj) =—1 for j=0(mod4)

The following tables 1 & 2 prove that the function f is a group
mean cordial labeling.

Nature of n | ve(1) | ve(=1) | v(i) | ve(—i)
n is odd % % % %
. n n n n
nis even z E z z
Table 1
Natureofn | ef(1) | ef(2) | er(3) | ef(4)
n=0(mod4) % -1 34—n -1 %n 34—n—1
n=1(mod4) 3n4—3 3n4—3 3n4—3 3n4—3
n=2(mod4) 3n;2 3n4f2 3n472 3n;6
n=3(mod4) 3n4—1 3n4—5 3n4—1 3n4—5
Table 2

O

Example 2.4. Group mean cordial labeling of S'(P;) is given
in Figure 2

Figure 2

Theorem 2.5. The splitting graph of cycle, S'(C,) is a group
mean cordial graph for every n.

Proof. Let C,, : ujusy...uyuy be acycle. Let vy,va,...,v, be the
newly added vertices. E(S'(C,)) = E(C,) U{uj_1vj,ujvj_1:
2 < j <n}U{ujvp,u,v; }. The number of vertices and edges
in §'(C,) are 2n and 3n respectively. Define f: V(S (C,)) —
{1,—1,i,—i} as follows.
Case 1: n=0,3 (mod 4)
Label the vertices of S'(C,
Case 2: n=1(mod4)

Assign the labels to the vertices u;,v;(1 < j <n—1) asin

) as in Theorem 2.3.
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Theorem 2.3. Then assign the labels i, 1 to the vertices u,, v,
respectively.

Case 3: n =2 (mod 4)

Here also assign the labels to the vertices u;,v;(1 < j<n—2)
as in Theorem 2.3. Then assign the labels i, 1 respectively
to the vertices u,_1,u, and —i,—1 to the vertices v,,_, v, re-
spectively.

Table 1 in Theorem 2.3 and Table 3 estatablish that f is a
group mean cordial labeling.

Nature ofn | es(1) | ef(2) | ef(3) | ef(4)
n=0(mod4) % % % %
n=1 (m0d4) 3n4—3 3n2—1 3n2—1 3n2—1

n=2 (m0d4) - 3n1—2 3n2—2 3n4—2

n=73 (m0d4) 3n;r3 3n‘;1 3n‘;1 3n‘;1
Table 3

O

Theorem 2.6. The splitting graph of star, S'(Ki ) is a group
mean cordial graph iff n <4 and n = 6.

Proof. LetV(Ki,) ={u,uj:1<j<n}. Letvv;(1<j<n)

be the newly added vertices. Then E (S (K, n) ={uuj,uvi,vu;:

1 < j <n}. Clearly this graph has 2n+ 2 vertices and 3n
edges.

For n < 4, assign the labels i, 1 to the vertices u, v respectively.
Next assign —1,1,—i, 1 to the vertices uy,us,us,us respec-
tively. Then assign —i,—1,i,—1 to the vertices v{,v2,v3,v4
respectively. By this labeling, we get S'(K ) is a group mean
corial graph when n < 4.

The group mean cordial labeling of S'(K; ¢) is given in Figure
3

Figure 3

Now, assume n > 5 and n # 6.
Let f be a group mean cordial labeling.
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First we consider the following cases.

@ ]If f(u) = f(v)=1o0r —1. Then es(4) = 0.

(b) If f(u) = f(v) =ior —i. Thenes(1) =0.

It is clear that # and v doesn’t get the same labels.

Without loss of generality, the following cases may arise.

(1) f(u)=1and f(v) =1i.

(2) f(u)=—1and f(v)=1i.

(3) f(u)=iand f(v)=1or —1.

Case 1: n=0(mod 4)

Letn = 4s,5 > 1. Here the splitting graph of K ,, has 8s+2
vertices and 12s edges.

Clearly, v(x) =2sor2s+1,xe {1,—1,i,—i} and es(j) = 3s,
je{1,2,3,4}

Subcase 1.1: f(u) =1 and f(v) =i.

InS (K1), at least 2s vertices are labeled with 1 and atleast
2s vertices are labeled with —1. Then there is at least 4s — 1
edges get the label 1. This implies, ef(1) > 4s —1 > 35, for
s> 1.

Subcase 1.2: f(u) = —1 and f(v) =1i.

Here, at least 2s vertices are labeled with i and at least 2s
vertices are labeled with —i. This implies, ef(3) > 4s—1 > 3s,
fors > 1.

Subcase 1.3: f(u) =iand f(v) =1or —1.

Here, at least 2s vertices are labeled with i and at least 2s
vertices are labeled with —i. This implies, ef(4) > 4s—1 > 3s,
for s> 1.

Case 2: n=1(mod4)

Let n =4s+1,s > 1. Then the splitting graph of K, has
8s 44 vertices and 12s + 3 edges.

Clearly, vy(x) =2s+1, forall x € {1,—1,i,—i} and ef(j) =
3sor3s+1,j€{1,2,3,4}.

Subcase 2.1: f(u) = L and f(v) =i.

In this subcase, 2s + 1 vertices are labeled with 1 and 2s+ 1
vertices are labeled with —1. This implies, ef(1) =4s+1 >
3s+1,fors > 1.

Subcase 2.2: f(u) = —1 and f(v) =i.

Here, 25 + 1 vertices are labeled with i and 25 + 1 vertices are
labeled with —i. This implies, ef(3) =4s+1 > 3s+ 1, for
s> 1.

Subcase 2.3: f(u) =iand f(v)=1or —1.

Here, 25 + 1 vertices are labeled with i and 25 + 1 vertices are
labeled with —i. This implies, ef(4) =4s+1 > 3s+ 1, for
s> 1.

Case 3: n =2 (mod 4)

Letn=4s+42,s5 > 1. Clearly,the order and size of the splitting
graph of Kj , are 8s+- 6 and 125 + 6 respectively.

Here, vy(x) =2s+1or2s+2,x € {1,—1,i,—i} and ef(j) =
3s+1or3s+2,je{l1,2,3,4}

Subcase 3.1: f(u) =1 and f(v) =i.

InS (K1), at least 25+ 1 vertices are labeled with 1 and
at least 2s + 1 vertices are labeled with —1. This implies,
er(1)>4s+1>3s+2,fors > 1.

Subcase 3.2: f(u) = —1 and f(v) =1i.

Here, atleast 2s + 1 vertices are labeled with i and at least
25+ 1 vertices are labeled with —i. This implies, e7(3) >
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4ds+1>3s+2, fors > 1.

Subcase 3.3: f(u) =iand f(v) =1or —1.

Here, at least 2s + 1 vertices are labeled with i and at least
25+ 1 vertices are labeled with —i. Then, ef(4) > 4s+1 >
35+2, fors > 1.

Case 4: n =3 (mod 4)

Let n = 4s+3,s > 1. Then the splitting graph of Kj , has
8s 4 8 vertices and 125 49 edges.

Clearly, v(x) =2s+2, forall x € {1,—1,i,—i} and ef(j) =
3s4+2o0r3s+1,j€{1,2,3,4}.

Subcase 4.1: f(u) =1 and f(v) =i.

In this subcase, 2s + 2 vertices are labeled with 1 and 2s +2
vertices are labeled with —1. This implies, ef(1) = 4s+3 >
35+ 3, for s > 1.

Subcase 4.2: f(u) = —1 and f(v) =i

Here, 25 + 2 vertices are labeled with i and 2s + 2 vertices are
labeled with —i. Then, e;(3) =4s+3 > 3s+3, fors > 1.
Subcase 4.3: f(u) =iand f(v) =1or —1.

Here, 2s + 2 vertices are labeled with i and 2s + 2 vertices are
labeled with —i. This implies, ef(4) =4s+3 > 3s+ 3, for
s> 1.

In each case, we get a contradiction.

Thus f is not a group mean cordial labeling for n > 5 and
n#6. 0

Theorem 2.7. The splitting graph of Comb, S'(P, ©® K1) is a
group mean cordial graph.

Proof. LetV (P, © K1) = {uj,u’;: 1 < j <n}. Then E(P,®
Ki)={ujujr 1< j<n-— I}U{uju;- :1 < j<n} Let
Vi,V2,..., vy and Vi, v}, ..., v/, be the newly added vertices. Then
E(S'(P, O K1) = E(P © K1) U{upjuvy o 1 < j < n}
U{uj_1V},uvj—1:2 < j <n}. The order and size of §'(P, ©
K)) are 4n and 6n — 3 respectively. Define f: V(S'(P, ®

K1)) — {1,—1,i,—i} as follows:

fuy) =i f(d) = —is f(v) = 1 f (V) = —1 for j=0,2(mod4)

fluj)=1f () =—1;f(v;) =i: f(V;) = —i for j=1(mod4)
fluj)==1f(u}) =15 f(vj) =is f(V}) = =i for j=3(mod4)

By this labeling we get, vy (1) = vp(—1) =v(i) = vs(—i) =
n. Table 4 shows that |es(x) —ef(y)| < 1. Hence f is a group
mean cordial labeling of the splitting graph of comb.

Nature of n er(1) | ef(2) | ef(3) | er(4)

n=0(mod4) % 6n4—_4 64—" 6"4—_4

n=1,2(mod4) 6n4—2 6n4—2 6n4—2 6n4—6

n=3(mod4) %%4 Z—n %;4 6'14—74
Table 4

O

Theorem 2.8. The splitting graph of the complete bipartite
graph, S'(K,, ) is a group mean cordial graph when n is even.
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Proof. Let V(K ,) = {uj,vj: 1 < j<n}. Let E(K,,) =
{uvj 1 <i,j <n}. Let u'j,v/j be the newly added vertices.
Then E(S'(Ky)) = {u,-vj,ul-v;.,u;vj 11 <i,j <n}. Here the
order and size of the graph are 4n and 3n? respectively.

Define f : V(S (Kn,)) — {1,—1,i,—i} by,

fluj) = fluj) =-1
fvy)=r0) =1
flug.)) = iy, ) = —i
Flrge) = F0 ) =i
for 1 < j < 5. By this labeling, we get v¢(1) = vs(—1) =
vp() =vy(=i)=nandes(l) =ep(~1) = es(i) = es(-1) =
er(1) =er(2) =ef(3) =es(4) = I

Hence f is a group mean cordial labeling when n is even.
O
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