
MALAYA JOURNAL OF MATEMATIK
Malaya J. Mat. 10(03)(2022), 204–215.
http://doi.org/10.26637/mjm1003/003

On Pillai’s problem involving two linear recurrent sequences: Padovan
and Fibonacci

PAGDAME TIEBEKABE ∗1,2 AND SERGE ADONSOU3

1 Cheikh Anta Diop University, Faculty of Science, Department of Mathematics and Computer science, Laboratory of Algebra, Cryptology,
Algebraic Geometry and Applications (LACGAA) Dakar, Senegal.
2 University of Kara, Sciences and Tecnologies Faculty (FaST), Department of Mathematics and Computer science, Kara, Togo. PoBOX: 43
3 African Institute for Mathematical Sciences (AIMS), South Africa.

Received 19 October 2021; Accepted 19 July 2022

Abstract. In this paper, we find all integers c having at least two representations as a difference between linear recurrent
sequences. This problem is a Pillai problem involving Padovan and Fibonacci sequence. The proof of our main theorem uses
lower bounds for linear forms in logarithms, properties of continued fractions, and a version of the Baker-Davenport reduction
method in Diophantine approximation.
AMS Subject Classifications: 11B39, 11J86, 11D61.

Keywords: Linear forms in logarithm, Diophantine equations, Fibonacci sequence, Padovan sequence, Diophantine equation,
Baker’s theory, Reduction procedure.

Contents

1 Introduction 204

2 Auxiliary results 205
2.1 Some properties of Fibonacci and Padovan sequences . . . . . . . . . . . . . . . . . . . . . . . 205
2.2 A lower bound for linear forms in logarithms . . . . . . . . . . . . . . . . . . . . . . . . . . . 206
2.3 A generalized result of Baker-Davenport . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207

3 Proof of Theorem 1.1 207
3.1 Bounding n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207
3.2 Reducing n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211

4 Acknowledgement 213

1. Introduction

It is well-known that the sequence {Pk}k≥1 of Padovan numbers is defined by

P0 = P1 = P2 = 1, Pk+3 = Pk+1 + Pk, k ≥ 0.

The first Padovan numbers are

1, 1, 1, 2, 2, 3, 4, 5, 7, 9, 12, 16, 21, 28, 37, 49, 65, 86, 114, 151, 200, 265 . . .
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Adonsou)
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The sequence {Fk}k≥1 of Fibonacci numbers is defined by

F0 = 0, F1 = 1, Fk+2 = Fk+1 + Fk, k ≥ 0.

The first Fibonacci numbers are

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, . . .

In this paper, we are interested in the Diophantine equation

Pm − Fn = c (1.1)

for a fixed c and variable m and n. In particular, we are interested in those integers c admitting at least two
representations as a difference between a Padovan number and Fibonacci number. This is a variation of the
equation

ax − by = c, (1.2)

in non-negative integers (x, y) where a, b, c are given fixed positive integers. The history of equation (1.2) is
very rich and goes back to 1935 when Herschfeld [8], [9] studied the particular case (a, b) = (2, 3). Extending
Herschfeld’s work, Pillai [12], [13] proved that if a, b are coprime positive integers then there exists c0(a, b)

such that if c > c0(a, b) is an integer, then equation (1.2) has at most one positive integer solution (x, y). Since
then, variations of equation (1.2) has been intensively studied. Some recent results related to equation (1.1) are
obtained by the third author and his collaborators in which they replaced Fibonacci numbers Pn by the Fibonacci
numbers Fn (see [5]), Tribonacci numbers (see [2]), and k-generalized Fibonacci numbers (see [6]). The equation
solved in this paper is an exponential Diophantine equation. The similar problem has been solved recently by the
authors (see [14–16]). The aim of this paper is to prove the following result.

Theorem 1.1. The only integers c having at least two representations of the form Pm − Fn with m > 3, n > 1

are
c ∈ {−226,−82,−52,−30,−27,−18,−9,−6,−5,−4,−3,−1, 0, 1, 2, 3, 4, 6,

7, 8, 10, 11, 13, 15, 16, 20, 25, 31, 32, 36, 44, 52, 62, 111, 262} .

We organize this paper as follows. In Section 2, we recall some results useful for the proof of Theorem 1.1.
The proof of Theorem 1.1 is done in the last section.

2. Auxiliary results

2.1. Some properties of Fibonacci and Padovan sequences

Here we recall a few properties of the Fibonacci sequence {Pk}k≥0 and Padovan sequences {Pk}k≥0 which are
useful to proof our theorem.
The characteristic equation of Padovan sequence is

x3 − x− 1 = 0,

has roots α, β, γ = β, where

α =
r1 + r2

6
, β =

−r1 − r2 + i
√

3(r1 − r2)

12
,

and

r1 =
3

√
108 + 12

√
69 and r2 =

3

√
108− 12

√
69.
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Further, Binet’s formula is
Pk = aαk + bβk + cγk, for all k ≥ 0, (2.1)

where

a =
(1− β)(1− γ)

(α− β)(α− γ)
=

1 + α

−α2 + 3α+ 1
,

b =
(1− α)(1− γ)

(β − α)(β − γ)
=

1 + β

−β2 + 3β + 1
,

c =
(1− α)(1− β)

(γ − α)(γ − β)
=

1 + γ

−γ2 + 3γ + 1
= b.

(2.2)

Numerically, we have
1.32 < α < 1.33,

0.86 < |β| = |γ| = α−1/2 < 0.87,

0.72 < a < 0.73,

0.24 < |b| = |c| < 0.25.

(2.3)

Using induction, we can prove that
αk−2 ≤ Pk ≤ αk−1, (2.4)

for all k ≥ 4.
On the other hand, let (δ, η) =

(
1+
√

5
2 , 1−

√
5

2

)
be the roots of the characteristic equation x2 − x− 1 = 0 of

the Fibonacci sequence {Fk}n≥0. The Binet formula for Fk

Fk =
δk − ηk√

5
holds for all k ≥ 0. (2.5)

This implies easily that the inequality
δk−2 ≤ Fk ≤ δk−1 (2.6)

holds for all positive integers k.

2.2. A lower bound for linear forms in logarithms

The next tools are related to the transcendental approach to solve Diophantine equations. For a non-zero algebraic
number γ of degree d over Q, whose minimal polynomial over Z is a

∏d
j=1

(
X − γ(j)

)
, we denote by

h(γ) =
1

d

log |a|+
d∑

j=1

log max
(

1,
∣∣∣γ(j)

∣∣∣)


the usual absolute logarithmic height of γ.

Lemma 2.1. Let γ1, . . . , γs be a real algebraic numbers and let b1, . . . , bs be nonzero rational integer numbers.
Let D be the degree of the number field Q(γ1, . . . , γs) over Q and let Aj be a positive real number satisfying

Aj = max{Dh(γj), | log γj |, 0.16} for j = 1, . . . , s.

Assume that
B ≥ max{|b1|, . . . , |bs|}.

If γb11 · · · γbss 6= 1, then

|γb11 · · · γbss − 1| ≥ exp(−C(s,D)(1 + logB)A1 · · ·As),

where C(s,D) := 1.4 · 30s+3 · s4.5 ·D2(1 + logD).
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2.3. A generalized result of Baker-Davenport

Lemma 2.2. Assume that τ and µ are real numbers and M is a positive integer. Let p/q be the convergent of the
continued fraction of the irrational τ such that q > 6M , and let A,B, µ be some real numbers with A > 0 and
B > 1. Let ε = ||µq|| −M · ||τq||, where || · || denotes the distance from the nearest integer. If ε > 0, then there
is no solution of the inequality

0 < mτ − n+ µ < AB−k

in positive integers m, n and k with

m ≤M and k ≥ log(Aq/ε)

logB
.

3. Proof of Theorem 1.1

Assume that there exist positive integers n,m, n1,m1 such that (n,m) 6= (n1,m1), and

Fn − Pm = Fn1 − Pm1 .

Because of the symmetry, we can assume that m ≥ m1. If m = m1, then Fn = Fn1
, so (n,m) = (n1,m1),

contradicting our assumption. Thus, m > m1. Since

Fn − Fn1 = Pm − Pm1 , (3.1)

and the right-hand side is positive, we get that the left-hand side is also positive and so n > n1. Thus, n ≥ 2 and
n1 ≥ 1. Using the Binet’s formulas (2.5) and (2.1), the equation (3.1) implies that

δn−4 ≤ Fn−2 ≤ Fn − Fn1 = Pm − Pm1 < αm−1, (3.2a)

δn−1 ≥ Fn > Fn − Fn1 = Pm − Pm1 = Pm−5 ≥ αm−7, (3.2b)

therefore

1 +

(
logα

log δ

)
(m− 1) < n <

(
logα

log δ

)
(m− 7) + 4, (3.3)

where
logα

log δ
= 0.5843 . . . . If n < 300, then m ≤ 190. We ran a computer program for 2 ≤ n1 < n ≤ 300

and 1 ≤ m1 < m < 190 and found only the solutions listed in the (3.2) at the end of the paper. From now, we
assume that n ≥ 300.
Note that the inequality (3.3) implies that m < 2n. So, to solve equation (3.1), we need an upper bound for n.

3.1. Bounding n

Note that using the numerical inequalities (2.3) we have

|η|n√
5

+
|η|n1

√
5

+ |b||β|m + |c||γ|m + |b||β|m1 + |c||γ|m1 < 1.9. (3.4)

Using the Binet formulas in the Diophantine equation (3.1), we get∣∣∣∣ δn√5
− aαm

∣∣∣∣ =

∣∣∣∣ ηn√5
+
δn1 − ηn1

√
5

+ (bβm + cγm)− (aαm1 + bβm1 + cγm1)

∣∣∣∣
≤ δn1

√
5

+ aαm1 +
|η|n√

5
+
|η|n1

√
5

+ |b||β|m + |c||γ|m + |b||β|m1 + |c||γ|m1

<
δn1

√
5

+ aαm1 + 1.9

< 3.08 max{δn1 , αm1}.
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Dividing through by aαm and using the relation (3.2a), we obtain

∣∣(√5a)−1δnα−m − 1
∣∣ < max

{
3.08

aαm
δn1 ,

3.08

a
αm1−m

}
< max

{
3.24

δn1

δn−4
, 4.28αm1−m

}
.

Hence, we get ∣∣∣(√5a)−1δnα−m − 1
∣∣∣ < max{δn1−n+6, αm1−m+3}. (3.5)

For the left-hand side, we apply Theorem 2.1 with the data

s = 3, γ1 =
√

5a, γ2 = δ, γ3 = α, b1 = −1, b2 = n, b3 = −m.

Throughout we work with K := Q(
√

5, α) with D = 6. Since max{1, n,m} ≤ 2n we take B := 2n. We have

h(γ2) =
log δ

2
and h(γ3) =

logα

3
.

Further, the minimal polynomial of γ1 is 529x6 − 1265x4 − 250x2 − 125, then

h(γ1) ≈ 1.204.

Thus, we can take
A1 = 7.23, A2 = 3 log δ, A3 = 2 logα.

Put
Λ = (

√
5a)−1δnα−m − 1.

If Λ = 0, then δn(α−1)m =
√

5a, which is false, since δn(α−1)m ∈ OK whereas
√

5a does not, as can be
observed immediately from its minimal polynomial. Thus, Λ 6= 0. Then, by Lemma 2.1, the left-hand side of
(3.5) is bounded as

log |Λ| > −1.4 · 306 · 34.5 · 62(1 + log 6)(1 + log 2n)(7.23)(3 log δ)(2 logα).

Comparing with (3.5), we get

min{(n− n1 − 6) log δ, (m−m1 − 3) logα} < 8.45× 1013(1 + log 2n),

wich gives
min{(n− n1) log δ, (m−m1) logα} < 8.45× 1013(1 + log 2n).

Now the argument splits into two cases.

Case 1. min{(n− n1) log δ, (m−m1) logα} = (n− n1) log δ.

In this case, we rewrite (3.1) as∣∣∣∣(δn−n1 − 1√
5

)
δn1 − aαm

∣∣∣∣ =

∣∣∣∣−aαm1 +
ηn√

5
− ηn1

√
5

+ (bβm + cγm)− (bβm1 + cγm1)

∣∣∣∣
by using (3.4) and dividing by αm, we obtain∣∣∣∣(δn−n1 − 1√

5a

)
δn1α−m − 1

∣∣∣∣ < 3.65αm1−m. (3.6)
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We put

Λ1 =

(
δn−n1 − 1

a
√

5

)
δn1α−m − 1.

Clearly, Λ1 6= 0, for if Λ1 = 0, then δn − δn1 =
√

5aαm. This is impossible if
√

5aαm ∈ Q(
√

5, α) but
6∈ Q(

√
5). Therefore, let us assume that

√
5aαm ∈ Q(

√
5). Since aαm ∈ Q(α) and Q(α) ∩ Q(

√
5) = Q, we

deduce from
√

5aαm ∈ Q(
√

5) that we have
√

5aαm = y
√

5 for some y ∈ Q. Let σ 6= id be the unique non
trivial Q-automorphism over Q(

√
5). Then, we get

δn − δn1 =
√

5aαm = y
√

5 = −σ(
√

5aαm) = −σ(δn − δn1) = ηn1 − ηn.

However, the absolute value of the left-hand side is at least δn − δn1 ≥ δn−2 ≥ δ... > 2, while the absolute
value of right-hand side is at most |ηn1 − ηn| ≤ |η|n1 + |η|n < 2. By this obvious contradiction we conclude
that Λ1 6= 0.

We apply Lemma 2.1 by taking s = 3, and

γ1 =
δn−n1 − 1√

5a
, γ2 = δ, γ3 = α, b1 = 1, b2 = n1, b3 = −m.

On the other hand, the minimal polynomial of a is 23x3 − 23x2 + 6x − 1 and has roots a, b, c. Since

|b| = |c| < 1 and a < 1, then h(a) =
log 23

3
.

Thus, we obtain

h(γ1) ≤ h

(
δn−n1 + 1√

5

)
+ h(a)

≤ (n− n1)h (δ) + h(
√

5) + h(a) + log(2)

<
1

2
(n− n1) log δ + log(

√
5) +

log 23

3
+ log(2)

< 4.22× 1013 · (1 + log 2n).

(3.7)

So, we can take A1 := 2.53×1014(1 + log 2n). Further, as before, we can take A2 := 3 log δ and A3 := 2 logα.
Finally, since max{1, n1,m} ≤ 2n, we can take B := 2n. We then get that

log |Λ1| > −1.4 · 306 · 34.5 · 62(1 + log 6)(1 + log 2n)× (2.53× 1014(1 + log 2n))(3 log δ)(2 logα).

Thus,
log |Λ1| > −2.96 · 1027(1 + log 2n)2.

Comparing this with (3.6), we get that

(m−m1) logα < 2.96 · 1027(1 + log 2n)2.

Case 2. min{(n− n1) log δ, (m−m1) logα} = (m−m1) logα.

In this case, we rewrite (3.1) as∣∣∣∣ δn√5
− aαm + aαm1

∣∣∣∣ =

∣∣∣∣ ηn√5
+
δn1 − ηn1

√
5

+ (bβm + cγm)− (bβm1 + cγm1)

∣∣∣∣
so ∣∣∣∣ δnα−m1

√
5a(αm−m1 − 1)

− 1

∣∣∣∣ < 2.35√
5a(1− αm1−m)α

δn1

αm−1
< 17δn1−n+4. (3.8)

Let
Λ2 = (

√
5a(αm−m1 − 1))−1δnα−m1 − 1.
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Clearly, Λ2 6= 0, for if Λ2 = 0 implies δ2n = 5α2m1a2(αm−m1 − 1)2.,However, δ2n ∈ Q(
√

5)\Q, whereas
5α2m1a2(αm−m1 − 1)2 ∈ Q(α), which is not possible.

We apply again Lemma 2.1. In this application, we take again s = 3, and

γ1 =
√

5a(αm−m1 − 1), γ2 = δ, γ3 = α, b1 = −1, b2 = n, b3 = −m1.

We have
h(αm−m1 − 1) ≤ h(αm−m1) + h(−1) + log 2 = (m−m1)h(α) + log 2

=
(m−m1) logα

3
+ log 2 < 9.51× 1013(1 + log 2n).

Thus, we obtain

h(γ1) < 2.82× 1013(1 + log 2n) +
log 23

3
+ log

√
5

< 2.82× 1013(1 + log 2n).

So, we can take A1 := 1.69×1014(1 + log 2n). Further, as before, we can take A2 := 3 log δ and A3 := 2 logα.
Finally, since max{1, n,m1 + 1} ≤ 2n, we can take B := 2n.

We then get that

log |Λ2| > −1.4 · 306 · 34.5 · 62(1 + log 6)(1 + log 2n)× (1.69× 1014(1 + log 2n))(3 log δ)(2 logα).

Thus,
log |Λ1| > −1.97 · 1027(1 + log 2n)2.

Comparing this with (3.8), we get that

(n− n1) log δ < 1.97 · 1027(1 + log 2n)2.

Thus, in both Case 1 and Case 2, we have

min{(n− n1) log δ, (m−m1) logα} <8.45× 1013(1 + log 2n) (3.9a)

max{(n− n1) log δ, (m−m1) logα} <2.96 · 1027(1 + log 2n)2. (3.9b)

We now finally rewrite equation (3.1) as∣∣∣∣ δn√5
− δn1

√
5
− aαm + aαm1

∣∣∣∣ =

∣∣∣∣ δn√5
− δn1

√
5

+ (bβm + cγm)− (bβm1 + cγm1)

∣∣∣∣ < 1.9.

Dividing both sides by aαm1(αm−m1 − 1), we get∣∣∣∣( δn−n1 − 1√
5a(αm−m1 − 1)

)
δn1α−m1 − 1

∣∣∣∣ < 5.84

a(1− αm1−m)α

1

αm−1
< 13.8δ4−n. (3.10)

To find a lower-bound on the left-hand side, we use again Lemma 2.1 with s = 3, and

γ1 =
δn−n1 − 1√

5a(αm−m1 − 1)
, γ2 = δ, γ3 = α, b1 = 1, b2 = n1, b3 = −m1.

Using h(x/y) = h(x) + h(y) for any two nonzero algebraic numbers x and y, we have

h(γ1) ≤ h

(
δn−n1 − 1√

5a

)
+ h(αm−m1 − 1)

<
1

2
(n− n1) log δ + log

√
5 +

log 23

3
+

(m−m1) logα

3
+ log 2

< 2.47 · 1027(1 + log 2n)2,

210



On Pillai problem

where in the above chain of inequalities, we used the argument from (3.7) as well as the bound (3.9b). So, we
can take A1 := 1.78 · 1028(1 + log 2n)2 and certainly A2 := 3 log δ and A3 := 2 logα. Using similar arguments
as in the proof that Λ1 6= 0 we show that if we put

Λ3 =

(
δn−n1 − 1√

5a(αm−m1 − 1)

)
δn1α−m1 − 1,

then Λ3 6= 0. Lemma 2.1 gives

log |Λ3| > −1.4 · 306 · 34.5 · 62(1 + log 6)(1 + log 2n)× (1.78 · 1028(1 + log 2n)2)(3 log δ)(2 logα),

which together with (3.10) gives
(n− 4) < 2.08 · 1041(1 + log 2n)3,

leading to n < 2.83 · 1047.

3.2. Reducing n

We now need to reduce the above bound for n and to do so we make use of Lemma 2.2 several times and each
time M := 2.83 · 1047. To begin with, we return to (3.5) and put

Γ := n log δ −m logα− log(
√

5a).

For technical reasons we assume that min{n−n1,m−m1} ≥ 20. We go back to the inequalities for Λ, Λ1, Λ2.

Since we assume that min{n − n1,m −m1} ≥ 20 we get |eΓ − 1| = |Λ| < 1

4
. Hence, |Λ| < 1

2
and since the

inequality |x| < 2|ex − 1| holds for all x ∈
(
− 1

2 ,
1
2

)
, we get

|Γ| < 2 max{δn1−n+6, αm1−m+3} ≤ max{δn1−n+8, αm1−m+6}.

Assume Γ > 0. We then have the inequality

0 < n

(
log δ

logα

)
−m− log(1/(

√
5a))

logα
< max

{
δ8

logα
δ−(n−n1),

α6

logα
α−(m−m1)

}
< max{170 · δ−(n−n1), 20 · α−(m−m1)}.

We apply Lemma 2.2 with

τ =
log δ

logα
, µ =

log(1/(
√

5a))

logα
, (A,B) = (170, δ) or (20, α).

Let τ = [a0, a1, . . .] = [1; 1, 2, 2, 6, 2, 1, 2, 1, 2, 1, 1, 11, 1, 2, 3, 1, 7, 37, 4, . . .] be the continued fraction of τ . We
choose consider the 98-th convergent

p

q
=
p98

q98
=

78093067704223831799032754534503501859635391435517

45634243076387457097046528084208490147594968308975
.

If satisfied q = q98 > 6M . Further, it yields ε > 0.35, and therefore either

n− n1 ≤
log(170q/ε)

log δ
< 250, or m−m1 ≤

log(20q/ε)

logα
< 420.

In the case of Γ < 0, we consider the following inequality instead:

m

(
logα

log δ

)
− n+

log(
√

5a)

log δ
< max

{
δ9

log δ
α−(n−n1),

α12

log δ
α−(m−m1)

}
< max{98 · δ−(n−n1), 12 · α−(m−m1)},
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instead and apply Lemma 2.2 with

τ =
logα

log δ
, µ =

log(
√

5a)

log δ
, (A,B) = (98, δ) or (12, α).

Let τ = [a0, a1, . . .] = [0; 1, 1, 2, 2, 6, 2, 1, 2, 1, 2, 1, 1, 11, 1, 2, 3, 1, 7, 37, . . .] be the continued fraction of τ
(note that the current τ is just the reciprocal of the previous τ ). We consider the 98-th convergent

p

q
=
p98

q98
=

1000540334879242934726141761162813294034885977722

1712206861451396832387596141129961335575127483549
.

which satisfies q = q98 > 6M . This yields again ε > 0.47, and therefore either

n− n1 ≤
log(98q/ε)

log δ
< 242, or m−m1 ≤

log(12q/ε)

logα
< 406.

These bounds agree with the bounds obtained in the case that Γ > 0. As a conclusion, we have either n−n1 ≤ 250

or m−m1 ≤ 420 whenever Γ 6= 0.
Now, we have to distinguish between the cases n − n1 ≤ 250 and m − m1 ≤ 420. First, let assume that

n− n1 ≤ 250. In this case, we consider inequality (3.6) and assume that m−m1 ≥ 20. We put

Γ1 = n1 log δ −m logα+ log

(
δn−n1 − 1√

5a

)
.

Then inequality (3.6) implies that
|Γ1| < 7.3αm1−m.

If we further assume that Γ1 > 0, we then get

0 < n1

(
log δ

logα

)
−m+

log((δn−n1 − 1)/(
√

5a)

logα
< 26 · α−(m−m1).

Again we apply Lemma 2.2 with the same τ as in the case when Γ > 0. We use the 98-th convergent p/q =

p98/q98 of τ as before. But in this case we choose (A,B) := (26, α) and use

µk =
log((δk − 1)/(

√
5a))

logα
,

instead of µ for each possible value of k := n − n1 ∈ [1, 2, . . . 250]. For the remaining values of k, we get
ε > 0.0004. Hence, by Lemma 2.2, we get

m−m1 <
log(26q/0.0004)

logα
< 446.

Thus, n− n1 ≤ 250 implies m−m1 ≤ 446.
In the case that Γ1 < 0 we follow the ideas from the case that Γ1 > 0. We use the same τ as in the case that

Γ < 0 but instead of µ we take

µk =
log((

√
5a)/(δk − 1))

log δ
,

for each possible value of n− n1 = k = 1, 2, . . . , 250. Using Lemma 2.2 with this setting we also obtain in this
case that n− n1 ≤ 250 implies m−m1 ≤ 429.

Now let us turn to the case that m−m1 ≤ 420 and let us consider inequality (3.8). We put

Γ2 = n log δ −m1 logα+ log(1/(
√

5a(αm−m1 − 1))),
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and we assume that n− n1 ≥ 20. We then have

|Γ2| <
34δ4

αn−n1
.

Assuming Γ2 > 0, we get

0 < n

(
log δ

logα

)
−m1 +

log((1/(
√

5a(αm−m1 − 1)))

logα
<

34δ4

(logα)αn−n1
< 830δ−(n−n1).

We apply again Lemma 2.2 with the same τ , q, M , (A,B) := (830, δ) and

µk =
log((1/(

√
5a(αk − 1)))

logα
for k = 1, 2, . . . 420.

We get ε > 0.00077, therefore

n− n1 <
log(830q98/0.00077)

log δ
< 263.

A similar conclusion is reached when Γ2 < 0. To conclude, we first get that either n−n1 ≤ 250 orm−m1 ≤ 446.
If n− n1 ≤ 250, then m−m1 ≤ 446, and if m−m1 ≤ 420 then n− n1 ≤ 263. In conclusion, we always have
n− n1 < 263 and m−m1 < 446.

Finally we go to (3.10). We put

Γ3 = n1 log δ −m1 logα+ log

(
δn−n1 − 1√

5a(αm−m1 − 1)

)
.

Since n ≥ 300, inequality (3.10) implies that

|Γ3| <
17

δn−4
.

Assume that Γ3 > 0. Then

0 < n1

(
log δ

logα

)
−m1 +

log((δk − 1)/(
√

5a(αl − 1)))

logα
< 390δn,

where (k, l) := (n− n1,m−m1). We apply again Lemma 2.2 with the same τ , M , q, (A,B) := (390, δ) and

µk,l =
log((δk − 1)/(

√
5a(αl − 1)))

logα
for 1 ≤ k ≤ 264, 1 ≤ l ≤ 446.

We consider the 99th convergent
p99

q99
. For all pairs (k, l) we get that ε > 2× 10−5. Thus, Lemma 2.2 yields that

n <
log(390× q99/ε)

log δ
< 274.

Theorem 1.1 is therefore proved.
On the next page is presented the table that gives the couples for which we obtain the different representations

of c on the form Pm − Fn = c.
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c (m,n)

−226 (8, 13), (19, 14)

−82 (8, 11), (19, 13)

−52 (5, 10), (14, 11)

−30 (6, 9), (18, 12)

−27 (8, 9), (13, 10)

−18 (5, 8), (11, 9), (14, 10)

−9 (6, 7), (10, 8)

−6 (4, 6), (8, 7), (13, 9), (15, 10)

−5 (5, 6), (11, 8)

−4 (6, 6), (9, 7)

−3 (4, 5), (7, 6), (17, 11)

−1 (4, 4), (6, 5), (8, 6), (10, 7)

0 (4, 3), (5, 4), (7, 5), (12, 8)

1 (4, 2), (5, 3), (6, 4), (9, 6)

2 (5, 2), (6, 3), (7, 4), (8, 5)

3 (6, 2), (7, 3), (11, 7), (14, 9)

4 (7, 2), (8, 4), (9, 5), (10, 6)

6 (8, 2), (9, 4), (24, 15)

7 (9, 3), (10, 5), (13, 8), (19, 12)

8 (9, 2), (11, 6), (12, 7)

10 (10, 3), (16, 10)

11 (10, 2), (11, 5)

13 (11, 4), (12, 6)

15 (11, 2), (13, 7), (15, 9)

16 (12, 5), (14, 8)

20 (12, 2), (13, 6)

25 (13, 4), (18, 11)

31 (16, 9), (17, 10)

32 (14, 5), (21, 13)

36 (14, 2), (15, 7)

44 (15, 5), (16, 8)

52 (16, 7), (17, 9)

62 (16, 4), (19, 11)

111 (18, 4), (20, 11)

262 (21, 4), (22, 11)

Table 1: Representations
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[11] P. MIHĂILESCU, Primary cyclotomic units and a proof of Catalan’s conjecture, J. Reine Angew. Math., 572
(2004), 167–195.

[12] S. S. PILLAI, On ax + by = c, J. Indian Math. Soc., 2(1936), 119–122.

[13] S. S. PILLAI, A correction to the paper On ax + by = c, J. Indian Math. Soc., 2 (1937), 215–221.

[14] P. TIEBEKABE & I. DIOUF, On solutions of the Diophantine equation Ln + Lm = 3a. Malaya Journal of
Matematik, 9(4)(2021), 228–238.

[15] P. TIEBEKABE AND I. DIOUF, On solutions of the Diophantine equations Fn1
+ Fn2

+ Fn3
+ Fn4

= 2a,
Journal of Algebra and Related Topics, 9(2)(2021), http://dx.doi.org/10.22124/JART.2021.19294.1266.

[16] P. TIEBEKABE AND I. DIOUF, Powers of three as difference of two Fibonacci numbers, JP Journal of Algebra,
Number Theory and Applications, 49(2)(2021), 185–196.

This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.

215


