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Double domination number of the shadow (2,3)-distance graphs
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Abstract. Let G = (V, E) be a graph with the vertex set V(G) and S be a subset of V(G). If every vertex of V is
dominated by S at least twice, then the set S is called a double domination set of the graph. The number of elements of the
double domination set with the smallest cardinality is called double domination number and denoted by yx2(G) notation. In
this paper, we discussed the double domination parameter on some types of shadow distance graphs such as cycle, path, star,
complete bipartite and wheel graphs.
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1. Introduction and Background

Many real-life problems can be modeled mathematically by using differential equations, integral equations,
algebraic relations, etc. However, the graphical representation of such problems, showing how the various
components are related, appeals to anyone working on it. Although the beginning of these graphic representations
dates back many years, its emergence as a concrete mathematical structure was shaped by the finding of a new
branch of mathematics, graph theory. As one of the most important characterizations, graph domination, has been
associated with various application areas such as analyzing chemical structures, electrical and communication
networks, and database management. Thus, graph domination has attracted interest from many mathematicians
due to its application potential to apply many problems such as design and analysis of communication networks
as well as defense supervision [4, 14, 19].

Now, we provide some basic information and definitions that will form the basis of this study. In general,
we follow [8, 15]. Let G = (V(G), E(G)) be a graph. The open neighborhood of a vertex v € V(G) is
N(v) = Ng(v) = {u € V(G) | uv € E(G)}, and its closed neighborhood N[v] = N(v) U {v}. The degree
of v, denoted by deg(v), is the size of its open neighborhood. One degree vertex is called as a pendant vertex
or a leaf, and its neighbor is called a support vertex. An edge incident to a leaf (or a pendant vertex ) is called a
pendant edge.

Let D be a subgraph of the vertex set of a graph G. If D is a dominating set in a graph G then every vertex
in V(G)\D is adjacent to at least one vertex in D, and the number of elements of the minimum cardinality
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domination set is called the domination number of G, denoted by (G) [15]. Many variants of domination
parameter are studied in the literature [1-3, 6, 7, 11, 13, 16, 17].

In this paper, we focused on the double domination parameter. Double dominating set (abbreviated DDS' )
is introduced in [12]. A set S C V is a double dominating set for G if each vertex in V' is dominated by at least
two vertices in S. The smallest cardinality of a double dominating set is called the double domination number
Yx2(G). If S is a DDS of G of size as double domination number, then it is called as yx2(G)-set [12, 13].
Frankly, double domination is defined only for graphs without isolated vertices.

Let D be the set of all distances between distinct pairs of vertices in G and let Dy C D is called the distance
set. The distance graph of G denoted by D (G, Dy) is the graph having the same vertex set with G and if
d(u,v) € Dy then two vertices v and v are adjacent in D (G, D). The shadow distance graph of G, denoted by
Dy (G, Dy) is formed from G to satisfy the following properties [12, 18, 20] :

PI : G has two copies say G itself and G’
P2 :if u € V(G) is first copy then the corresponding vertex as v’ € V (G’) is second copy
P3 : the vertex set of shadow distance graph, Dq (G, Ds),is V(G) UV (G')

P4 : the edge set of shadow distance graph , Dy (G, D;),is E(G) U E (G') U Ey4s where Ey; is the set of all
edges between two distinct vertices u € V(G) and v' € V (G’) that satisfy the condition d(u,v) € D, in
G.

2. Main Results

We recall the following results related to the double domination number of a graph.
Theorem 2.1. [10] Let G be a graph with no isolated vertices. Then 2 < vy 2(G) < n.
Theorem 2.2. [10] If G is any graph without isolated vertices, then v(G) < vx2(G) — 1.
Theorem 2.3. [5, 10, 12]

a) If G = P, is a path graph for n > 2, then yx2 (P,) = [%]
b) If G = C,, is a cycle graph for n. > 3, then v« (C,) = (%"]
¢) If G = Ky, is a star graph for m > 1, yxo (K1 ) = m + 1.

Observation 2.4. [9] Each DD — set generated for any graph must contain all leaves and support vertices of
the graph.

We begin our results with the some distance shadow graphs.

Theorem 2.5. If G = P, forn > 8, then

@ ,n=3,4 (mod)5)
7X2(Dsd(G7{2})): @ +1 ,n=0,2 (m0d5)
_w_ 42 n=1 (mod5)

3
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Proof. Consider two copies of G, one G itself and the other denoted by G’. Let V; = {1,2,...,n} be the
vertices of G and let V5 = {n+1,n+2,...,2n} be the vertices of G’. We first establish upper bounds on
Yz (Do (G, {21)). Let
l#]-1 l#]-1
D= U {(i+2),(5i+3)}, Dy = U {(n+5i+2),(n+5 +3)}and D= D; U Ds.

=0
If n = 0(mod5), let S = DU{(nfl) (anl)}. If n = i (mod5) where i € {1,2,3,4}, let S =

DU{(n—-1),(n—2),(2n—1),(2n —2)}. In all cases, the set S is a DD — set of Dy4 (G, {2}). Further
if n = 0,2 (modS5), then |S| = [M] + 1, while if n = 1 (mod 5), then |S| = [M] + 2. Finally,

if n = 3,4 (mod 5), then || = {4("7“)] Hence, 7x2 (Dsa (G, {2})) < [%} if n = 3, 4 (mod 5),

w2 (Dya (G, {2))) < [4(”5—“)] Flifn = 0,2(mod5) and vxs (Dsq (G, {2})) < [ Wﬂ +2ifn =
1 (mod 5).

Now let’'s prove the lower bounds on .2 (Dsq(G,{2})). Let’s assume that the set
X = {wr,u2, .y Uiy ooy Uy Ut 15 - - -5 Uy - - -, Ug b 1S @ Y2 — set. Here; u; and w; are any two positive
integers such that u; < up < -+ < Uy < -+ < Uy < Upgp < - < U < --- < Uy, wherel <wu; <n
ie{l,2,...mfandn+1<u; <2nje{n+1,...,2}. Wehave f, = w10 —u, fort € {1,2,..., 20 — 2}
and t # m — 1. To show the inverse of the inequality, we need to show that f; < 5.

Suppose f; > 6 for at least one value of x. Without loss of generality, assume that f; = 6. In accordance
with this claim; the following sets are obtained.

[=2]-1
Dy =1{2,3,8,9} U U {(Gi+13),(5i+14)} 3 and
=0
[ ]-1
D2':{(n+2),(n+3),(n+4),(n+8),(n+9),(n+10)}u U {(n+5i+13),(n+5i+14)}
=0

In this case, X = Dy’ U D, and |X| = 10 + 4 [2Z12]. If n = 3 (mod 5) , then |X| = 10 + 4 (%£8) =
4nt18 " However, this value contradicts the upper value we found earlier as |S| = 22 for n = 3 (mod 5). A
similar situation can easily be seen that the values obtained for n = 0,1, 2,4 (mod 5) according to the X set
contradict the upper limits we obtained earlier. For all values of n according to mod b, it is easily seen that
Uy + U2 + Umg1 + Uy = 2n+10sinceu1 =2,uy =3, Upt1 =n+2and Uy,42 =n + 3.

m—3
If n = 0 (mod 5), then Z fi, + Z fto + f—2 + fo—2 < 5(x—6) + 4. Thus, we get > fi, +
to=m+1 t1=1

Z Jto = (Um—1 + Um—2 + U1 +Up_2) — (20 +10) + frn—2 + fo—2. For n = 0(mod 5), up—1 =
to=m-+1
n—2,Uno=n—3, U1 =2n—2andu,_o=2n—3, frn_o = fr_2 = 2. So, we have 6n — 10 — 2n —

10+4 < 5z —30+4andz > [22H9] Inthiscase, |[X| = o > [22H0] = { ("“)] + 1. This implies

that yx2 (Dsa (G, {2})) > [4(%1)1 L

If n = 1 (mod 5), theantl—i— Z fto + fn—3+ fm—2+ fo—3 + fo—2 < 5(x — 8) 4+ 8. Thus, we

tz m+1
get Z ftl + Z fwz = (um—2 + Um—3 + Ug—2 + ux—?)) - (27’l + 10) + fm—3 + fm—2 + fw—3 + .fz—2~
to=m-+1
Forn =1modS), Umo=n—3, Um3=n—4, U2 =2n—3,up_3=2n—4and f,,_3 = frn_o =
fe_s = fe_o=2.So,wehave 6n — 14 —2n — 10 < bxr —40and x > {4”7';16]. In this case, =z >

[42:416] — [0 ] 4o, This implies that 7z (Dea (G, {2)) > [ 2052 ] 42,

e
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m—4 r—4
If n =2(mod5), then Y fr, + > fio + fr—3+ fm—2+ fo—s + fo—2 < 5(x — 8) + 16. Thus, we

t1=1 to=m+1

get Z St + Z Jto = (Um—2 + Upm—3 + Up—2 + Uz—3) — (2n + 10) + fr—3+ fin—2 + fo—3 + fo—2. For
ti=1 to=m-+1
n=2mod5), Um-o=n—4, Um-3=n—05, Uy o=2n—4,u, 3=2n—>5and f,,,_3= fin_2 =fe_3 =

fo-z = 4. So, we have 6n— 18 — 20 — 10 < 5z —40and ¢ > [42H12] = [HE] 41 qn ehis case,

1X| =2 > [4H2] = [ (”H)_‘ + 1. This implies that’)/xg( sa (G, {2})) > [@—‘ +1.

If n = 3(mod5), then Z fo + Z fto < 5(x—4). Thus, we get
t=1 to=m+1
m—2 r—2
Sfe + 00X fio, = (Um At Um—1t+uztuz—1) — (2n+10). For n = 3 (mod5),
=1 to=m+1
Uy = N, Up—1 =N — 1, and u, = 2n, u,_1 = 2n — 1. So, we have 6n — 2 — 2n — 10 < 5z — 20 and
z > [8]0 In this case, |[X|] = =z > [&B] = [@—‘ This implies that
V%2 (Dsd (G7 {2})) > ’VW—I .
m—2 r—2
If n = 4(@mod5), then > f., + > fi < 5(z —4). Thus, we get
t1=1 to=m-+1
r—2
Z fio + X fio, = (umtum-1tus+uz,—1) — (2n+10). For n = 4 (mod)5),
t1=1 to=m+1
Uy =N —1, U1 =N — 2, Uy =2n — 1l and u,_1 = 2n — 2 So, we have 6n — 6 — 2n — 10 < 52 — 20 and
x > {%W. In this case, |X| = =z > {%W = [@-‘ This implies that

vx2 (Dsa (G,{2})) > [@—‘ Thus, the desired equality is obtained as a result of the lower and upper

bounds on yx2 (Dsq (G,{2})) -
This completes the proof.

|
Theorem 2.6. If G = C,, for n > 11, then
Fin ]
?” n=0, 4 (mod5)
Fin ]
vx2 (Dsq (G, {2})) = + +1 ,n=1,3 (mod5)
Fin
?n +2 ,n=2 (modH)
Proof. Let the vertices of the D4 (G, {2}) graph be divided into two sets of V (Dsq4 (G,{2})) = V1 U V4
where Vi = {1,2,...,n} and Vo = {n+1,n+2,...,2n}.We first establish upper bounds on

vx2 (Dsq (G, {2})). Let

[#52]-1
Di={1,n}us |J {Gi+5),(5i+6)}p,
=0

Dy={(n+1),2n)}ul U {(n+5i+5),(n+5i+6)} pand D= Dy U D,.

i=0
Ifn=1(mod5),letS=DU{(n—1),(2n — 1)}, in other cases S = D. In all cases, the set S isa DD — set
of Dyq (G,{2}). Further if n = 0, 4 (mod 5), then |S| = [42], while if n = 1, 3 (mod 5), then |S| = [42] + 1.
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Finally, if n = 2 (mod 5), then |S| = [42] + 2. Hence, vx2 (Dsa (G,{2})) < [%2] if n = 0,4 (mod 5),
Yx2 (Dsa (G, {2})) <[] + 1if n =1, 3 (mod 5) and yx2 (Dsq (G, {2})) < {‘”ﬂ +2ifn =2 (mod 5).

Now let’'s prove the lower bounds on vxa(Dsq(G,{2})). Let’s assume that the set
X = {u1,u2, . s Uiy ey Uy Y15 - - -5 Ujy - - -, Ug } 1S @ Y2 — Set. Here; u; and w; are any two positive
integers such that u; < up < -+ < Uy < -+ < Uy < Upgr < - < Uj < - < ug,wherel <wu; <n
i e {1,2,,..,om}and n+1 < u; < 2nj € {n+1,...,z}. We have f; = wyo — w for
te€{1,2,...,x — 2}and t # m — 1. To show the inverse of the inequality, we need to show that f; < 5.
Suppose f; > 6 for at least one value of ¢t. Without loss of generality, assume thatf; = 6. In accordance with
this claim; the following sets are obtained.

[257] -1
Dy ={1,n}u U {(Gi+6),(5:+7)}p and
i=0
o5
Dy ={(n+1),(n+2),(n+5),(2n)}U U {(n+5i+6),(n+5i+7)}
i=0

In this case, X = Dy' U D, and | X| = 6 + 4 [27]. If n = 0 (mod 5), then |X| = 6 + 4 (2£2) = 4ntl0,
However, this value contradicts the upper value we found earlier as |S| = %" forn = 0 (mod 5). A similar
situation can easily be seen that the values obtained for n = i (mod 5), i € {1,2,3,4} according to the X set

contradict the upper limits we obtained earlier. This contradicts our claim. Thus, it must bef, < 5. In this case,
m—2
we have Z fi, + Z ft2 < 5(x —4). Furthermore, for all values of n according to mod 5, it is easily
to=m-+
seen that u1 + U2 + Um+1 + Umt2 = 2N + 13 sinceu; =1, upg =6, U1 =n+ 1and uy42 =n+5.
m—3

If n = 0(mod5), then Z fo, + Z fto + fm—2 + fo—2 < 5(x—6) + 8  Thus, we get
to=m+1
m—3

th1+ Z ft2+fm 2+f:1:2—(um 1+um 2+u:1: 1+ux 2) (2n+13)+fm72+fzf2 For
to=m+1

n—O(modS) Up_1=N—4, Upm_o=n—5,u_1=2n—4,andu, o =2n—>5, fin_o = fo_2 =4. So,
we have 6n — 18 — 2n — 13 S 5(z—6)andz > [4:1]. Inthiscase, |[X| = z > [22=1] = [42]. This
implies that yx2 (Dsq (G, {2})) [42].

m—2 r—2
If n = 1(mod5), then Z fi, + Z fto, < 5(x—4). Thus, we get > fy, + > fi, =

t1=1 to=m+1 t1=1 to=m+1
(U, + Um—1 + Uz + Up—1) — (2n 4+ 13). For n = 1 (mod3), upy, = N, Up—1 = n — 1, up; = 2n and
Uz—1 = 2n — 1. So, we have 6n — 2 —2n — 13 < 5z —20and 2 > [4%t2] = [42] 4 1. In this case,
|X| = x > [%2]+ 1. This 1mphes thatvxz( (G, {2}) =[]+ 1.

If n = 2(mod5), then Z fo, + Z fto + fm2 + fo2 < 5(x—6) + 4. Thus, we get

to=m+1
th1+ Z ft2+fm 2+fa:2—(um 1+um 2+uw 1+Uz 2)+fm 2+f:v 2_<2n+13) For
to=m+1
n = 2(mod)S), Upo1 = n—1,Upo2 =N —2,uU,17 = 2n—1, u,_o = 2n — 2. So, we have

6n—6—2n— 13 < 5(:13—6) andz > {%] =[] +2. In this case, |X| =z > [%]+2. This
implies that vx2 (Dsa (G, {2})) > [42] + 2.

m—3 x—3 m—3
If n = 3(mod5), then > fi, + >, fio + fim—2 + fo—2 < 5(x—6) + 6. Thus, we get > fi,+

t1=1 to=m-+1 t1=1

r—3

Z ftz + fm72 + fzf2 = (Umfl + Um—2 + Uzg—1 + UCE*Q) - (QTL + 13) + fm72 + fmiQ' For
to=m+1
n=3(mod5), Up-1=1n—2, Up2=n—3, U1 =2n—2, up 2 =2n—3and f,,,_2 = fo—2 = 3. So,
we have 6n—10—2n—13 < 5(z —6)andz > [#55] = [L]+ 1L Inthis case, [X| = = > [$]+1,
This implies that vy (Dsq (G, {2})) > {4?”} + 1.

e
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m—3 x—3
If n = 4(@mod53), then > fi, + > fio+ fm—2+fo—e < 5(x—6) + 8  Thus, we get
t1=1 to=m+1

m—3 r—3
le ft1+t > 1ft2 + fm—2 + fe2= (Um—1 4+ Um—2+Up—1 +Uz2) — (20 +13) + fr2 + fr_o. For
t= 2=m
n = 4 (mod 5),+um,1 =n—3Un2o=n—4u, 1 =2n—3, U2 =2n—4and f,,_o = fr_o =4. So, we
have 6n — 14 —2n — 13 < 5(z—6)and z > [2%3] = [42]. In this case, | X| = = > [%*]. This
implies that vx2 (Dsa (G, {2})) > [42].
Thus, the desired equality is obtained as a result of the lower and upper bounds on vy« (Dsq (G, {2})) .

This completes the proof.

Theorem 2.7. Form > 1landn > 2, let G = K,, ,, be a bipartite complete graph with (m + n)-vertices. Then,
the double dominance number of the graph (Dsq(G,{2}) is vx2 (Dsa(G, {2})) = 4.

Proof. Let the vertices of the D4 (G, {2}) graph be divided into four sets of V' (D4 (G, {2})) = ViUV UV/ U
Vy, where Vi = {v1,v2,...,0m}, Vo = {v1,09,...,00}, V] = {v],v},... v, } and Vi = {w],v},... v}
We first establish upper bounds on 7y (Dsq (G, {2})). If S = {v1, v1, v}, 0]}, then the set S is the DD — set
of the graph Dy (G, {2}). Thus, yx2 (Dsq (G,{2})) < 4.

For the lower bound, let the set T be the yx2 (Dsq (G, {2})) — set. Assume that |T'| = 3. This requires that every
vertex in 7T has at least one neighbor still in 7. Taking into account that V; = V/and Vo = VJ, the following
cases are obtained.

Casel. Letu; € Vi ,v; € Vo,v; € VJ. Assume that T = {u;,v;,v;} i € {1,...,m}, j,t € {1,...,n}
and j # t. However, in this case, there will be vertices in the graph Dg,4 (G, {2}) that are not double
dominated.

Case 2. Letu;,u; € Vi, u; € V{. Assume that T = {u;, u;,u;} i,j,t € {1,...,m} and i # j # t. However,
in this case, there will be vertices in the graph D4 (G, {2}) that are not double dominated.

Case 3. Letv;,v; € Vo, v, € V5. Assume that T = {v;,v;,vi} 4,5,t € {1,...,n} and i # j # t. However,
in this case, there will be vertices in the graph D4 (G, {2}) that are not double dominated.

Case 4. Letu; € Vi, uj € V{,v; € V4. Assume that T = {u;,u},vi} i,5 € {1,...,m} .t e {l,...,n}
and i # j. However, in this case, there will be vertices in the graph D4 (G, {2}) that are not double
dominated.

Case 5. Letv; € Vo, v, € Vo ,u; € V{ . Assume that T = {v;,v;,w;} j,t € {1,...,n}, i € {1,...,m}
and j # t. However, in this case, there will be vertices in the graph D4 (G, {2}) that are not double
dominated.

Case 6. Letu; € Vi ,v; € Vo, up € V/. Assume that T = {u;,v;,u;} it € {1,...,m}, j € {1,...,n}
and ¢ # t. However, in this case, there will be vertices in the graph D4 (G, {2}) that are not double
dominated.

In all cases, some vertices of the graph cannot be double dominated. Thus, we get vx2 (Dsq (G,{2})) =

|T'| > 4. Thus, the desired equality is obtained as a result of the lower and upper bounds on yx2 (Dsq (G, {2})) .
This completes the proof.

|

Corollary 2.8. Let G = Sy, be a star graph with (n + 1)-vertices. Then, the double dominance number of the
graph (Dsa(G,{2}) is 7x2 (Dsa(G,{2})) = 4.
S
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Proof. If m = 1 and n > 2, then K,, ,, = K ,. Thus, the proof of the result is easily seen from Theorem
2.7. |

Theorem 2.9. Let G = W1, be a wheel graph with (n + 1)-vertices. Then, the double dominance number of
the graph (Dsq(G,{2}) is yx2 (Dsa(G, {2})) = 4.

Proof. Let the vertices of the D4 (G, {2}) graph be divided into two sets of V' (D4 (G, {2})) = V (G)UV (G'),
where V (G) = {c1,u1,...,u,} and V (G') = {c},u],...,u,}. Let ¢; be the central vertex of the graph G.
We first establish upper bounds on vx2 (Dsq (G,{2})). If S = {c1,u1, ¢}, u}}, then the set S is the DD — set
of the graph Dy, (G, {2}). Thus, yx2 (Dsq (G, {2})) < 4.

To complete the proof, we need to prove the lower bound. Let the set T' be the v« (Dsq (G, {2})) — set.
Assume that |T| = 3. For double dominating of vertices in T, at least one neighbor of each vertices must be in
T'. Thus, we have the following states.

Case 1. Let every vertex in T be at V (G). Since deg (c¢1) = n, one of the vertices must be ¢; ( or every vertex
in T be at V (G’)). However, in this case, there will be vertices in the graph D4 (G, {2}) that are not
double dominated.

Case 2. Let two vertices in T be at V (G) and the other at V (G’). Since deg (¢1) = n, one of the vertices must
be ¢; (or two vertices in T be at V (G')and the other at V (G)). However, in this case, there will be
vertices in the graph Dy, (G, {2}) that are not double dominated.

In all cases, some vertices of the graph cannot be double dominated. Thus, we get vx2 (Dsq (G, {2})) =
|T| > 4. The desired bounds are obtained as a result of the upper bounds on yxa (Dsq (G, {2})) that were
established earlier.

This completes the proof. |

Theorem 2.10. If G = P, for n > 10, then

{4”;% 41 n=1 (mod5)
Ds s =
5 , otherwise

Proof. We first establish upper bounds on 2 (Dsq (G, {3})). We have deg (u1) = deg (u,) = deg (un41) =
deg (ugn) =2,deg(u;) =2, 1€ {2,3, n—1,n—2,n+2, n+3, 2n—1, 2n — 2} and deg (u;) =4,j €
{4, ..., n—=3,n+4, 2n—3}. Letthe set D be a DD — set of the graph D, (G, {3}). Therefore, in order
to double dominate the vertex u;, it must have neighbors as well. Similarly, this is valid for the vertex w,, 1. So,
{ug,uq, Upt2,unta} € D. In order for the vertices in D to be double dominated, us and its duplicate, w45,
must be added to S. In this case the vertices ug , u7 and similarly the vertices wu, ¢ , un47 that are copies of
these peaks are double dominated by the set D. For double dominating of the vertices ug and w7, the vertices
Up+9 , Unt10 are added to D since D is a DD — set. Add the vertices ug , u1g for u, ¢ and u, 7. Continuing
in this way, upper limits on yx2 (Dsq (G, {3})) are obtained. Let

2]
D= U {U5i+4 y U5i+5 5 Un45i4+4 un+5i+5} U {U2 , Un+2}-
i=0

Ifn=0(@mod5),letS = D. Ifn = 1,2,3(mod5), let S = D U {uy,, us,}. Otherwise, n = 4 (mod 5 ),
S = D U {up,Up—1,U2n,U2,—1}. In all cases, the set S is a DD — set of Dgq(G,{3}). Further if

n = 1(mod5), then [S| = [428] 4 1, while if n # 1(mod5), then |S| = [4%2]. Hence,

Yx2 (Dsa (G, {3})) < [#28] + 1if n = 1 (mod 5 ) and otherwiseyy2 (Dyq (G, {3})) < [22] + 1.

e
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Now let’'s prove the lower bounds on 7xa(Dsq(G,{3})). Let’'s assume that the set
X = {ur,uo, .., U,y U, Uing 1, -+ -, Ujy ..., Ug } IS @ Yxo — set. Here; w; and u; are any two positive
integers such that u; < up < ... < u; < ... < Uy < Upy1 < ... < uj < ... <u,,wherel <u; <n
i e {1,2,....om}andn+1 < u; < 2n j € {n+1,...,x}. We have f; = w2 — u; for
te{l,2,...,2—2}and ¢t # m — 1, m. To show the inverse of the inequality, we need to show that f; < 5.
Suppose f; > 6 for at least one value of ¢{. Without loss of generality, assume thatf; = 6. In accordance with
this claim; the following sets are obtained.

D'={2,45(n+2),(n+4),(n+6),(n+9)}U
[#52]-1
U {Gi+10),(5i+11), (n + 5i + 10), (n + 5i + 11)}
=0

In this case, X = D’ and [X| = 8 +4[2:2]. If n = 0(mod 5), then |X| = 8 + 4 (255) = 4ni20,
However, this value contradicts the upper value we found earlier as |S| = 4”%10 for n = 0 (mod 5). A similar
situation can easily be seen that the values obtained for n = i (mod 5), i € {1,2,3,4 } according to the X
set contradict the upper limits we obtained earlier. This contradicts our claim. It must be f; < 5. So, we have

Z fi, + Z ft, < 5(x — 4). For all values of n according to mod 5, it is easily seen that uq + us + ty, +
to=m+1
Um+1 =2n+12 s1nceu1 =2, uy —4 Uy =N+ 2, Upy1 =n+ 4.

If n = 0 (mod 5), then Z fe, + Z Jto = (Um + Um—1 + Uz + ug—1) — (2n + 12). For n = 0 (mod 5),
to=m-+1
Uy = N, Up_1 = nfl , Uy = 2n and u,_; = 2n — 1. So, we have 6n — 2 — 2n — 12 < 5(x —4) and

r > (4’”6} In this case, |X| =z > [4”“3} = [42£8] This implies that yx2 (Dsq (G, {3})) > [4%2].

If n = 1,2,3 4(m0d 5) then E ft1 + Z ft2 +f'rn 2+fl 2 < 5(]]— )+f’rn—2 +f$_2. Moreover,
to=m-+1
z—3
Z ff1+ Z ft2+fm 2+f7" 2*(um 2+Um 1+ur 2+ur 1) (2n+12)+fm—2+fm—2-

ti=1 ty=m—+1
If n = 1 (mod 5), then we have 4n — 18 < 5(x — 6) and z > {‘%ﬁ]smce Up—o =N — 2, Up_1 = N —
1, ugoo=2n—2, uy_y =2n—1and f,_o = fy—» = 2. Inthis case, |X| = 2 > [4nHl2] = [4n48] 47
This implies that vx2 (Dsq (G, {3})) > [422] + 1.
If n = 2 (mod 5), then we have 6n — 10 — 2n — 12 < 5 (z — 6) and z > [ 428 |since upm—2 =n— 3, Upm—1 =
n—2, Uy o=2n—3, Up_1 = 2n—2and f,,_o = fr_o = 3. In this case, =z > [ ni ] This implies
that Tx2 (Dsd (G7 {3})) > |'4n57+8"
If n = 3 (mod 5), then we have 6n — 14 — 2n — 12 < 5 (z — 6) and » > [ 22 [since up—2 =n— 4, Up—1 =
n—3, Up_o=2n—4, uy_1 =2n—3and f,,_o = fo_> = 4. In this case, =gz > [1248] = [4nt8]
This implies that vx2 (Dsa (G, {3})) > [#2E2].

If n = 4 (mod 5), then

m—4

r—4
Shut D futtmstfmoat fost oz

t1=1 to=m-+1

S 51 (x — 8) + fm—3 + fm—2+fw—3 + fw—?

m—4 r—4
Moreover, > fi, + >, fi, = (Um—2 + Um—3 + Up—2 + up_3) — (2n + 12). For n = 4 (mod 5), we
t1=1 to=m-+1

have 6n — 18 — 2n — 12 < 52 — 40 and = > [42H0] since up—2 =1 — 4, Up—3 = N — 5, Uy_o = 2n — 4,

e
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Up—3 =2n — 5 and fr—3 = fm—2 = fo—3 = fo—2 = 4. Inthis case, |X| = z > [12H0] = [4248] This
implies that vx2 (Dsa (G, {3})) > [#2E2].

Thus, the desired equality is obtained as a result of the lower and upper bounds on yx2 (Dsq (G, {3})).

This completes the proof. u

Theorem 2.11. If G = C,, for n > 10, then

[4 107
"; “1 ,n=1 (mod5)
[4n +10]
Yx2 (Dsa (G,{3})) = E +1 ,n=3 (mod3)
[4n + 107 .
, otherwise
5
Proof. Let the vertices of the D4 (G, {3}) graph be divided into two sets of V (Ds4 (G,{3})) = V1 U V4
whereV; = {1,2,...,n} and Vo = {n+1,n+2,...,2n}. We first establish upper bounds on
Yx2 (Dsa (G, {3})). Let
]
Di={n,(n-1),(n=2}us |J {Gi+4),6Gi+5},,
i=0
n=Tl-1
Dy={2n,2n-1, 2n—2} U U {(n+5i+4),(n+5i+5)} pand D =Dy UDs.
i=0

If n = 0,1,3,4(mod5), let S = D. If n = 2(mod5), let S = D U {n—3, 2n—3}. Otherwise,
n = 4(mod5), S = D U {un, un—_1,Usn,usn—1}. In all cases, the set S is a DD — set of D4 (G, {3}).
Further if n = 1 (mod 5), then |S| = [0 — 1, while if n = 3 (mod 5), then |S] = [#%+19] + 1 and
otherwise |S| = [4H9]. Hence, yx2 (Dsq (G, {3})) < [#2H2] — 1if n = 1 (mod 5), yx2 (Dsa (G, {3})) <
[42£107 4 1 if n = 3 (mod 5) and otherwise vy (Dsq (G, {3})) < [42H107.

Now let’s prove the lower bounds on 2 (Dsq(G,{3})). Let's assume that the set
X = {ur,uo, .. Uiy, Uy U 15+ -, Ujy - -, Ug b 1S @ Yo — set. Here; w; and u; are any two positive
integers such that ug < up < ... < u; < ... < Uy < Upy1 < ... < Uj < ... < u,,wherel <u; <n
ie{l,2,...,myandn+1<u; <2n je{n+1,...,z}. Wehave f; = us1o—u; fort € {1,2,...,2 — 2}
andt #m, m —1, m — 2. To show the inverse of the inequality, we need to show that f; < 5.

Suppose f; > 6 for at least one value of ¢t. Without loss of generality, assume thatf; = 6. In accordance with
this claim; the following sets are obtained. Let

D'={n, (n—1), (n—2), 2n, 2n—1, 2n —2}U

[257]-1
U {(6i+4),(6i+5),(n+6i+4),(n+6i+5)}
=0

However, the vertices (6i +6) , (n + 67+ 6) cannot be double dominated with this set. In this case, some
vertices must be added to the set D’. This contradicts the upper bound we found earlier. Hence, it must be f; < 5.
So, we get

-5

3

r—5
fot D fot fo-at fmes+ fmo2 + fooat foos + faz

t1=1 to=m-+1

<5(x—10) + frn—a + fi—3 + frn—2 + fo—a + fo—3 + fo—2.
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Also, the right-hand side of the inequality is equal to (U, —4 +Um—3 FUz—g4 +Uz—3) +Fm—a +fm-3 +fm—2
+ fr—a +fz—3 +fr—o. For all values of n according to mod 5, it is easily seen that w1 + ug + Umt1 + Ut =
2n+ 18sinceu; =4, ug =5, Upy1 =N+ 4, Upta =N+ D,

For n = 0 (mod 5), we have 6n — 22 — 2n — 18 < 5z — 50 and z > [#%H9] since uy,—g4 = n — 6,

Um-3 =N —95,Ugg4=2n—06, uy_3=2n—>5and fm74 = fa:74 = fm73 = f:r73 =4, fm72 = f::."72 =2.

In this case, | X| = 2 > [42H197 This implies that vy (Dsq (G, {3})) > [42+10],
5 p 5

For n = 1(mod 5), we have 6n — 26 — 2n — 18 < 5(z —10) and z > [*28]since up—4 = n — 7,
Un—3=n—06,u,4=2n—7,u;_3=2n—6and fm74 = fa:74 = fm73 = f:rf?) =3, fm72 = fw72 =2.

In this case, | X| = = > {M" = [w] — 1. This implies that yxo (Dsq (G, {3})) > {W] +1.

10
m—4 r—4
Ifn =2@mod5), then > fi, + > fio+ fm-s+ fm—o+ forz+ foro < 5(x—8) + fr3 + frn—2
t1=1 to=m-+1
m—4 x—4
+fe—3+ fo—2. Forn =2 (mod5), frn-3= fm-2= fo—3= fo—2=2.Then,wehave » f;,+ > fi,+
t1=1 to=m+1

28 =(Um—3 + Um—2 + Uz—3 + Uz—2) — (2n + 18) + 8. Furthermore, we get 6n — 10 — 2n —18 < 5z — 40
and z > [#2H2] since up-3 = n — 3, Up_a = n — 2, up_3 = 20 — 3 uy_p = 2n — 2. In this case,
|X| = 2 > [4H2] = [42H19] This implies that vx2 (Dsa (G, {3})) > [22412].

If n = 3 (mod 5), then the formulain n = 0,1 (mod 5) is valid. For n = 3 (mod 5), we have 6n—14—2n—18 <
5(x—10)and z > [*H8]since up—g = n — 4, U3 =1 — 3, Ug_g = 2n — 4, uy_3 = 2n — 3 and
fm—a = fm—3 = fm-2 = fo—a = fo—s = fo—o = 2. Inthiscase, |[X| = z > (4";181 = (4"'5*101 + 1.
This implies that 7.2 (Dsa (G, {3})) > [42412] + 1.

If n = 4 (mod 5), then the formula in n = 0, 1, 3 (mod 5) is valid. For n = 4 (mod 5), we have 6n — 18 — 2n —
18 < 5(x—10)andx > [ = [42H0gince up—y =1 —5, Um—3 =n—4, ug_g =2n—5, uy_3 =
2n —4dand fr—4 = fin—3 = fo—a = fe—s =3 and f,,,—2 = fo—2 = 2. Inthis case, | X| = =z > [4”5410].
This implies that vx2 (Dsq (G, {3})) > [42H10].

Thus, the desired equality is obtained as a result of the lower and upper bounds on vy (Dsq (G, {3})).

This completes the proof. |
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