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Abstract. The purpose of this paper is to derive a viscous sedimentation model from the Navier-Stokes system for
incompressible flows with a free moving boundary. The derivation is based on the different properties of the fluids; thus, we
perform a multiscale analysis in space and time, and a different asymptotic analysis to derive a system coupling two different
models: the sediment transport equation for the lower layer and the shallow water model for the upper one. We finally prove
the existence of global weak solutions in time for model containing some additional terms.
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1. Introduction

Sediment transport models are used to model watercourse beds. They are bilayer models of two immiscible
layers that have a model of the shallow water in the first layer and Reynolds lubrication equation at the second
layer. In the literature, many works has been done on sediment transport, proposing models to stimulate
sediment transport by water. We can quote [6, 7, 22, 24].

Recently in [7], Fernandez and al. are derived a non-viscous sediment model. In their work, they are limited to a
first-order approximation for obtaining the model of shallow water which does not allow to obtain a viscous
model. To carry out our work we relied on the papers [6, 7, 19, 21].

From theoretical point of view, many studies have been done, particularly for the existence of global weak
solutions of shallow-water equations model. As an example, we refer to [5], where such results were given for
an isothemal model of compressible fluids with capillarity.

In [21], only the stability of weak solutions has been proved, since the construction of approximate weak
solutions which preserve the 'mathematical BD entropy’ seems to be an open problem. In the present work this
problem does not exist, as we do not need the multiplier |u|*u to get the *BD entropy’.

In the analysis we propose in this work, our contribution is twofold. On the one hand, we propose a
constructive approach inspired by [7, 16] to arrive at a viscous sedimentation model. Our purpose is to study the
evolution of this system which consists of two layers of Newtonian viscous fluids with different properties. On
the other hand, our study is concerned with the existence of global weak solutions of a model similar to the one
we obtained. This is done in a bounded domain of R? with periodic boundary conditions.

In our model we add some additional regularizing terms, namely

h 1
—kV - (1+ ﬁ)V(hl + ;hg), the cold pressure 6h; Vh]“ and the interface tension FhiVA%T1h with
1

«, Kk, K positive constants and « # 0. Those terms are useful to bound A, away form zero (see [3, 11, 24]).

Our paper is organized as follows. In the section 2, we did the formal derivation of the model. First of all
we write the equations in non-dimensional variables. Next, we perform the hydrostatic approximation and use
am asymptotic analysis to deduce the shallow water system for the upper layer. Also by an asymptotic analysis,
we deduce the transport equation for the lower layer. In addition in the section 3, we present our final model. To
finish, in Section 3 we study the existence of global weak solutions for a model similar to that obtained in Section
2. We start by giving the definition of global weak solutions, next we establish a classical energy equality and the
’mathematical BD entropy’, which entail some regularities on the unknowns. We also give an existence theorem
of global weak solutions.

2. Formal derivation

2.1. Physical domain and governing equations

This section is devoted to the formal derivation of the model. Thus, we consider a superposition of two immiscible
layers of different materials. The upper layer contains water and the lower layer is formed of sediment. Each
layer is governed by the incompressible three dimensional Navier Stokes equations. We consider a cartesian
coordinate system where x represents the horizontal 2D direction and z the vertical one. Taking into account the
different physical properties for each layer, we derive shallow water model for the upper layer and the Reynolds
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lubrification equation for the lower layer. Let us define the physical domain for the fluid and sediment by 4 (¢)
and 4 (t) respectively; ¢ being the time variable. Here, we suppose that the sediment domain is composed by a
one layer. We assume that the bottom is defined by the function b(x) and we denote by 7(¢, x) the interface. The
free surface is given by £(t, ). The global domain (t) is defined as

Qt) = Q1(t) UQa(t) UT,(¢) UT 2(t) UT(2),
Q) = {(z,2) €R® 1z € wn(z,t) < 2 < £z, 1)},
Qa(t) = {(z,2) eR3 : 2 € w,b(x) < z < n(z, 1)},
Fi2(t) ={(z,2) ER3: 2 € w,z =n(x,t)},
T(t) = {(2,2) €R®: 2 € w, 2 = £z, 1)},

and
Ty ={(z,2) eR®: 2z €w, 2 = b(x)}.

The domain (¢) C R3 is periodic. For each layer (i = 1,2), we start from the 3D Navier-Stokes equations
for incompressible fluid and sediment components see [6, 7, 15]

div(U;) =0, (2.1a)

pi0:(Us) + (psU; V)U; — div(o;) = —piges, (2.1b)
where we denote by U; = *(u;, w;) the velocity field with w; = (u;,v;), o; the stress tensor associated to each
layer, p; the density and g the gravitational vector with €, =" (0,0,1).

If we rewrite the equation for each component of the velocity, the previous system is equivalent to the following
one:

dinllZ' + 8zwl = 0, (223)

piatlli + p;u; Vu; + piwiaz (ui) + Vp; = 2VidiV(D(lli)) —+ l/iaglli +v;Vy (azwi), (2.2b)

pi0w; + piw;Vw; + piw;0,w; = viAw; + 2v;02w; + 1,0, (dive;) — 0,p; — pig. (2.2¢)
fori=1,2,

where p; is the density, p; the pressure and ¢ the gravity constant.Moreover y; and v; = pu;/p;, denote the
dynamic and kinematic viscosity coefficients respectively. We also introduce the ratio of the densites 7,

respectively the stress tensor given by

Vu,; +! Vu,
r= ﬂ, oi(w;) = 2v;D(w;) — p;Id, where D(u;) = %,

and Id is the identig? matrix.
From now on, subscript 1 will correspond to the layer located on the top and subscript 2 to those located belox.
We denote by hy(t,z) = £(t,x) — b(x) the tichness of the layer 1 and by ho(t,x) = 1(t, ) — b(x) the tichness
of the sediment layer. See Figure 1.

The system (2.2a)-(2.2c) is completed by the following boundaries conditions:

o At the free surface z = £(z,t) = b(x) + ha(z, t) + hi(z, t):

- The surface tension condition. Let N the unitary outward normal vector to the free surface and k the mean

curvature of the surface with k& = —div(N;). The surface tension is given by the equality
01Ns = —0kN5, (2.3)
1 _
where Ny = —— ( VIg)
VIHIVLEE N ]
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1t %) ho(t,x)

b(x) X

Figure 1: Sediment and water heights

and § being a constant.

- The kinematic condition:
0¢¢ = Uy.N;. 2.4

e At the fluid/sediment interface, n(¢, z) = b(z) + ha(z, t):

- The kinematic conditions corresponding to both velocities:
o = Ur.N, = Us. N, 2.5

1 _
where N, = ——— < an)'

VI+[VeE\ 1

- The continuity of the normal component of the tensors:

(Uan)n - (U2Nn)n = (5?7an?7)’ (2.6)

where d,, is the interfacial tension coefficient, k,, = —div.V,, is the mean curvature of the interface.

- The friction law (Navier-slip boundary condition) at the fluid-sediment interface asserting that:

(UiNn)T = fI'lC(Ul - UQ).,-. (27)

We note that the friction coefficient is denoted by c and the subscript 7 is the tangential component of the
vector.

In the sequel we denote by fric(U; — Us) = Cp1(U; — Us) the friction term between the two layers.

E =

[V =)
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e At the bottom, z = b(x):

- The no penetration condition:
Uy.Ny =0, (2.8)

where the unitary normal vector to the bottom is

1 _
P—— )
VIV \ L
Remark 2.1. 1. In [7], a coulomb condition is considered between the static and the moving sediment
particules. Here, we consider this condition at the interface z = n(t, x).

2. To obtain the model, firstly we shall write these equations under a dimensionless. Secondly we shall
develop the vertical integration in each layer to obtain the shallow water system. In addition, we shall
perform the asymptotic analysis studding both, first and second order approximative for the the shallow
water system. Finally, we will find for the sediment layer, the transport equation.

2.2. Dimensionless equations

In order to compare the terms that occur in the equations, we introduce dimensionless variables. For this, we
note by H, and L the characteristic height and length respectively. In the considered flows, we assume that the
characteristic height is very small compared to the characteristic length and we note by ¢ = % the aspect ratio
between the characteristic height and length. The characteristic velocities are U for the layer 1 and Uy for the
sediment layer. Consequently, the characteristic times are respectively 7 = £ and T, = % for each layer. In

Ui
particular we assume that
L 1
Uy = €°U, soconsequently, Th=-— = —
U2 13

This hypothesis also affects the definitions of the Froude and Reynolds numbers. For the sake of clarity we
indicate separately these variables. We consider the “asterisk’ notation for the dimensionless variables.
General dimensionless variables:

x = Lz, z=HEZ, fric = p,Ufric

Non-dimensionalization for layer 1:

u; = Uuy, wy = U1y, t1 = 5517 p1=p1Up

U UL _
F., =— Rey = —, hi=Hhy
\/gH %1

Non-dimensionalization for layer 2:

_ U
uy = 2V, wy = °Uthy, t = —5Tty, po =227,
€ eH
2y 2UL _
F, == Res = =2~ hy=Hyhy  with Hy—cH.

\/gH, Vo

We also define the ratio of the densities,

P
P2

with r<l1.

Remark 2.2. Weset C = UC.
Assuming that H is the characteristic height for the bottom, b = Hb.

3
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Thus, the equations and the boundary conditions written in dimensionless form read as follows (we omit the
“asterisk” to simplify the notation):

e Layer 1:
diVxlll + 82101 = 0, (293)
1 . 1
8151111 +w Voug + wlazul + Vzp1 = §(2leI(Dz(u1)) + ?83111 + Vx(ﬁzwl)), (2.9b)
1
1
52(6't1w1 +w V,wy + wlﬁzwl) = —(szAle + 26311/1 + Gz(divzul)) - azpl - — - (2.9¢)
Req F7"1
e Layer 2:
div us + 0,we = 0, (2.10a)
8 Reg (0,02 + ua Vg 4 wed,uz) + Vups = 26*div, (D, (ug)) + 0%uy + £*V(9,w2) (2.10b)
€8R€2(8t2w2 + llgvz"wg -+ w26‘zw2) = 64(E4AU)2 + 8z(divzu2) + 28311}2)
Re
4 2
—t2 ), 2.10c
Fr2 bz ( )
e Conditions at the free surface
8t1§ + ul.fo = w1, (21121)
-2 € 1 1
—-D, —p—C71A m ——d,u; =0, 2.11b
<R61 (u1) + p1p1 " Rer §)V $t R V w1 + = e, P ( )
1
— —(5 Vwy + 0,u1)V,€ + 8 L wq + p15—C LAE — pipr = 0. (2.11¢)
R61 R
e Conditions at the interface
Oy M +u1.Ven = wr, (2.12a)
O+ £2uy.V,1n = 3ws, (2.12b)
Op,m + 2.V = wo, (2.12¢)
1 1 1
oo (le + 8Zu1> = —rgfric(ul —e%up)\/1 + 2| V)2, (2.12d)
e1
1 1
—_— <53Vw2 + Eazug) = ——fric(u; — e%uy)\/1 + £2| V)2, (2.12¢)
Re; 15
1 1
yom ( —2D(wy) - Vn+ (Vwy + gazul)(l —e%|Vn?) + 28Zw1Vn)
1
= rgfric((ul —&%wy) + &% (wy — e°w2) V) /1 +£2|Vn2, (2.12f)
1 3 3 2 2 2
o 2e’D(uy) - V& + (°Vwgy + 0,u2) (1 — €7 |Vn|*) + 2620, wa V)
2
1
— gfric((u1 —&%wy) + &% (w1 — e%w2) V) /1 + £2|Vn[2, (2.12¢)
2 2
p1e®[——D(u1) — p1]|Vn|* = 2p1(0.u1 + Vw1 )V + p1(——0.w1 — p1)
Re; Req

2 P2 (4 2 L 3 3
2 (4D _ — _ YVw,)V
€ I (e*D(uy) — p2)|Vn 2p2R e°(0ug + °Vwy)Vn

-1

1 C,
+ R—pg(% O, wy — p2) — eplﬁdlv(n)(l + &2V ?). (2.12h)
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e Condition at the bottom

—us Vb + wy = 0.

2.3. Layer €);: Shallow water

(2.13)

To get the Saint-Venant-Exner system, we first take the hydrostatic approximation and then develop the

asymptotic analysis of equations.

2.3.1. Hydrostatic approximation

Since the length of the flow is supposed to be very large compared to the depth of the water, we assume that €
to be small. Let us take the formal expression of system (2.2a)-(2.8) at O(g?) (see [1, 9, 10, 12] for the usual
derivations of hydrostatic approximations), and keep the terms of order zero and one. We obtain successively,

e Layer 1:

div,uy + 0wy = 0,

1 1
opuy +u;Vuy + 82(101111) + Vp, = R (2d1V(D(ll1)) + gaful + V(azwl),

e
0.p1 = ! + ! (20%w; + 0. (divay))

. =——5+=— (20w . .

b1 Fr% Rey 1 1

e Layer 2:

div us + d,wy = 0,
Vup2 = 02uy,
9.p2 = O(e).

e Conditions at the free surface

82515 + ul'vwf = wq,

-2 e 1 1 1
<Dr(u1) + pip1 — Pquclvf) Vi€ + Rielvxwl + 5—=—0u; =0,

Req g2 Req
1 2 plécilAf
——0, V€ + —0, _— - =0.
R61 U1 'f + R61 w1t R61 1P

313
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e Conditions at the interface

Otyn+u1.Vyn = wi, (2.17a)
I, = 0(e), (2.17b)
8t27] + llg.vfﬂ = wa, (217C)

1 1 1
— | Vwy + 0.y | = —r=fric(u; — e%uy)\/1 + 2| V7|2, (2.17d)
Re; g2 €

1 1
—_— (54Vw2 + €3Zu2> = —gfric(ul —e%up) /1 +€2|Vn?, (2.17e)

R61
1 1 9 9
R\ ™ 2D(uy) - Vnp + (Vwy + E—Qﬁzul)(l —&%|Vn|*) + 20wV
1
= rgfric((ul —wp) + &% (w1 — 2wa) V) /1 + 2|V 2, (2.17f)
L —263D(uy) - Vi + (3Vwsy + 0.u) (1 — £2|Vn)?) + 2620, wsV
R€2 2 n 9 Wo U2 3 n E"0,Wa2VN
1
= gfric((u1 —&%wy) + &% (w1 — e%wa) V) /1 + 2| V|2, (2.17g)
52[iD(u ) — p]| V32 = 2r(0.uy + 2V, )V + (18 wy — p1)
Re, 1 1 2 1 Re, W1 P
r 1
= 52R—e2(54D(u2) —p2)|Vn? — 2rR—e2€3(822u2 + 3Vw,)Vn
+ (230,09 — po) — a(’ildiv(n)u +e2|Vp?) (2.17h)
R€2 * R€1 ’ ’
e Conditions at the bottom
—llgvzb + wo = 0. (218)

2.3.2. Asymptotic analysis and shallow water system

To obtain the shallow water equation, we assume that the height is small with respect to the length of the domain,
thatis e < 1.

We first integrate each equations of (2.14a)-(2.14c) from the layer 1 from 7 to &. For equation (2.14a), by using
(2.11a) (2.17a) and (2.17b), we get

3
Oy hy + div/ w,dz = 0. (2.19)
n

The condition (2.17a) allows us by integrating the equation (2.14b) to get

¢ ¢ ¢ 9 ¢
O, / udz + div/ u; @udz + Vw/ p1— —div/ D(uy)dz
n n n Re; n

1 P 1
= — u —_——_——
€2Rey Ha=e e2Rey

+ (wlul)lzzf — (wyuy)

1 1
Oy, + Vel e — Vo,
la=n ~ lllatlflzzé + ll1at177|Z:n - (ul-v€)u1|zzg

2 2
+ (111~V77)l11|2:7, + Vi) _, —plvwm‘z:?} — =—DW)V€,_ + —D(uﬁVme:n (2.20a)

Rey Req
The expression of the pressure in (2.14c) is given by
1 1
O.p = ——— + — (202 0, (di )
PSR + R, (20zw1 + 0:(divw))

3
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By integrating this equation from z to & for z € [, £], to obtain,

1 1 .
PL=Dij=g ~ a8 F E[Qazwl + div(u)] — T,

We use the divergence free condition, we get the following expression for P :

1 1 . .
P1 = P1)z=¢ — W(Z —§) - E[le(ul) - le(ul)\z:g]-

Due to conditions (2.16a), (2.17a), we can write
((9,515 + ul.fo — U)l)ll1|Z:§ =0 and (825177 + lll.va] — wl)ul\zzn =0.

Thanks to conditions (2.16b), (2.16¢), we have

1 1 1 _1
Ter [— 2D, (u1)VE + (Vewr + 8282111)] = " Re, |:P1p1 - CT ALV,
1
= —7Rel [8Zu1 - Qazwl] vé-

By using (2.17f), we have

1
R€1

1

1
|:_ 2D$(u1)vn + (vwwl + Ezazul):| - Rel

So, for the first layer, we get the equation

¢ ¢ ¢ 9 ¢
O, / udz +div/ u; Quidz + VI/ p1— —div/ D(uy)dz
n n n Rey n

1
_plvxmz:n + p1Vz§|z:£ — R—el(azulvn — 28Zw1)|zzn.Vn

_ 1

1
= " Fe (8zu1V£ — 28zw1)|z:5.V§ —ruy gfric

2.3.3. Asymptotic analysis

[20.w1 + div(uy)]|.—¢.

1
[8Zu1V77 — 28Zw1] .Vn— Tgulfric.

221

(2.222)

(2.23)

(2.24)

We assume the problem to be in an asymptotic regime by supposing the following hypotheses on the data

- = &fio1, fric = efricy, 1o =¢c ‘i,

Re;
e?UL
Thanks to the definition of the dimensionless variables for the layer 2, we have Res = ,
%)
R e where Vo2 0(1)
o — — LV = — = .
2 Voo ) 02 UL

Since we look for a second-order approximation, we develop the unknowns at order 1 and define

u; = u(l) + su% + 0(62), wy = w? + ew} + 0(52), p1 = p(l) +ept + 0(52),
n=n"+en' +0(?), =&+ +0(e?), uy=uj+euy+ 0(e?),
Wy = wg + E’LU% + 0(52), = pg + apé + 0(52).

315
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For the development of hy, we take into account that = ho + b, so we can write

hy = h3 + ehy + O(£?), (2.27)
where h9 = n° — b and h} = ' — b. In the some way, we can write

hi = hY +eh; + O(e?), (2.28)
with b9 = €9 — 1% and h} = &' — n! (remember that £ = n + hq).
(a) First approximation
If we consider the terms of principal order (¢°), we deduce from (2.9b), (2.11b) and (2.12f) the following

expressions:

0%u; = O(e), oy, _, = O(e), oy _, = O0(e). (2.29)

Then u; does not depend on z at first order, so we can write u)(¢, z, z) = u{(¢,z). This implies that we can
rewrite the expressions above up to order one, to obtain the final equation for layer 1 at the first order. To begin
with, by using the conditions (2.16a), (2.17a) and (2.17b), we write (2.19) as

O, hY + div(hfu?) = 0. (2.30)

To get the momentum equation, we simplify (2.21) by using the free surface condition (2.16a)-(2.16c¢) to have

1
p0(2) = “F2 (z — €°) — 2evprdiveul + O(?). (2.31)

Therefore, computing the integral appearing in (2.24) yields

11

5T QV(h?)Q. (2.32)

50
V[ #hds = BGRE) + )V + 5
n
If we inject this expression into (2.24) and consider only the principal order terms, we obtain
0%, (hiu?) + div(hiu) @ u?)

= —mV(pY(£%) — p1(£")VIy
11
2 Fr?

Therefore, the final equation reads

V(h)? = pIV._, + PIVE|.—¢o + frico. (2.33)

Oy, (%) 4 div(hu? @ ul) =

1 .
1

where the friction term fricy (see [7]) is given by
1
frico = — Ry h0 (( — r)sgn(ug)tandy + (rVyhy + Vzno)) (2.35)

Remark 2.3. Notice that the equation (2.34) does not contain the viscous effect. To recover it, we will derive
the second-order approximation. To do so, we must take into account the terms of order ¢ ignored before and
perform a parabolic correction of the velocity.

e
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(b) Approximation de Saint-Venant au second ordre

1 3

Let us define the average of the velocity u; as uy = e / udz.
1Jn

We go back to (2.24) to write

8t1 (hlﬁl) + diV(hlﬁl X ﬁl)

2 . . 13 1
= Rielleth(ul) _/77 Vazp1 — Riel(aleVU — 282w1)|2=7]'vn

1 1
— rug —fric — — (0,1 V& — 20,w1)|,=¢.VE. (2.36a)
€ Req

We have u2 = @2 + O(£2), and u; ® u; = 1y @ Wy 4 O(2). See [22] for details.
Now we consider the approximation up to order 2 for unknowns

wo=ulteu,  pi=pltep, & =&+ebl,  h=hY+eh, (237)
We consider equations defined in (2.14a)-(2.14c) and write them up to second order. For (2.14a), we get
Oy, hy + div(hiiiy) = O(e?). (2.38)

Now, we use the asymptotic hypothesis (2.26) and previous calculations to simplify (2.36a). Using the pressure
expression (2.32), gives

¢ 11 1
_ 2
V/n ple —p1|z:§V§ +p1‘z=”V17 = iiFT‘%v(hl) + T_,r% h1V77 + h1Vp1‘z:£. (239)
Thanks to condition (2.16¢), we can write:
hVp1|._, = —2ep01V (hadiv(ul)) + O(e?). (2.40)

Finally, we insert (2.39) and (2.40) into (2.36a) and simplify the terms on the bottom and on the interface £. Thus,
we get the second-order approximation of the momentum equation for layer 1 as follows:

O, (hiay) + div(hity @ uy)

. _ 11
= 2epp1divih D(1y)] — §WV(1¢§)
1
1
—F—TthVn + 25#01V(h1diV(ﬁ1)). (241)
1

2.4. Layer 25: Reynolds

As for the first layer, we look for a second-order approximation, so we develop each unknown at the first order. We
set hy = hS +ehd, Uy =ud +eul, Py = pY + eps. The asymptotic regime for layer 2 affects the viscosity
and capillary constants. When the surface tension effects are strong, it is essential to have them at the leading
order, thus we assume

vy = O(e), §=0(7?). (2.42)
eUH 4 0 5 S .
Consequently, Rey = =0(1) and O = —5——=0(¢"") and for simplicity we write
12} £ Up21/2
c 1= 5*500_ L
Now, we study the velocity equation in (2.15a)-(2.15¢), which can be written as follows:
0%uy — Vpy = O(e%), (2.43)
S
Y =
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Reg
d.p2 = —e'— + O(e"). 2.44
Pt () (2.44)
R LH
From the definitions of Res and F'ry, we have EQF—eg = gU = O(g), so for the simplicity we introduce
Ty Vo
R62 1
bo=e Fr3 c voo F'r? (245)
The equation for the pressure reads
0.pa = —eBy = o(e™). (2.46)

The next step is to find the transport equation for the sediment. To do so, we start to look for u; in (2.43), after
we compute p and Uy |.—,, that appear into the expression of uy.
Integrating the divergence-free equation, we obtain

n
V- / uodz — ﬁg‘zmlvn + ﬁz‘z:be+1D2|2=n — 1[)2‘2:17 =0.
b
If we take into account the conditions (2.17c), (2.18), the mass equation for the second layer is
- n
O, ho + V./ updz = 0. (2.47)
b

We integrate (2.46) from z to 7 to obtain

P2(2) = pa(n) — eBo(z —n)
We use the condition at the interface (2.12h) and the condition (2.45) to write

r
po|y = e——=—h.
p2‘77 EVOQFT% 1
~ r 0 ~ r 0
Thus, pa(z) = 5mhl —efo(z —n) and V,pg = smvm +¢eboVn

does not depend on z.
Integrating now (2.43) from z to 1, we get

O,0p = 82112‘2:” + Vﬁg(z — 77) = 8Zﬂ2|z:n + 0(5)
We use a generalized law based on the work [15], that reads
fric = C'(u; —u2)|—y (2.43)

We must also take into account the adimensionalization for this friction term. Thus we assume the following
dimension and asymptotic to the coefficient C":

C=UC; C =eC°.

Then, we have

frico = C°(uf — e?u})|.—,) (2.49)
From this expression, we get the value of ug
0 L o :
Uy =Uy|,—y = - — mfn%
L o 1 h 0 0
= ui - 2200 Fr? ((1 — r)sgn(uz)tandy + (rVzhi + Van ))

Considering the equation (2.47) we have

. 1 1 h9)?
Or,h + div, <€2h(2)u(1J — 50 (Fj")f ((1 — r)sgn(us)tandy + (rV,h{ + Vzn0)>) =0 (2.50)
S
Vo
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2.5. Final model

In this section, we expose the final model obtained in the previous section as a formal second-order approximation
of the initial problem (2.2a)-(2.8). For that, we write this system in dimensional variables.

The final model is given in non-dimensional variables by (2.35), (2.38), (2.41) and (2.50). The model is composed
of three equations, mass and momentum for the shallow water flow and lubrification Reynolds equation for the
sediment layer. We recover the system in dimensional variables

8th1 + div(hlul) = 0,
8t(h1u1) + diV(hllll (24 lll) + %QV(h%) + gh1V(b + hg) — 2V1diV[h1D(l11)]

=211V (hidiv(uy)) + g7h273 =0, (2.51)

8th2 + diVm(hQ’U}, (% - 1)gds) = 07

with P = V,(rhy + hy +b) + (1 — r)sgn(ud)tandy

and 1
Vp = u; — Y P.

JE—1gd, 1T

We note that we were inspired by [6] for the expression of v;,. Note that in this paper, we do not decompose the
sediment layer into two entities. We suppose it one. We refer the readers to [6] for the meaning of dg, v and vy,

3. Existence of weak solutions

In this section we assume that bottom vanish in the model (i.e b(x,y) = 0)and that the velocities of the sediment
1

and the water are identical. We also needed a regularizing term of the form —xV - (1 + TQ)V(M + —hs) on
Th1 T

the transport equation. The model studied is as follow:

Oyhy + div(hyuy) = 0, 3.1)

. . 1
O¢(hiuy) + div(hiuy ® uy) + gh1 Vhy + gh1 Vhe — 2v1div(hi D(uq)) + ghaV (k1 + ;hQ)

—BhiVAhy + 6h VR + Ry VAT h =0, (3.2)
h 1
Oyha + div(houy) — KV - | (1 + ﬁ)V(h1 + —hy)| =0, (3.3)
1

where «, K,k are a positive constants « # 0.The term JhqVh]® represente the cold presure, while
khqV A2+ Ry is the interface tension.
The initial data are

hl (0, x) = h10, hQ(O, .1?) = hQO, (h1U1)(0, Z‘) = Il'l()(.l?) in Q, (34)
and we assume that b, ho, and mg are such that

hlo € Lz(Q), hgo < L2(Q), 0< hlo, 0< hQO, V(\/hlo) € LQ(Q),

l1—a
VA®hy, € L(Q), h 2 € L*(Q), VmgeL*(Q), mog=0 if hy, =0, (3.5)

mg 2

— e L*(Q

e €L
S
[(\V(=)
MJM
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3.1. Mains results

Definition 3.1. We say that (hy, ho,u1) is weak solutions of (3.1) — (3.3), with the initial condition (3.4)
satisfying (3.5), if

e the initial condition (3.4) hold in D'((0,T") x ),

o the energy inequalities defined in the Proposition 3.2 and Proposition 3.4 are satisfied, and the regularities
properties obtained in Corollary 3.3 and Corollary 3.5 hold,

o for all smooth test functions ¢ = (¢, z) with (T, -) = 0, we have:

7h10(p / / h 6}@ mo / / h1U1 le O (36)
h20 / / hou1 Vi + Ii/ / (1 + ) (hl + hz/r)ch =0, 3.7

S /) /h1u1 D — /0 /fm@ful: +2y1/0 /m (1) : D(9)]

C

—gA /hfdiv(w) / /h1h2 div(p ——A /thw +5A /h1Vh
—6/ /[hlm]dw 5/ /{Ah1Vh1:|<p+I€/ /{h VAQS“hl} =0. (3.8)

3.2. Estimates.

Proposition 3.2. Ler (hi, ha,u1) be a smooth solution of (3.1) — (3.3). then the following energy inequality
holds

1d
2 dt

1-—
/[h1|u1|2+g|h1+h2|2+g( )|h2|2+ 5\Vh1|2+—|h 2 |2 |VASh1|2}

h
4 hi|Vu; +* Vu1\2+gn/(1+—2)\V(h1+r_1h2)|2 =0 (3.9)
2 Q Q Thl

Proof. First, we multiply the momentum equation (3.2) by u; and we integrate on 2. We use the mass
conservation equation for simplification. Then, we obtain

o/(@thlul)ul +/ div(h1u1 ®U1)U1 = —/ dlv(hlul)ul /hlulatul +/(h1U1 . V)u1 s Up
Q Q Q

1 1 .
° g/ (h1u1V(h1 + hg) + g/ hgulv<h1 + ;hz) = g/ (h1 + hg)athl — g/ (hl + ;hg)dlv(hgul)
Q Q Q Q

1

1 .
=39 J, hi+g hQathl - 9/ (h1 + —he)div(hous)

.—/ 2l/1le(h1D('LL1)’U,1 —21/1/ hl (ul) Vu1 7/ h1|Vu1+ VU1|2
.—6/ hiVh{*)u; = 71£/Q|h17|2

320
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1d
.—/ h1U1VA2S+1h1 :/BtA%th = 77/ |VAS}L1|2

. ﬁ/hlulvml:ﬁ/athlAhl —75 /IVh1I2
o 0 2" dt

We get the following equality:
1d 1 d d
—— [ h hi + h Z4 / h3
th/ 43 dt/ 2 Vur +Vu '+ 595 | I

+g/h28th1+ 1dt/| 1

+§%/ |VASh|? — iﬁdt/ |Vhy|? fg/(hl + hQ)dw(hQul) 0 (3.10)

Now, we multiply the transport equation by g(hq1 + ;hg) to have:

_ —1
o dt/gh /Qghlathg /thu1V(h1 —+7r hg)

h
+g/<c/(l + ﬁ)W(hl +r7thy)|? = 0. (3.1
1
To end, we add the equations (3.10) and (3.11) and with a simple calculation, we have the proclamed equality.
]
Corollary 3.3. For (hy, ha, u1) solution of the system (3.1) — (3.3) the following bound holds:
vV h1u1
is bounded in  L>(0,T;L*(Q)), +/hi|Vui +' Vuy| is boundedin L*(0,T;L*(Q)),
hy is bounded in  L*(0,T;L*(Q)), hy isboundedin L>(0,T;L*(Q2)),
V14 ha/rhi|V(hy + 17 hy| is bounded in L*(0,T; L*(9)),
e
Vhy isboundedin L>(0,T;(L*(Q))%), h,2> isboundedin L>(0,T;L*(Q)),
VA*hy isboundedin L>(0,T;(L*(Q))?).
Proposition 3.4. For (hy, ha,u;) solution of model (3.1) — (3.3), we show the following relation :
1d 2 2 -1 2 2 20 15
53 | |lun 201 Vioght |° + gl + ho|” + g(r Dlhe|” + BV | + —— 1y * |
+21/1/ hl(A(ul) : A(ul)) + Vlﬁ/ |Ah1‘2 + g/ |VAsh1|2 + 2V17€/ |As+1h1|2
Q Q
Sv1da = 9
+(OZT |Vh | + 2v19 (1—|—h2/rh1)|vh1|
< rulg/ (1+ ha/rh1)|[V(hy 477" hol?. (3.12)
Q
S
VO
MM
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Proof. Proposition 3.4
The proof of the Proposition 3.4 follows the techniques used in [2, 4, 5, 17, 21].

We consider the mass equation:
Othy1 + div(hlu) =0.

We derive this equation with respect to x, y and we make the sum. We have:
0:Vhy + div(h, Vuy) + div(u; ® Vhy) = 0.
By Remplacing Vhy by h1V log hy and multiply by the viscoity 2v1,we get:
201 0;(h1V log hy) + 2v1div(h: Vuy) 4 2v1div(hiu; ® Viog hy) = 0.
Next, we add this equation to the momentum equation to have:
O[h1(ur + 201V 1og hy)] + div[hiug @ (u+ 201V log hy)] — 2v1div(hy (D(ur) — Viuy)

+gh1V(hy + ha) + ghaV(hy + 77 hy) = 0.

We multiply the above equation by (u + 2v1V log k1) and we integrate the result obtained on . We will now
transform each term in the previous equation.
We have :

/ [O¢[h1(u1 + 211V 1og hy)] + div[hiu ® (ug + 211V log hy)]](ur + 201V log hy)
Q

1d

=—— [ h 211V log hy .
2di /o 1|u1 + 211V log hy |

Using the definition of the tensor of contraint, we get:
721/1 / le(hl(D(ul) - Vtul)(u + 2u1V10g hl) = 2V1 / hl(A(ul) : A(Ul)),
Q Q

Vui =t Vu
where A(uy) = —————L,
For the terms pressure, surface tension and friction, we only look at those that do not appear in the Proposition
3.2. We modify their expressions essentially using integrations by parts. We have:

1
0§g/ h1V(h1 +h2)(2V1V10gh1) :l/lg/ |Vh1‘2+Vlg/ Vhi1Vha,
Q Q Q

2V1

h h
og/ ha(V(hy + 77 hy)(2v1Viog hy) = 2ulg/ —2|Vh1\2 + —2Vh1Vh2.
Q o h hy

rJa
The sum of these two terms gives:

1
59/ h1V(h1 +h2)(21/1V10gh1)+g/ hg(V(hl+7’71h2)(2l/1v10gh1)
Q Q

h
:21/19/(1—|-f2

Vhi|?
; h1)| 1]

h
+2ulg/(1+—2)Vh1Vh2.
Q ’I"hl

Now, we change the tension term as follows:

° —B/ h1VAh1(2V1V10gh1) :21/15/ |Ah1|2
Q Q

3
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For the cold presure term:
816 l-o
. ,—6/h1V(h1_a)[2y1V10gh1}:V17a2/ IVh,? |2.
Q (a—1)2 Jo

Also we have
° — R‘/[h1VA25+1h1][21/1V10gh1} = 2V1R/ |A5+1h1|2.
Q Q

By bringing these results together and integrating between 0 and 7', we deduce the stated inequality. Which
completes the proof. |

Corollary 3.5. For (hy, ha,uy) solution of the system (3.1) — (3.3) the following bound holds:
Vvhi isboundedin L>(0,T;L*(), /hiA(w) isboundedin L*(0,T;L?(Q)),
Ahy s boundedin  L*(0,T;L*(Q)), Vhy isboundedin L*(0,T;(L*(Q))?),
A hy s bounded in  L*(0,T; L*(Q)), Vhf% is bounded in  L*(0,T; (L*(Q))?).

Proposition 3.6. If hy has the regularities established in Corollaire 3.3 and Corollaire 3.5, then there exist
constants ¢ and ¢ dependent on 6, K such that

c< hi(t,x)<¢c (3.13)

Remark 3.7. This result was first proved in [23] and also used in [11],[16].

Remark 3.8. In this paper, we impose a physical condition that is
— < C, where C €][0,1],see[24].

It implies that the tickness of the sediment layer is small compared to that of the fluid. Using this physical
condition, proposition 3.6 and the results in [16], we can prove the existence of solutions of our model.

Remark 3.9. Sobolev’s injections give us thanks to the estimentions of the Corollary 3.9 and corollairy 3.12 that
hiandu; areboundedin L°°(0,T; LP(Q?)) for p > 2. (3.14)

Theorem 3.10. There exists a global weak solutions to system (3.1) — (3.3) with initial data (3.4) — (3.5) and
satisfying the inequalities denined in the Proposition 3.2 and Proposition3.4.

3.3. Proof of Theorem 3.10

This section is devoted to the proof of theorem 3.10, in six steps. We can, thanks to the preceding estimations,
the convergence of the various terms which intervene in the equation. We exploit the ideas presented in [16].

3.4. Step 1: Convergence of the sequences (\/h1, )n>1, (h1,, )n>1, 1, and (ha, )n>1

:—/ hanuln —/uanhln,
Q Q

(v/h1, )n>1 bounded in L°°(0, T; L(2)).

From the mass equation, we derive:

d 2

il h
dt Jo |V

which allows us to have

3

s
2
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Corollary 3.5 gives us that || V\/h1, ||+~ (0,T;(L*())?) < c, so we obtain:

(v/h1, )n>1 is bounded in L>(0, T; H(Q2)). (3.15)

We still use the mass equation to have:

1
8“/ hln = 5 vV hlndivuln — le( hlnuln),
which gives that d;/h1,, is bounded in L2(0,T; H~1(Q)).
Applying Aubin-Simon lemma, we can extract a subsequence, still denoted (h1,, ), >1, such that
\/h1, converges strongly to \/hy in C°(0, T; L*(12)).

Thanks to the Remark 3.9 and Sobolev embeddings, we know that, for all finite p, \/E is bounded in
L°°(0,T; LP(Q)) with p > 4, and this to ensure that (hy, ), is in L>=(0, T; L*(Q)).
Equality Vhi, = 2y/h1, V\/hi, enables us to bound the sequence (Vhi,), in L*°(0,T; (LZ?TPP(Q)F) and
consequently, we have:

(hy, ) is bounded in L>(0, T; W7+ (Q)).

Let us now look at some properties of the derivative in time of k. The mass equation reads:

8thn = —le(hnun) = —\/hlnul,”V\/ hln - \/hlndiV hlnuln.

So, we get
2p
(hy,u1, ), bounded in L>(0, T; (L7+2(2))?) and (;h1, )., bounded in

L=(0,T; W76 (Q))
Thanks to Aubin-Simon lemma again, we find:

hi, —s hy dans C°(0,T; L7 (Q)).

Last, we consider the bottom term hy, : with Corollary 3.5 and the bound on (1/ha, )., in L>(0,T; L3(9)), we
know that the sequence (Vha, ), is bounded in L?(0; T; (L?(£2))?), which gives:

(ha, )n is bounded in L>(0, T} Hl(Q))

For the time derivative of ho_, we restart from Equation (3.3). We have:

. h 1
Oyhy, = —div(hy, u1, ) + &V - |(1+ —m?" )V (h, + ;h%) . (3.16)
1

n

According to the Sobolev embeddings, the first term is in WLt (€2), since hy, is bounded in L?(2) and us,
is bounded in LP(£2). The last term is in W~=11(Q).
We then deduce that

Oths,, is bounded in W~11(Q).

Therfore, thanks to the Aubin Simon Lemma, we get
ha, — hg Strongly in W_l’%(ﬁ).

Now we are interested in the velocity u;, . Thanks to the Corollary 3.3, Corollary 3.5 and the Remark 3.9 we

have
uy,, is bounded in L>(0,T; H'(Q2)).
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hu,

1 \Y%
—@(hlnuln) + uy,, Vuln + U%
hy " h

Also we have Qyuy, = , thanks to the Proposition3.6 and the Remark

n 1n

3.9, we have
Oyuy,, is bounded in W~ 11(Q).

The Aubin Simon Lemma ensures that

w1, — up Strongly in C°(0, T; W~ 11(Q)).

h
"2n and (1 + — ")V (h1, + Lho,)

3.5. Step 2: Convergence of the sequences

hi, 7‘h1n
We have ) )
ha,  ha ha, hi — hahy 4 hohy — hahy 2 2
n 2| _ |2 1 <Klhy —h hi, —h
e h he < Klha, = ho|" + |h1, — ha
thanks to the Proposition 3.6. According to the Step 1, we have
ha,  hol? h h
n 2| 50, then 2 22 strongly in L?(0, T; L(9))
hi, 1, hy
consequently,
h2n 1 ha 1 : 1 1
(1 + 7)V(h1n + *hgn) — (1 + 7)V(h1 + *hg) weakly in L (O,T; (L (Q))
rhy, r rhy r

3.6. Step 3: Weak convergences of h; VA25t1h; and hy V {hfﬂa]

Concerning the two terms, we have
hy, VA?**1h; bounded in

L2(0,T;W~"1()) and hy, V {hlﬂ bounded in LZ(0, T; L7+2 (Q2))

So, we have
hi, VA?5T1h,  converges weakly to hy VAZ*hy in L2(0, T; W~11(Q)),
and
h1, V [hf:‘] converges weakly to 1,V [hfo‘] in L*(0, T} Ltz (Q)).

3.7. Step 4: Convergence of Vh; and Ah,,
As Ahy, and Vhy, are bounded respectively in L?(0, T'; L?(€2)) and L°°(0,T; (L%(£2)), so we have:
Vhy, bounded in L?(0,T; H(Q2)).
»as hy uy, is bounded in L?(0,T; L?(£2)), we have
0yVhy, is bounded in L*(0,T; H%(Q2)).

Using the mass equation, one has 0;Vhy, = —Vdivhy uy

Then, applying Aubin-Simon Lemma, it follows that
Vhi, — Vhy strongly in L2(0, T; (L9(2))?), q € [1, +ocl.
But as we have shown that VA, is bounded in L>° (0, T’; (L?(£2)), hence
Vhy, — Vhy strongly in L?(0, T; (L*(2))?).
Thanks to the Corrolary 3.5, we have finally

Ahy, — Ahy weakly in L*(0,T; L*(£2)).

n

3

s
2

325



Yacouba ZONGO, Brahima ROAMBA, Boulaye YIRA and W. W. Jean De Dieu ZABSONRE

3.8. Step 5: Convergence of (h1, u1, )n>1

In the previous part, we proved that the sequence (hq, u1,, ), is bounded in L>°(0, T’ (L% (€2))?) where p is an
integer greater than four.Writing the gradient as follows:

V(hi,ur,) = 2v/h1,u1, Vi/ha, + /i, e, Vg,
since the first term is in L°°(0,7; L'(£2)) and the second one belongs to LZ(O,T;L%(Q)), we have:

(h1,u1, )n bounded in L2(0, T; W11(€)).
Moreover, the momentum equation (3.2) enables us to write the time derivative of the water discharge:

8t(h1nu1n) = —diV(hlnul” X uln) — ghLLV(hl" + hgn) + 2V1diV(h17LD(U1"))

h
_ghQnV(hln + %) + ﬁVAhln — 6h1nv l:hl_na:| _ Rhl,LVAQS-i_lhln

We then study each term:
e div(hy, ui, ®uy,) = div(y/h1,u1, @ \/h1,u1,) whichisin L>(0,T; W ~51(Q)),

e as hy, is bounded in L>°(0,T; LP(2)) and V(hy1, + he, ) isin L?(0,T; L?(2)), the we have:
hi, V(hy, + hs, ) bounded in L2(0, T; L#+2 (Q2))

e remark that
h1,Vur, = V(hi,u,) = ur, ® Vhy, = V(y/ b1,/ hi,u,) — 2/ by, w1, Vil (317

we know that the first term is in L°>°(0, T’ Wbt (€2)) and the second one in L>°(0, T'; (L(2)). So we have
hu D (u,,) bounded in L2(0, T; W™ 172 (Q)).

o Also, ho, is bounded in L°(0,T;L*(2)) and V(hy, + “2) is bounded in L*(0,T; L(R2)), therefore
ho, V(hi, + 22 is bounded in L2(0, T; L*(1)).

r

e We have Ahy, is bounded in L?(0,T; L?(f2)), so that hy, VAh;, is bounded in L%(0, T; W~11(Q)).
e One knowns that VA®h;, is bounded in L>(0,T; L*(2)) and A*T1h;, is bounded in L2(0,T; L?(£2)).

Thus hy, VA25T1h, is bounded in
L2(0,T: LN(Q)) C L2(0, T; W=11(Q)).

e Thanks to the Propesition 3.6, h; is bounded in L°°(0,T; L>°)), hence han{hlf‘} is bounded in
L2(0,T; W=L1(Q)).

Finally, note that this terms are included in L2(0,7; W ~%%(€)), which means that 9;(hy, uy, ) is also in this
space. Then, applying Aubin-Simon lemma, we obtain:

(h1, u1, )nstrongly converges to hiuy in CO(0, T; W11 ().

3
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3.9. Step 6: Convergence of (\/hy, U1, )n>1-

my,

Vi,

We will show the convergence of this term. We know that \;nhL
1n

2
/ lim inf M < liminf My < 40
Q 1. a b1,

As we have m,, = hy uj,,so,we have \/hy u1, =

is bounded in L>°(0, T'; L?(2)). Consequently

Fatou lemma reads:

Then, we can define the limit velocity taking uy, (t,z) = h(t x) ) ( hi, (t,x) # 0). So we have a link between
the limits m,, (¢, z) = hy,, (¢, z)uq, (¢, 2) and:

m; /
o h, Q
Thanks to the Remark3.9, we have:+/hy, |u|? in L?(0,T; L?()).
As (my,), and (hq, ), converge , the sequence of y/h; uj, converges to v/hju;.

Moreover, for all M positive, (\/h1,u1, 1|y, |<nr)n converges to /Ayl j<ar-
Finally, let us consider the following norm:

/ han1 \Ful
Q

Uy, 2 < 4oo =

_/ (’\/ﬁ% L, |<m — f“1u1|<M’

2
+’ \% hlnulnluln>M‘ + ’\/ﬁu11U1|>M’) S

2 2
+3/ ‘\/hlnulnl|u1"|>lw
Q

3/ ‘\/hlnu1n1|u1n|<ﬂf —\ hlull\u1|§M
Q
2
+3/ ’\/h1U11u1>M
Q

Since (vVhntn)n is in L>(0,T; LP(Q)), (\/h1,u1, 1ju,, |<ns)n is bounded in this space. So, as we have seen
previously, the first integral tends to zero. Let us study the other two terms:

S|
_MQ/

S i ¥
/Q‘\/h1u11|u1|>M Sw/hﬂul\ S

for all M > 0. When M tends to the infinity, our two integrals tend to zero.
Then

k
4§Wand

’ hy, ui, Ljuy, >0

(v/h1, u1, )nconverges strongly to \/hyuy in L*(0,T; L*(12)).

This ends the proof of Theorem 3.10.
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