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1. Taylor formulae based on linear differential operators

This section is based entirely on [4]. Here K denotes R or C.

Let I be an interval subset of R, and ¢ = (c¢g, ...,¢n) € R™*L ¢, = 1, n € N, and the n-th order linear
differential operator D, from C} (I) (n-times continuously differentiable K-valued functions defined on I) into
Cx (I) (continuous functions from I to K), where D, (f) := ¢, f(™ + ... + c1 f' + cof, with f € O (I). Let
we € C¢ (R) be the unique solution of initial value problem:

De(we) =0, wP(0)=0,1 (€{0,1,....0n—1}).
By Theorem 3.2 of [4], p. 1131, we have that
@) = (Tuoh) ( / Do (f) () we (x — 1) dt, (1.1)

where

=

n—

n—l—j
(Tue ) ( < ) D e (z - a)) : (1.2)
=0

j=0

<.

forallz,a € I.
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Next, let k € Ny, k < n,v € R, and we consider J,, 1,4 from R into R, given by

Tute 0= 3 Gl r (1.3)

which converges for all ¢.
A further interpretation of (1.1), see Theorem 3.3, p. 1132 of [4], given us

k-1 i on-t
j=0 ! j:k
+ / (f(n) (t) —vf™ (t)) T (@ — 1) dt, (1.4)

forall fe C% (I),n e Nandz,a € I.
Applications of (1.4) provide us the following interesting Taylor formulae of trigonometric and hyperbolic

types:
Theorem 1.1. ([4]) Forall f € C% (I) and a,x € I, we have

f(x) = f(a)cos(z —a)+ f'(a)sin(z —a) + /aC (f" (t) + f (t)) sin (z — t) dt. (1.5)
Theorem 1.2. ([4]) Forall f € C% (I) and a,x € I, we have
f (z) = f(a)cosh (z — a) + f' (a)sinh (z — a) + /m (f" (t) — f (t))sinh (z — t) dt. (1.6)

Theorem 1.3. ([4]) For all f € C4 (I) and a,x € I, we have

o (cosh(x—a);—cos(x—a)) P (sinh(m—a);—sin(x—a))
@) (cosh (@ — a)2— cos ( — a)) @ <sinh (@ — a)2— sin (z — a)>
[ - pap (PREEEREED ) g a7

Theorem 1.4. ([4]) Let o, 8 € R with o (a2 — 52) # 0. Then, for all f € C%- (I) and a,x € I, we have

o) — ) (52cos(a(x—agg:zjcos(ﬂ(x—a)))+

, B3sin (a(z —a)) — a?sin (B (x — a))
7@ aB (7= a?) )+
"y cos (a(x —a)) — cos (B (z — a))
o 7 a? )+
fm(a)(ﬂsln( (Ia)(/)BQ_Oé;lzn)( ($a))>+
* " 2 2 17 272 Bsm(a(m—t))—asin(ﬁ(x—t))
|G @ e s (t)+a6f(t))< G gy >dt. (18)
-
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Finally, we include the following result.

Theorem 1.5. ([4]) Let o, B € R with a8 (a2 - ﬂz) # 0. Then, for all f € C% (I) and a, = € I, we have

f (@) = f(a) (ﬂ cosh (a (x — 623 :32 cosh (3 (x —a))) )

, B3sinh (o (x — a)) — a®sinh (B (z — a))
e ( a8 (7 —a?) )+
' (a) (cosh( (z — 62; :(;c;sh( a(x — a))) N
£ (a) <asmh( (x — — )()62 _BziQn)h (a(x — a))> n
T e 2 2\ o 2 52 asinh (B (x —t)) — Bsinh (a (z — 1))
[ e ) 50+ o) ( A )i a9

In this article first we give the needed variants to Theorems 1.1-1.5, then based on these modified Taylor
formulae we derive several Ostrowski type inequalities. In between we deal with Opial type inequalities.

2. Main Results

We are inspired by [1]-[3].
We give the following Taylor formula results of trigonometric and hyperbolic types.

Theorem 2.1. Forall f € C% (I) and a,x € I, we have

f @)= f (@) = ' (@)sin (z — a) + 2f" (a) sin® (x > ) "

/w [(f7 (&) + £ (1) = (f" (a) + [ (a))] sin (z — t) dt =

f'(a)sin (z — a) + 2f" (a) sin? ($;G)+ .1)

/w [(f" (&) = " (@) + (f (¢) = [ (a))]sin (z — t) dt.
Proof. Here we use Theorem 1.1.
We have by (1.5) that
f(z) = f(a) = f(a)(cos(z —a) — 1)+ f'(a)sin(z — a)

+/ (f" (t) + f(t))sin (x — t) dt. (2.2)
(By cos2z =1 —2sin’ z, cos 2z — 1 = —2sin” z, and cos (x —a) —1=cos?2 (“"—5“) —1=—2sin? (Lga) )
Therefore it holds

Fo) - 1@ = =2f @sin? (T5%) 4 £ @sin (o - a

+/m(f”(t)—&-f(t))sin(x—t)dtz

i
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“2f (@sin? (150 4 £ @sin o = )+ (77 @)+ £ (@) (1 = cos )

+/ﬂwﬂw+f@»fgm@+f@m$M$,wﬁ
(=)
[

= f'(a)sin (z — a) 4+ 2f" (a) sin? (x ; a) N

a
x

= —2f (a) sin® + f'(a)sin (z — a) + (f" (a) + f () 2sin® (x ; a) i
+1(t)

) = (f"(a) + f ()] sin (x — t) dt

[ 160 +50) - " @ + 5 @)lsin e~ ) de

Above notice that (cos (z — t)) = sin (z —t).
The claim is proved.

Theorem 2.2. Forall f € C% (I) and a,x € I, we have

f(x)— f(a) = f' (a)sinh (x —a) + 2f" (a)sinh2 (I;a) N

/m [(f7 (&) = £ (£)) = (" (a) = f (a))] sinh (z — ) dt =

f'(a)sinh (z — a) +2f" (a) sinh® (%‘ 3 a) +
/gp [(f" () = " (a)) = (f (t) — f (a))] sinh (z — t) dt.

Proof. Here we use Theorem 1.2 (1.6).

Notice that (— cosh (z — t))’ = sinh (z — t).
By cosh 22 — 1 = 2sinh? , we get that cosh (z — a) — 1 = cosh 2 (352) — 1= 2sinh? (£52).

By (1.6) we obtain
f(x)— f(a) = f(a)(cosh(x —a)—1)+ f'(a)sinh (z — a)

+/w (f" (t) = f(t))sinh (z — t) dt =

2f@ﬁmﬁ(“§“>+f%@gmmx_@

+/I (f" (t) — f(t))sinh (z — t)dt =

2 (a) sinh? (“" ; ) 1 £ (a)sinh (z — a) + (/* (a) — f (a)) (cosh (¢ — a) — 1)

+ [T 0= £ 0) = (7 @) = £ @)l sih e — )t

o (a)sink? <x _ ) T (a)sinh (& — a) + (/" (a) — / (a)) (2sinh2 (ﬁ)) +

2.4)

(2.5)

(2.6)

Q2.7

e
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/w [(f" (@) = £ (1)) = (" (a) = f (a)] sinh (z — 1) dt

= f'(a)sinh (z — a) + 2" (a) sinh” (w 2 a) +

/ [(f7 (&) = £ () = (f" (a) = £ (a))] sinh (z — t) dt.
The claim is proved. |
Theorem 2.3. Forall f € C% (I) and a,x € I, we have
(snh(az a) +sn(w a)) n

F@ -1 @=1@
o (cosh z— a) — cos( )
f"’(a>(”h“” Gl

) et
5

[0 - @) - 50 - £ @) (Si“h ) ”) d.

Proof. Here we use Theorem 1.3 (1.7).
We have that

f(x) = f(a)=f(a)

+

(cosh ( — a) — 1) + (cos (z — a) — 1)
( : )+

o <sinh (x — a) +sin (z — a)) s

2
() (cosh (z —a) oo (@ — a)) . (sinh (z —a) - sin (z — a)) 09
# [ - g (eI g

7 (a) (smh2 (‘T 3 “> ~ sin? (I 3 “)) +

I <sinh(x—a)2+sin(x—a))+ 210

) (cosh(x—a)—cos(:c—a)) . (sinh(x—a);bn(z a)>

[ @ - o) - @ - g ) (AR
£ (a) <Sinh (x—a);—sin (x —a)) N

S

5
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) (cosh (z — a) — cos (z — a)) @ (sinh (z - a) —sin (z — a))

2 2

s o) (s (52) s (5)) + 1)
/ L @) - £ @) = (F 8 (@) (Smh o) st - t)) .

The claim is proved.

We continue with

Theorem 2.4. Let o, f € R with a8 (a2 — 62) # 0. Then, for all f € C%- (I) and a, = € I, we have

3sin (a(z —a)) — a3 sin T —a
f<x>—f<a):f/(a)</3 (o aﬁ?ﬁz_a?) (B( >)>+

BQ_QQ

£ (a) (COS (o (z —a)) — cos (B (x — a))) n

" 58111(0[ (x—a)) _O‘Sin(ﬂ(x_a))
/o ( aB (77 —a?) > i
2 (17 (@) + (02 + ) £1(@) (s (ae=a)\ _ , ,(Bla—a)
(aB)? (82 — a?) (ﬁ ( 2 ) ( 2 )) * @12
1 ¢ " 2 2 " 292 _
G [, [0+ @) 1 W+t )
(f"" (a) + (a2 + 62) " (a) +a?B%f (a))] [Bsin (o (z —t)) — asin (B (z — t))] dt.

Proof. We see that

I = f(a) (B (cos(a(z—a))—1) — (cos(ﬁ(x—a))—l)) _

52_02

f(a) (62 (cos (v (z — a))) — % — o (cos (B (z — a))) + a2) _

B2 — a2

‘o Kﬁ (cos (o (x — a))) — a2 (cos (8 <x—a>>>> B <ﬁ2 _a2ﬂ B

3o 32 a2
@ [(32 (cos (o (z — a)ﬂ)g : Zz (cos (B (z — a)))) _ 1] _ (2.13)
f(a) (52 (cos (a(z — a)ﬁ)g - Zz (cos (B (z — a)))) ~ fla).
That is (—a) B(a—a)
—2/32 sin? (X2 a?sin? (22
I* = f(a) ( ? ( 2 ﬁ)j; ( 2 )) - (2.14)
f(a) (52 (cos (a(z — a)ﬁ)g : zz (cos (B (z — a)))> ~ f(a). "
E
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By Theorem 1.4, we obtain

—22sin? (=) a?sin? (=2
f(:c)—f(a):f(a)( 267 sin? (24 ) + 202 sin? (205 ))+

627042

@ (53 sin (a (z — a)) — o sin (8 (z — a>>> .

af (8% —a?)
£ (a) (COS (o (x — 622) - ZC;S (B(z - a))) n
11 Bsin (a (z —a)) — asin (B (v — a))
" (a) ( B (7 — ) ) + (2.15)
(f//// (a) + (Oz2 +B2) f// (a) + a262f (a))
(8% —a?)
2 o (ale—a)) 20 _,(B—a
(st (55 ) - s (7)) +
1 ¢ " O[2 2\ g1/ a2 2 _
S | 07O+ 0+ ) 0+ 0t ()
(f" (a) + (a2 + 62) " (a) + 252 f (a))] [Bsin (o (z —t)) — asin (B (z — t))] dt.
Notice that
(cos (a(z — )" = —sin (a(z —t)) (—a) = asin (a (z — 1)), (2.16)
and
< cos (a (z t))> =sin(a(z —1)), (2.17)
and
/ B (sin (a (z —1t)))dt = g (cos(a(x—1))) ]2 == (1 —cos(a(x—a)))
-2 (:31112 (‘”2“”)) 2.18)
Similarly, we get
" as - sin? flz—a)
f/a asin (B (z —1t))dt = 3 ( < 3 >> (2.19)
Furthermore, we see that
o?B%f (a) ismz oz —a) — 2 gin2 B(z—a) _
T (e () e (5)
f(a) 2 gip?2 a(r —a) — 9202 sin? B(z—a)
e (e () et (S0 @
The claim is proved. |
We give
®
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Theorem 2.5. Let o, B € R and o3 (a2 — 52) # 0. Then, for all f € Cy (I) and a,z € I, we have

3 sinh (o (z — a)) — o sin T —a

" (cosh (8 (z — a)) — cosh (& (z — a))) .

[3270[2

” asinh (8 (x — a)) — Bsinh (a (x — a))
" (a) ( B (P —o?) > + (2.21)

9 (f//// (a) — (a2 T ﬂQ) f (a)) o sinh? M _ B24in2 M

(afB)? (82 — a?) < h ( 2 ) v ( 2 )>+
m / 0 - (0 + 67 £ (1) + 0262 () —

— Bsinh (a (z — t))] dt.

(f//// (a) o (a2 + 62) f// (a) + a252f (a))] [asinh (8 (l‘ —1))

Proof. We see that

J = f(a) (ﬂ (cosh (a (x — a)) 7512) : 32 (cosh (B (x — a)) — 1)) _ 2.22)
2 (cosh (a(z — a))) — o (cos T—a
o (Lleshlale— o) o o Gle—a)))
Hence (—a) Blo—a)
24%sinh? ( “2-4 ) — 202 sinh? ( 252
(e

fla (Femlelrm) e en Bl ),

By Theorem 1.5, we obtain

2ginh? (2Z=9)) _ 9424ipp? (L=
f(x)—f<a>—f<a>(25 1 (5) 2t (% >)+

B2 — a2

) <53 sinh (o (z — a))ﬁg—_aas;nh (z — a) > .
)

B
" cosh (8 (x — a)) — cosh (a (z — a)
@ 7o ')+
£ (a) (asmh (= %2 s :f hla(w—a) ) + (2.24)
(f////( ) ( 2+B2)f” +O¢2ﬂ2f( )
(8% —a?)

(stamemn (75) - oo (*5) )+
o | 00— (@ 8) )+ 0?5 1) -
e
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(f" (a) = (® + %) f" (a) + a®B*f (a))] (arsinh (B (z — 1)) — Bsinh (o ( — 1)) dt.

Notice that

(cosh (B (x —t))) = sinh (B (z — t)) (Bz — Bt)" = (2.25)
sinh (8 (x —t)) (—=8) = —Bsinh (B8 (z — t)),
that is ,
(—; cosh (8 (z — t))) = sinh (8 (x — t)), (2.26)
and ,
(_ﬁ cosh (8 (x — t))) = asinh (8 (z —t)). (2.27)

Thus, it holds .
/ o (sinh (8 (z — £))) dt = = (cosh (8 (x — £))) | =

B
—% (I =cosh(B(z—a))) = —% (—2) sinh? (6 (:172— a)) = % sinh? (B (x2— a)) . (2.28)
Le. "
/ asinh (8 (x —t)) dt = % sinh? (6 (xQ_ a)) , (2.29)
and
/ (—B)sinh (a (z — 1)) dt = f% sinh? <O‘(:”2_“)> . (2.30)
Furthermore 5 0o
I (o (5 B ()
(B;f(aiﬂ) <2a2 sinh? (6 (xz— a)) — 2% sinh? (a (m2— a)))
The claim is proved. |

Next come Opial type inequalilies, for basics see [2].

Theorem 2.6. Let f € C% (I), withinterval I C R, a,z € I, a < z, and f (a) = f'(a) = 0, withp,q > 1 :
% + % = 1. Then

[ 1 @I @)+ @)l <

274 (/j (/aw |sin(w—t)|pdt) dw)i </j lf” (w)+f(w)|qdw)3. (2.32)

Proof. By Theorem 1.1 we have

f@)y= [0 (f" )+ f(t)sin (z — ) dt,
and (233)

Fw) = [7(f" (&) + f () sin (w — ) dt,

fora <w < xz.
By Holder’s inequality we have

Fl < [T17 O+ 7 Ol - o] di <

e
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(/ |sin (w —t|pdt> (/ |f” (t +f()|th> . (2.34)

Call
> (w) = / £ () + F () dt, 2 (a) =0, a < w < z. (2.35)
Then
2 (w) = [f" (w) + f (w)|, (2.36)
and

Q=

I (w) + f(w)| = (2 (w))?, alla <w < x.

Therefore we have (all a < w < x)

|f ()] [f" (w) + f (w)] <
(/wsin(w—t)|pdt)p(z(w)z’ (w))? .

[ @15 )+ 7 @)l aw <
[ ([ sntw-ora) " (e ) ) <
(i) (fos) = om
([ ([ sme-ora) dw>; ([ zwa=w) -
([ ([ oy -

| e " = (2.39)
(/ (/w t)| dt)d ) (o f“<t)2q (1) dr) "

The claim is proved. |

Q=

(2.37)

hence it holds

Next come several similar results.

Theorem 2.7. Let f € C% (I),a,x € I, a <z, and f (a) = f'(a) =0, withp,q > 1: % + = =1. Then

1
q

/m 1 ()] 1 (w) — f ()] dw <

([ ([ ra)a) ([ - rora). am

Proof. By Theorem 2.6, use of (1.6). [ |

10
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Theorem 2.8. Let f € C4 (1), interval [ C R, leta,z € I, a < z, f(a) = f'(a) = f"(a) = f" (a) = 0,
withp,q > 1: %—l—% = 1. Then
1|1 ) = £ ()] dw <
9~ (1+3) (/T (/w |sinh (w — t) — sin (w — )" dt> dw) ’
(/ 1 (w) - f<w)\qdw>". (241)
Proof. As in Theorem 2.6, use of (1.7). |
Theorem 2.9. All as in Theorem 2.8. Let o, B € R : a8 (a2 — 52) # 0. Then
[ @I )+ (@2 + 67) 57 () + 0252 (w)] dw <
W </ (/w 1Bsin (a (w — £)) — avsin (8 (w — t))pdt> dw)p
( / 7O () + (o2 + B2) " (w) + 25 f ()| dw) " (2.42)
Proof. Asin Theorem 2.6, use of (1.8). |
Theorem 2.10. All as in Theorem 2.8. Let « € R, o # 0. Then
[ 17 @ |19 () + 20257 () + ' ()] dw <
1; (/I </w |sin (o (w — 1)) — o (w — t) cos (o (w —t))|” dt> dw> ’ (2.43)
25+1043 a a
([ 17w+ 2020 ) + 0t @) )
Proof. Asin Theorem 2.6, use of Corollary 3.8 of [4], p. 1135. |
Theorem 2.11. All as in Theorem 2.9. Then
[ 17 @I )= @2+ 6%) 57 () + 0?32 () dw <
W </; (/aw |asinh (8 (w —t)) — Bsinh (a (w — t))pdt> dw> ’ (2.44)
(/ f(4) (w)_(a2+62)fl/(w)+a2ﬂ2f(w)‘qdw>q
Proof. As in Theorem 2.6, use of (1.9). |

S

Sy

11
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Theorem 2.12. All as in Theorem 2.10. Then

/j £ )79 () - 20% 7 () + 0 ()| o <

1

ﬁ </ (/w lov (w — t) cosh (a (w — t)) — sinh (o (w — t))|pdt> dw> ’ (2.45)
([

Proof. As in Theorem 2.6, use of Corollary 3.10 of [4], p. 1135. [ |

2
q

(w) — 202 f" (w) + o f (w)‘q dw)

We finish Opial type inequalities with the following general result.

Theorem 2.13. Letn € N, ¢ = (co, ...,cn,) € K" withe, =1, f € C% (I) and z,a € I, a < z, with interval
I C R Let, also p,q > 1 such that % + % = 1. Assume further that f) (a) =0, j = 0,1,...,n — 1. Then

/ "1 )] De () (w)] duw < (2.46)

([ ([ waoraa) ([ o)’

Proof. By Theorem 3.2 of [4], p. 1131, for z,a € I, we have

f(@) = (Taef)( / D, ( we (z —t) dt, (2.47)
where
n—1 n—1—j '
Toef)( < Z Civjw (x— a)> ) (2.48)
=0 i=0

Because fU) (a) = 0,5 =0,1,...,n — 1, we get
@ = [ DD W ta =ty (2.49)

The rest of the proof as similar to Theorem 2.6 is omitted. |

Next we present Ostrowski type inequalities involving ||-|| . For basics see [2].

Theorem 2.14. Let f € C3- ([c,d)]), a € [c,d], such that f' (a) = f" (a) = 0. Then

1)
1 d [(d —a)’ + (a—¢)®
= [ @@ <1 (2.50)
2) When f' (ng) =f" (ng) =0,and a = #, we get
d d d 2
‘dl/ Frde -1 (50| < 1 @51
S

12
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Proof. By Theorem 2.1 (2.1) we have
(2.52)

Let z > a, then

[f () = f(a)] < /x (S (@) + £ (8) = (f" (a) + f ()] |sin (z — )] dt

< /w [(f" (&) + £ 1) = (f" (a) + £ (a))| dt

_ 2
<l Pl [ e-aa= e S @53

a

Let x < a, then

-(f (@)= f(a) = /a [(f" (a) + f(a)) = (£ () + f (1)) sin (z — t) dt.

Hence u
£@) = F@I< [ 107 @+ £ @)= (7 @)+ F (@)l sin o~ o) d
ST N TR S TR N G NG N RE
Therefore
7 @)— fla)) < 2 e 2, @:55)
Vaeled.

We observe that
<

d
e G R

: /Cdf<x>—f<a>|dxgdic(”f"’zf’”oo)/Cd@;_afdx:

d—c
“f///+f/||oo a d B
72@_0) [/c (a—x)2dx+/a (x—a)2dx1_

d
[ F@d- @

et [a=a)l+ - 1] - 256
Hf///+f/||oo -
pceral CaU RN b

(L0 [+ 0]

The claim is proved.

Using |sin 2| < |z|, we obtain an alternative Ostrowski type inequality.

e

13
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Theorem 2.15. All as in Theorem 2.14. Then

1)
— /f )dz — f

4) = 17 () = 0.0 =

2) When f' (<
d
[ r@an-r (57

[(d — a)4 + (a — c)4
<"+l 24d—0) ; (2.57)

ng, we get that

d* 3
< ||f’+f”’||oo( 1920) - (2.58)

d—c /.
Proof. Again by Theorem 2.1 (2.1) we have
f(x)—f(a)= / (" (&) + f (1) = (f" (a) + f (a))]sin (z — 1) dt. (2.59)
Let x > a, then
(a)| < / [(f" (@) + f (&) = (f" (a) + f (@) [sin (z — t)| dt
<|If" +f’||oo/ (t— a) [sin (z — )| dt
<"+l /z (z—t)* " (t—a)* "dt (2.60)
r@2)r —a)®
Hf/// + leoo (I2‘)(4)<2) (:L‘ N a)S _ Hf/// + f/Hoo (-’L‘ 'a) )
That is 5
F@ - f@l <+ 7, T 2.61)
Let x < a, then
—(f(z) = f(a) = / [(f"(a) + f (a)) = (f" (¢) + f (t))] sin (x — 1) dt. (2.62)
Hence
f@l< 1 @+ £ @)= (¢ 0+ £ @)l sin o - o) d
<"+ 7l / @=0fe—tae= "+ £l [ @-0P " a-0 e e
RY:
_ ||f/// + f/HOO F(]-%)(Z)(Q) (CL _ $)3 — Hf/// _|_f/||oo (CL 'QZ‘) )
That is 5
@) - @l <57+ ) = (2.64)
Next we observe that
T / f(x)dx — < a)|dx
e
T

14
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< 1"+ fllog [/a(a—x)gdx+/d(x—a)3dx]

— 3l(d—-¢)
|

The claim is proved.
We continue with more involved Ostrowski type inequalities.

Theorem 2.16. Let f € C3 ([c,d]), a,x € [c,d], and assume that f@(a)=0,i=1,2,3,4. Here a,3 € R :

af (a2 — 52) # 0. Then

1
) ) ]
[ F@de-fa) < (2.66)
(lal+ B | £ + (2 + 82) f® + B2 || 3 3
6]aB (32— B (d— @-+ =07,
2) When ) (<52) = 0, i = 1,2,3, 4, we have:
1 d d c+d <
m/c f(x)de — f 5 <
(lal + B [[f® + (o + B%) FO + o282 f||
24|af (8% — a?)| (d=c). 267
Example 2.17. (t0 (2.66)) Let o = 1, § = 10, then
1 d
[ f@defa) < 2.68)
G +101F® 4+ 100
H 540 (d —¢) = (- +(@=o].
Example 2.18. (10 (2.67)) When o = 2, § = 1, we get
(5) (B) g
< |72 457 + 47 (d—c). (2.69)

diC/cdf@)dx—f(C;d)

Proof. (of Theorem 2.16) By Theorem 2.4 (2.12) we have:

48

1
f(x)—f(a)zm

/x [(f//// (t) + (a2 Jr62) f// (t) +a252f (t)) _
(f"" (a) + (a® + %) " (a) + a5 f (a))] [Bsin (o (z — 1)) — asin (B (z — t))] dt

OO/:(t—a)dt:

Let x > a, then
[f (@) = f(a)] <

Ry

15

(2.70)

Jie
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2i (z—a)®. (2.71)

+18
s e o IO )

Let x < a, then

1
—(f(x)=f(a) = m
/ [(F"" () + (@ +5%) f" (1) + B2 (1)) —

(f"" (@) + (a® + B%) f" (a) + a®Bf (a))] [Bsin (o (z — 1)) — asin (B (x — 1))] dt. (2.72)
Hence we have
|f(z) = f(a)] <
a(ﬁ?}aj 18 |Hf5)+ o? + B2) f® + a?3%f' m/m (a—t)dt =
2
e er] S o
Therefore it holds
al + a? + B82) £3) 4 a2B2 f/
o) = 7 (o < LS 2|Q(WQB)§| e 4 aye, @.74)
Ve led].
‘We observe that
d
ﬁ/ fz)de —f a)ldx <
(|Oé|+|ﬁ‘)”f(5)+(0é2+62) f(3)+a2’82f/||oo d ) B
21aB (B2 —a?)] (d— ) [ =
(lal + 18) [| £ + (@ + 8%) f&) 4+ o262 f
H6|a5(ﬁ2_a2)|)(d 3 e [a—c)3+(d—a)3 . 2.75)
[ |

The claim is proved.
A long alternative Ostrowski type inequality follows.

Theorem 2.19. Let f € C% ([¢,d]), a,z € [c,d], and assume that f
af (042 — 52) # 0. Then

) (a) =0,7=1,2,3,4. Here o, 3 € R :

1)
d
. / f(@)dz - f ()] < 2.76)
159+ (02 + ) /O ot p L
12182 — [ ([d—0) [@-a)+a-oT.
2) Above let a = #, then
1 d d
= [t (50 <
G) 4 (a2 + B2) fO®) 4 o282 f
Hf (0‘ 9652)fa2 i HOO (d_0)3~ 2.77)
S
M
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Example 2.20. (t0 (2.76)) Let o = 1, § = 10, then

d
i [ T@in- 1) <

|£®) +101£®) +10047]| . .
1188 (d —c) [(d_a) +(a_c)}'

Example 2.21. (t0 (2.77)) When o = 2, B = 1, we get:

- 288

L /f (c+d) g

Proof. (of Theorem 2.19) By Theorem 2.4 (2.12) we have:

1
f(x)—f(a)zm

/93 [(f//// (t)Jr (a2+52) f// (t)+0[2ﬂ2f(t)) _

(£ (@) + (a2 + 5%) 1" (@) + 028 ()] [Bsin (@ — 1)) = asin (8 (@ — 1)) .

Let x > a (by |sinz| < |z]), then
|f (@) = f(a)| < m Hf
| t=alsllat o]+ lal5 @ - ol

(5) (3) /
5O +570 47

Ol +,82) f(S) +C¥252 /

3

B |aﬂ(25|3€|a2 | Hf(5)+(o‘2+ﬁ2) O +a?p?f DO/: (z —1t) (t —a)dt
2 2 2 209 g1 (x—a)3
:W\\f‘“(a -5 19 oy O
3|52 2|’ FO 4 (a2 + B2) O + o262 Oo(a"*a)?)-
So, when = > a, we get that
(J:—a)3

f (@) - <>|_3|52 o [0+ (0 +87) 1O 4

Let x < a, then

1
~(F @)~ @) = Gy
/a [(f,/// (t) + (042 + ﬁ2) f// (t) + a262f (t)) o

(f//// (a) + (a2 + 62) f” (a) + a2ﬁ2f (a))] [ﬁ sin (o (z —t)) — asin (8 (z — t))] dt.

Hence (by [sinz| < |z]), we get that

If () — f(a)] < m Hf(5) + (o + 2 O 4 o2

17

621

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)

(2.83)

(2.84)

e
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/a (a—=t)[18]al (¢t —z) + | |B] (t — z)] dt
/ Oo/a(a—t)(t—a:)dt

R
(a —2)*

3!

Zﬁ“f@—l-(aQ—l-BQ) O 4 o232y
(a—x)s.

= s |1+ (@2 8 70 4

So, when x < a, we got that

@) = £ @)] € gz |1+ 02+ 87) 19+ a282p |
We observe that
i / f(z)dx — a)ldx <
3162 - a%< Hf”+(1+ﬂ)ﬂ3+a%2

[/Ca(a—x):gdx—k/ad(x—a)?’dx

||f(5) + (a2_|_52) f(S) +a2ﬁ2f/Hoo A A
127 —a? ([d—0) (- +@=o].

The claim is proved.

More Ostrowski type inequalities follow regarding ||-|| »P =1

Theorem 2.22. Let f € C% ([c,d)), a € [c,d], and assume that f' (a)

1 d
= [ f@de- )<

[@= )"+ £ = F @y ey + @ =D 1"+ F = F (@l 0]

(a—z)*.

a) = " (a) = 0. Then

d—c
Proof. As in the proof of Theorem 2.14 (2.53):

let x > a, then .
|f(z) = f(a)| < / (&) + f(t) = fla)]dt <

d
/'W%w+fw—fmﬂmzuﬂ+f—fmwhwﬂy

Next let z < a, by (2.54) we get that
o< [ 1f@- 10~ 1)<

/'W%w+fm—fwnﬁ=HW+f—fmmm¢my

18

(2.85)

(2.86)

(2.87)

(2.88)
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i /f de — f
_c/ f (2) = f ()| do =
ICVC“W) |da:+/ e dx]_

Hence it holds
<

d—c

d
/ (f (@) — f (a)) da

1
— 17"+ 1 = F (@) gy o (@ = )+ 1"+ 1 = 1 (@) 1y (= )] 290)
proving the claim. |
Theorem 2.23. All as in Theorem 2.22. Then
1 d
ﬁ/ f@)de — f(a)| <
[(@= P 15" + = F @l oy + @ = @ 15"+ F = @), 0 o)

2(d—c)

Proof. Asin (2.60) for z > a, we get
(a)| < / [(f" (@) + £ () — f (@) sin (z — 1) |dt <

d
/ [(F" @O+ f@®) = fla)l(@—t)dt < (x—a)[lf"+ f = F (@)L, (0 - (2.93)
Also, as in (2.63) for z < a, we have
1< [ 17(@ "0~ f @) sin (@ 1) de <
/ |f(a’)_f/l (t)—f(t”(t—f)dtg (a—l') ||f”+f—f(a)||L1([c,a])' (2.94)
Hence it holds (see (2.91))
1 d
E/ f(z)dz — f(a)| <
d_c[/ r@-r@ies 16 dx]_
[fwf f(a >HL1<WD/ (a— ) dot
d
If" +f—f (@2, (ja,a)) / (x—a) dm] = (2.95)
1 " (a — 0)2 " (d — a)2
T (W= F@lyeay =5 HIF+F = F @ qaay =5 |
proving the claim. |
S
Sy

19



George A. Anastassiou

Theorem 2.24. All as in Theorem 2.22. Let also p,q > 1 : % + % = 1. Then

d
[ r@de-fa) <

177+ 1 = £ (@) oy (@ = O+ 11"+ = F (@) (4= @)
. (2.96)
(1 + %) (d—c¢)
Proof. Let z > a, as in (2.89), we get
@l< [ 1" ®+£0) - F@ldi <
([irw+sc <>|”dt> ([ 1) <
1"+ = £ (@)1, o (=~ a)7 (2.97)
Let z < a, as in (2.90), we get
@l< [ 17 ®+ £~ 1 (@)]de <
([urw+sa <>|”dt) ([ra)
1"+ F = £ (@), ey (a— 2)7 - (2.98)
Acting as in (2.91) we obtain
d
ﬁ/c fx)dx — f(a)| <
1 a
d—CVc r@ s @l [(15) - @) ie <
{nf" FF = @y / (a—2)} dot
d 1
If"+f=f (a)HLp([a,d])/ (x—a)s dl‘] =
1 7 (CL B C)H_%
— I+ =@l ey 77—+
d—c [ (1+1)
d—a)ts
1"+ f = f @z, aa % ; (2.99)
(1 + a)
proving the claim.
Sat
i
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Theorem 2.25. All as in Theorem 2.24. Then

d
| f@de-fa

(= 18"+ F = F @y ey + @ = T+ F = F @, 0

1 (2.100)
(a+1)7 (2+1) (@0
Proof. Letz > a, as in (2.93), we get
(a)] < / [(f7 () + £ (1) = f(a)l(z—t)dt <
([1rare <>Fw) ([ @-orar)’ <
" (.22 _ a)%
"+ r=f wd) 1 (2.101)
| (@), (o) @1 1)
Also, when x < a, by (2.94) we obtain
ans/'www+f@—wa@fmﬁs
([irw+ic (Wﬂﬁ ([ -ara) <
" (a B m)%
Lfo oy = (2.102)
If f f(a)HLp([ ,a)) (g+1)}
As in (2.95) we derive
d
‘dlc/lﬂwdw—fa <
1Cl/|f@) e+ [(17 @) g @l <
” fc (a — az)% dz
+ —+
||f f f( )”LP([c,a]) (q+ 1)3
4o By
U”+f—fWH%@my&CU(le1= (2.103)
(g+1)s
1 " (a B C>(I(Tl+1
[ _|_ —_ n
T {f f=F @I, (ea) Y (T N 1)
" (d* a)%Jrl
I+ =@l a T =
DLy (o) @+1) (qzl +1)]
(17 + £ = £ @l oy (@ = 5+ 17+ £ = F (@), 0.y (4= @) 7]
; , (2.104)
(a+1)7 (2+1) (@0
proving the claim. |
S
i
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We continue with more involved L,, p > 1, Ostrowski type inequalities.
D;a€le,d:fD(a)=0i=1,234.Here, €R: aff (a? — 3?) #0.

(lof +|51)
(Iaﬁ (8% — a?)| (d — c)> (2.105)

_|_

Theorem 2.26. Let f € Cy ([c,d

Then
p— / f(x)de — f

[(a=) £+ (2 + 82) 1" + a282f = a2 F (@)]|, 1oy

(d— a) ||f//// + (a2 _,'_ﬂQ) f” -+ a2/32f _ a252f (a’)HLl([a,d])} .
Proof. By (2.70) we obtain (x > a)
(el +181)
[f () = f(a)] < (WW)

/95 ! [(f,/// (t) + (a2 +52> f” (t) =+ a252f (t)) _
(f"" (@) + (a® + B%) " (a) + a®B>f (a))]] dt <

(|a5|04|ﬂ;i-_|5a2 > / |f//// a +62) f// (t) +042ﬂ2f (t) _ a252f (a)‘ dt — (2.106)
+ 1" 7
(M) £+ (0% + 82) f" + o B2 F = 2B ()|, (o -
From (2.72) we get (z < a)
[f(z) = f(a)] <
<aﬁ|aﬁj—|ﬂc|y2 )/ |F7" () + (@2 + B2) " (1) + a® B2 f (t) — a?B%f (a)] dt < (2.107)
(w'a'?—'ﬂaz ) [ @+ @24 ) £ 0+ @25 1) - 0?57 (o) e =

(o%) 177+ (o + B%) f7 + o282 — ®B2F (@) 1, o)) -

By (2.91) we get that

d
i [ T@in- 1) <
dic l/alf(x) Id:v+/ f (z dx] < (2.108)

(Iaﬁ Ia|+|ﬁ\ C))

77+ (0 + 82) 7" + a2B2f 2ﬂ2 F @4, e €

a—c)

FP (07 4 82) £ + 0282 — B (@) gy (- )]

The claim is proved.

The counterpart of (2.105) follows.

e
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Theorem 2.27. All as in Theorem 2.26. Then

1 [ !
ﬁ/a fleyde = f (o) < G a7

(=0 £ + (02 + ) §" + B = @*BF (@) 1, oy +

(d . a)2 Hf//// + (az + 52) f” + a262f _ a262f (a)||L1([a,d]):| . (2.109)
Proof. By (2.80) we have (x > a)
1
|f (@) = f(a)] < m
/I [f7 () + (o2 + B%) f7 (1) + @282 f (t) — a®B% f (a)| 2] (x — t) dt < (2.110)
ﬁ / ) ") + (o 4+ 8%) f" (1) + ?Bf (1) — o® B2 f (a)| (x — 1) dt <
2 B " "
S 7 (@24 ) £ 05 = 0288 @]
When z < a, by (2.84), we obtain
1
‘f(x) _f(a)| < m
/ [F7 () + (0% + %) f" (1) + a®B2f (t) — a?B%f ()] 2|af| (t — x) dt <
ﬁ /w £ @)+ (o® + B%) f7 (t) + B2 f (t) — 2B f (a)| (t — 2) dt < (2.111)
2 — 1" "
ZE D (@24 ) 1 05 = @282 @] ey
By (2.91) we get that
d
= [ f@de- )<
1 a d
d_c[/c f@) =@+ [ f(fv)—f(a)dx]<
2 1" 1 “
(d—c)|p? - a?| {Hf +(®+82) [+ ?Bf = ® B (@), o) /c (a-a)do
d
+ ||f//// + (a2 + 52) f// + a252f _ a262f (a)HLl([a,d]) /a (z—a) dx] = (2.112)
]‘ " 1"
@oamEa (@ I+ @ 4 ) 1+ 0% = 0P )]
+ (d* a)2 ||f//// + (Oz2 +52) f// +O‘262f o a252f (a)}|L1([a7d])} .
The claim is proved. |
S
Sy
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The counterparts of the last two Theorems 2.26, 2.27, for p > 1, follow.
Theorem 2.28. Let f € Cf ([c,d)), a € [c,d] : f9(a)=0,i=1,2,3,4. Herea, 3} €R : a3 (a2 — ,82) £ 0.
Letalsop,q > 1 : %—1— % = 1. Then

S( (1ol +181) )
a8 (82 )| (d—c) (1+1)

[(a= o) 0 [+ (a2 + %) £+ 0282 = a2B2F (@), oy +

d
[t s @

(d— a)l-s—g Hfm/ + (a2 + B2) f7 + 022 — a2ﬁ2f(a)”Lp([a,d]):| . (2.113)
Proof. Let z > a, by (2.106), we obtain
(Jo| +18])
- 1) < ()
J UG @+ (04 82) 17 @)+ 0?52 (1) - 0285 (@] de <
< (Jaf + 18]) >
laf (62 — a?)|
( / Z f7 (1) + (% + B%) " (1) + o® B f (t) — &?B° f (a)]” dt) "o—a)t < (2.114)
(%) £ + (02 + B2) £ + o2B2f — azBQf(a)HLp([a,d]) (« — a)% _
Let x < a, by (2.107), we get
(la| +18])
|f () = f(a)] < (WM)
/ [(f"" (8) + (2 + B8%) " () + B2 (1)) — o?B2f ()| dt <
( (lef +181) )
laB (8% — a?)|
( / ’ [F7 (1) + (% + B%) [ (1) + o* B2 f () — @?B7 f (a)|” dt) "a—a)t < (2.115)
<|ag?|ﬁ:—|ﬂa)2)l> 177+ (@2 +6%) f" + o*B2f — o®6%f @z e (@ = ).
By (2.91) we get that
d
[ f@defa) <
a d
dicl/|fu>,ﬂ@wx+/'f@of@)@]g
( (Jaf +18]) )
laB (82 — a?)|(d —¢)
e 3
T

24



Opial and Ostrowski type inequalities based on trigonometric and hyperbolic type Taylor formulae
|74 (@2 4 6) £ 4 @25 = 05 @) oy ([ a1 )

d 1
+ ||f//// + (a2 _|_52) f// +a252f —_ a2ﬂ2f (G)HLP([a,d]) (/ (JC — CL)E dl?)] =

(Jol +18])
aB (82 = a?) (A=) (1+1)
(=) 5T || 7+ (024 B%) £+ 0282f = ®B2f ()|, oy +
(d=a) T [|f" (0% + B2) " + 0?82 = 0B (@], 0]

The claim is proved.

At last we give

Theorem 2.29. All as in Theorem 2.28. Then

d
— [t s @

2
=5 —al @+ 0t (2+1)@-o

(0= 0 [/ + (a2 + 82) "+ 0*82f = a*B2F (@), oy +
(d—a)*ts £+ (o +B%) [+ *B°f — o*B°f (a)HLP([a,d]):| :

Proof. Let x > a, by (2.110), we get that
2
|f(x) = f(a)] < W

1
P

/ U0 4 (0 4+ ) £ (8) + 0282 F () — o2 ()] (x — ) dt <

e ([ 1@+ @5 ) 70+ 025 0 - 02 @ )

(/:(x—t)th>qg

a+1
2 (;13_ a)T
f////+ a2+ﬁ2 f//+a2ﬁ2f_a252f(a) )
|ﬂ2 _ a2| H ( ) HL,,([a,d]) (q+ 1)%
Let x < a, by (2.111), we derive
2

|f($)_f(a)| < W

/ 1)+ (02 4 B2) £ () + 0282 F (1) — o2 B2F (a)] (¢ — x) di <

=

P

(/a [f7 (1) + (0 + B%) £ (1) + 2B f (1) — o5 f ()] dt)

2
182 — a2

25

(2.116)

2.117)

(2.118)
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1

(/:(t—x)th)q <

q+1

2 (a—x)a

o Hf//// + (a2 + 62) [+ a?B2f —a?B2f (G)HLP([C,G]) (@t 1)% (2.119)
Finally, by (2.91) we get that
1 d
= [ f@de- )<
1 a d
d—CV F @ f@ldot [ f<x>—f<a>dx]g
2
182 = a?[ (g +1)% (d— o)
|:(/(a_$)q-(¢1—1 d.’l?) Hf/l//+ (a2 +ﬂ2) f//+a262f_a262f (G)HLQ([C’Q])
d g+1
+ (/ (—a)“c dm) Hf/m + (a2 +52) f/l+a252f_a2ﬁ2f(a)||Lp([a,d])] = (2.120)
2
82— (g +1)% (2+ 1) (d—0)
[(a _ C)2+§ Hf/m + (a2 + 52) f” + azﬁzf _ a262f(a)HLP([c,a]) +
(d— a)Q-‘r% Hf//// + (062 +62) f// +a2ﬁ2f _ O(QﬁZf(a)HLp([a’d])} .
The claim is proved. |
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