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Abstract. In this work, Gaussian Tribonacci functions are defined and investigated on the set of real numbers R, i.e., functions
fe:R — Csuchthatforallz € R,n € Z, fa(x +n) = f(x +n) +if(x +n — 1) where f : R — R is a Tribonacci
function which is given as f(z + 3) = f(z +2) + f(z + 1) + f() for all z € R. Then the concept of Gaussian Tribonacci
functions by using the concept of f-even and f-odd functions is developed. Also, we present linear sum formulas of Gaussian
Tribonacci functions. Moreover, it is showed that if f is a Gaussian Tribonacci function with Tribonacci function f, then

lim f?éz(:)l) = aand lim f%‘(;ﬂ;) = a + i, where « is the positive real root of equation 2® — 2> — 2 — 1 = 0 for which
r—r0o0 r—o0

a > 1. Finally, matrix formulations of Tribonacci functions and Gaussian Tribonacci functions are given. In the literature,
there are several studies on the functions of linear recurrent sequences such as Fibonacci functions and Tribonacci functions.
However, there are no study on Gaussian functions of linear recurrent sequences such as Gaussian Tribonacci and Gaussian
Tetranacci functions and they are waiting for the investigating.

We also present linear sum formulas and matrix formulations of Tribonacci functions which have not been studied in the

literature.
AMS Subject Classifications: 28A10.
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1. Introduction

A function f defined on the real numbers R is said to be a Fibonacci function if it satisfies the following
relation

fle+2)=flz+1)+ f(z)
*Corresponding author. Email address: gocenm @hotmail.com (Melih G6cen)
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On Tribonacci functions and Gaussian Tribonacci functions

for all x € R. First and foremost, Elmore [2], Parker [8] and Spickerman [12] discovered useful properties of the
Fibonacci functions. Later, many renowned researchers such as Fergy and Rabago [3], Han, et al. [5], Sroysang
[14], and Gandhi [4], have devoted their study to the analysis of many properties of the Fibonacci function.

A function f defined on the real numbers R is said to be a Tribonacci function if it satisfies the following
relation

fle+3)=flz+2)+ fle+1)+ f(2)

for all z € R (a short review on Tribonacci functions will be given in this section below). Some references on
Tribonacci functions are Arolkar [1], Magnani [6], Parizi [7] and Sharma [10].

A function f defined on the real numbers R is said to be a Tetranacci function if it satisfies the following
relation

fla+4)=flz+3)+ flz+2)+ f(z+1)+ f(z)

for all x € R. See Sharma [11] for more information on Tetranacci functions.
More generally, a function f defined on the real numbers R is said to be a k-step Fibonacci function if it
satisfies the following relation

fatk)=fl@+k-1)+flz+k-2)+ flz+k—=3)+...+ f(z)

forall z € R. See Sriponpaew and Sassanapitax [13], and Wolfram [18] for more information on k-step Fibonacci
functions.

Before giving a short review on Tribonacci functions, we recall the definition of a Tribonacci sequence. A
Tribonacci sequence {7}, }n>0 = {Vn(T0, T1, T2) }n>0 is defined by the third-order recurrence relations

Tw=Th1+Tho+T, 3,

with the initial values 7o = 0,77 = 1,71, = 1.
Next, we present the first few values of the Tribonacci numbers with positive and negative subscripts:
n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
T, 0O 1 1 2 4 7 13 24 44 81 149 274 504 927
T, .. 01 -1 0 2 -3 1 4 -8 5 7 =20 18
If we let ug = 0,u; = 1,us = 1, then we consider the full (bilateral) Tribonacci sequence {u, }5° _  : .
,—3,2,0,—1,1,0,0,1,1,2,4,7,13, ..., i.e. T_,, = T2 + Toy, + TpioTy — 4T, 11T, [see 5, Corollary 7] for
n > 0 and u,, = T,,, the nth Tribonacci number.
A function f : R — R is said to be Tribonacci function if it satisfies the formula

fle+3)=fle+2)+ flz+1)+ f(z)
for all z € R or equivalently
f@)=flz=1)+flz—-2)+ f(x—3)

forall z € R.
Note that
f(SC + n) == Tn—lf(x + 2) + (Tn—2 + Tn—3)f(x + 1) + Tn—2f(x) (11)

forallz € Randn € Z.
We next present the Binet’s formula of f.

Lemma 1.1. /5, p.141] The Binet’s formula of f is

Ky (52) + K
f@) = K10 + Kpa ™% cos(0x) + a~*/? K (557) + Ky sin(0x),
1
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where
_ f(0) f() f(2)
Ky = a—DBatD) 3o+l (@-1)Batl)
Ky = f(0) — K,
. - K —alf(2) - f(1) ~ f(0)
3 — 012 )

0 = arccos (120‘\@) )

Note that this formula does not use complex roots.
Next, we list some examples of Tribonacci functions.

Example 1.2.

(a) [5, Example 2.1]
fR=R flz)=a"

3_ 42

is a Tribonacci function, where o is a positive root of equation x —x — 1 = 0and « is greater than

one and given as

o L+ V194 3V33 + /19 - 3V/33

3
The other two roots are
5 1+wV/19 + 3v33 + w? /19 — 333
= 3 ,

and

L 1+ w?V/19 +3v/33 + wV/19 — 3v/33
- . .

(b) [5, Example 2.2] Let {un}2 _ o, {vn}5 _ o and {w,}52 _ . be full Tribonacci sequences and define a
function f(x) by f(x) = u|y| + |y t+w|, t% wheret = 2 — |x] € (0,1) and x € R, ] is the greatest
integer function (floor function). Then

flea+3)=fxz+2)+ fz+ 1)+ f(x)
so that f is a Tribonacci function.

(¢) [5, Proposition 2.3 and Example 2.4] Let f be a Tribonacci function and define g(x) = f(x +1t+t2) for any
x € R, where t € R. Then g is also a Tribonacci function. If f(x) = o® which is a Tribonacci function,
then g(z) = o+ = o' f(2) is a Tribonacci function.

We now present the concepts of f-even and f-odd functions which were defined by Han, et al. [5] in 2012.

Definition 1.3. Suppose that a(x) is a real-valued function of real variable such that if a(x)h(x) = 0 and h(z)
is continuous. Then h(x) = 0. The map a(z) is called an f-even function if a(x + 1) = a(x) and f-odd function
ifa(x +1) = —a(x)) forall z € R.

We present an f-even and an f-odd function.

Example 1.4.

(@) Ifa(x) = x — |z| then a(x) is an f-even function.

3
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On Tribonacci functions and Gaussian Tribonacci functions
(b) Ifa(x) = sin(wzx) then a(x) is an f-odd function.
Solution.

(a) If a(z) = = — |x] then a(z)h(z) = 0 implies h(x) = 0if x ¢ Z. By continuity of h(x), it follows that
h(n) = lim h(x) = 0 for any integer n € Z and therefore h(z) = 0. Since

z—n
alz+1l)=(z+1)—|[z+1]=(z+1)—(lz] +1) =2z — |z] = a(z),
we see that a(x) is an f-even function.
(b) If a(x) = sin(wz), then a(x)h(x) = 0 implies that h(x) = 0 if x # nx for any integer n € Z. Since h(x) is
continuous, it follows that h(nm) = mlg;lﬂ h(z) = 0 for n € Z, and therefore, h(z) = 0. Since

a(z + 1) = sin(nz + 7) = sin(wz) cos(w) = —sin(wz) = —a(x),

we see that a(x) is an f-odd function. O

The following theorem is given in ([7], Theorem 3.3).

Theorem 1.5. Assume that f(x) = a(x)g(x) is a function, where a(x) is an f-even function and g(z) is a
continuous function. Then f(x) is a Tribonacci function if and only if g(x) is a Tribonacci function.

The following theorem shows that the limit of quotient of a Tribonacci function exists.

Theorem 1.6. If f(x) is a Tribonacci function, then the limit of quotient ! (ﬁ;r)l) exists (5, Theorem 4.1]) and

. f(z+1)
S

= « (take p = 1 in Magnani [5, Theorem 14].

We also have a result on the limit of quotient f 5?(:)2 ) which we need for calculation of the limit of the quotient

of a Gaussian Tribonacci function.

Theorem 1.7. If f(x) is a Tribonacci function, then, for 0 < k,m € N we have

: f(l‘ + k) _ k—m
Th_)nolo 7}0@ ) « . (1.2)

Proof. If 0 < k,m < 1 then (1.2) is true (Theorem 1.6). We give the proof in three stages:
Stage I:

lim 7]‘(:0 +2) =2
Z—¥00 f(x)

Stage II: for 3 < k € N,
lim 7]‘(;10 + k) = aF.
T—00 f(a:)

Stage III: for 3 < k,m € N,

lim 22N _
:vggof(x+m) “

Proof of Stage I:
Given x € R, there exists y € R and n € N such that x = y + n. Then, using the formula

f(x + ’I’L) = {Z—"nflf(aj + 2) + (Tn72 + Tn73)f(x + 1) + Tn72f(m)7
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we get
flx4+2)  fly+n+2)
flx) — fly+n)
Trgrf(y+2)+ (Tn+ To1) fly+1) + Tnf(y)
Tp-1f(y+2)+ (Th—2 + Tn- 3)f(y + 1)+ Th2f(y)
=t =y =L
Since
LofEr) L fye))
a0 f(x) v=oe f(y)
and
lim Tovy =7 pqel
n—=00 Intq
e e+ S+
. x .
B Ty S Ty e
we obtain
sau+ (1+aHa+1
- au+ (1+aa+1
and so
u = lim 7f(x +2) = a2
A% @)

This completes the proof of Stage I.
Proof of Stage I1:
Given z € R, there exists y € R and n € N such that z = y + n. Then, by using Stage I, we get

flx+k)  fly+n+k)
fl) — fly+n)
Tn+k—1f(y +2)+ (Tnyr—2+ Tnyr—3)f(y+ 1)+ Toyr—2f(y)
To1f(y+2)+ Loz + Tn-3)f(y+1) + T2 f(y)

Trik—1 f(y+2) Trnik—3\ fly+1)
Totk—2 Tosr—2 J@) +(1+ Trgr— 2) f(y) +1

Tn— n f(y+2) n fly+1)
2 P )i+

and so

Tnyk—1 f(y+2) Trnir—3\ f(y+1)
2 7 — lim lim Thik—2 Tn+k 2 fly) + (1 + Tn+k 2) fy) +1
oo f(z) wwoonsee Tnop Tast WD) 4y Tens) SO 4 g

paa? + (1+aHa+1
=a
ad?+(1+aa+1

which completes the proof of Stage II.
Proof of Stage III:
By using Stage II, we obtain

f@) 11

lim = =
z—oo f(x+m) limy o f(;ﬂ("g%) am™

212
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Now, it follows that

lim 7f(x + k) = lim
g—oo f(x+m) z—o () w—=oo f(z+m)

f(.]? + k) lim f(x) k_ —m k—m

= =«

which completes the proof of Stage III. [J

2. Gaussian Tribonacci Function
Gaussian Tribonacci numbers {GT,, },>0 = {GT,,(GTy, GT1, GT3) },>0 are defined by
GT, = GTy_1 + GTys + GTpy_s,
with the initial conditions GTy = 0, GT} = 1 and G15 = 1 + i. Note that
GT, =Ty +iTh 1.

The first few values of Gaussian Tribonacci numbers with positive and negative subscript are given in the
following table.
n 0 1 2 3 4 5 6 7 8 9
GT, 0 1 144 2+4¢ 4420 744 1347 244137 44+424¢ 81 +44d
GTI-., 0 ¢ 1—¢ -1 2 2-31 =341 14 4¢ 4—-8i —8 4 51
The full Gaussian Tribonacci sequence, where Gu,, = G'I;, the nt" Gaussian Tribonacci numbers, are: . . .
,—3+14,2—3¢,2t,-1,1 —14,4,0,1,1 +¢,2+ 7,4+ 2¢,74+ 44,13+ 71, ...

Definition 2.1. A Gaussian function fg on the real numbers R is said to be a Gaussian Tribonacci function if it
satisfies the formula

fal@+n) =Gl 1f(x+2)+ (GTh—2 + GTy—3) f(x + 1) + GT, o f () 2.1
forall x € Randn € Z where f is a Tribonacci function.

To emphasize which Tribonacci function used we can say that fg is a Gaussian Tribonacci function with
Tribonacci function f.
The following theorem gives an equivalent characterization of a Gaussian Tribonacci function.

Theorem 2.2. A Gaussian function f¢ on the real numbers R is a Gaussian Tribonacci function if and only if
falx+n)=flx+n)+if(r+n—-1) (2.2)
forx € R, n € Z where f is a Tribonacci function.

Proof.
(:=) Assume that f¢ is a Gaussian Tribonacci function, i.e., f¢ satisfies (2.1). Then

fa(@+n) = (Tho1 +iTh—2) f(z +2) + (Th—2 + iT;—3)
H(Tn—3 +iTn-a)) f(x + 1) + (Th—2 + iT,—3) f(2)
=Thafx+2)+ (Tho+Ths3)f(x+1)+ T of(x) +
i(Tn—af(x+2) + (T3 +Tna)f(x+ 1)+ Th3f(x))
= flz+n)+if(x+n—1)

since
GT, =T, +iTy_1

3
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and
fled+n) =T 1f(x+2)+ Th-2+Ths3)f(x+1)+Thaf(z)

(«<=:) If we suppose that (2.2) holds then by (1.1), we obtain

folx +n)
= fle+n)+if(z+n-1)
=Thafle+2)+ (Tho+Ths)f(x+1)+ Th_of (x) +
+(iTn—2f(x +2) + (Tn-z + Tn-a) f(x + 1) + T3 f(2))
= (Tn-1 +iTn—2)f(z +2) + (Tn—2 + iTn—3) + (Tn—s + iTp—a)) f(x + 1) + (T2 + iT,—3) f (2)
= GTh-1f(x+2)+ (GTp—2 + GTy—3)f(x + 1) + GT o f (z)

O

Remark 2.3. Using the Binet’s formula of Tribonacci function f (see Lemma 1.1) and (2.1) or equivalenly (2.2),
the Binet’s formula of Gaussian Tribonacci function can be found.

Now, we present an example of a Tribonacci function.
Example 2.4. The function f : R — R, f(x) = o*, considered in Example 1.2, is a Tribonacci function. Then
folx+n)=flz+n)+if(x4+n—-1)=a"" +ia®™ ! = (1 +ia"1)a®™
is a Gaussian Tribonacci function.

The following example shows that using floor function, a Tribonacci function and a Gaussian Tribonacci
function can be obtained.

Example 2.5. Let {Guy,}5° {Gp}2 _ o, and {Gw, }22 be full (bilateral) Gaussian Tribonacci

sequences. - We define a function fa by
falx + n) = Gul_w]+n + Gv[x]-{-nt + Gw[x]+nt2 = GuLx_;,_nJ + G'UL:c-i—th + GwLﬁrthQ and

f(x) = u|z) + Vgt + wy t% wheret = x — x| € (0,1) and x € R. Then, f is a Tribonacci function and fc
is a Gaussian Tribonacci function.

Solution. Since

F@) = upe) +vja)t + wig)t?
flx+1) = Ulgt1] T Vler1)t + wLw+1Jt2 =U|g|+1 + Vz|+1t + wLletQ
F@+2) = uppio) + Vpata)t + Wata t® = Uz 42 + Vz) 4ol + W12t

and

Fl@+2)+ f@+ 1)+ f(2) = (W2 + Ve pot + Wpe sot®) + (W o1 + Vpe)s1t + W) 118)
o) + Va)t + Wy t?
= (Ulz)42 T Uz)41 T U)) + (Ve 42 T Vz)p1 T V2))E
F(Wiaj42 + Wg 41 + W{g) )t
= Ulo |43 + Vo) 43t T W{a|43t° = Uoys] + Vjots)t + Wats)t
= f(x+3)

e
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f is a Tribonacci function and since

Gul_:c]+n = Ulz|+n + ZuLaﬁj +n—1>
Gv[z]+n = V|z]+n + i’ULxJ—&-n—la

Gw[zJJrn = W|z|4+n + iwijJrnfla
we get

falx+n) = GUJUEH‘” + G’UL‘/L’J+nt + quLIJ+nt2
= (Ua)tn T W[s)4n-1) T Olo)4n + 10a)4n-1)t + (Wz)1n + Wz|4n_1)t
= (U|gj4n + Vz)tnt + Wa)4nt®) + Ue)tn-1 + Vx| tn-1t + Wz n_1t>)i
= flz+n)+if(zr+n—1).

Therefore, f¢ is a Gaussian Tribonacci function. [J

Lemma 2.6. Let fo be a Gaussian Tribonacci function, i.e., fa(vr+n) = f(x+n)+if(r+n—1)forx € R
, n € Z where f is a Tribonacci function. We define gc(x + n) = fo(x +t+ n) and g(x) = f(x + t) for any
x € Rwheret € R. Then g is a Tribonacci function and g¢ is a Gaussian Tribonacci function.

Proof. Let x € R. Since f¢ is a Gaussian Tribonacci function and f is a Tribonacci function, it follows that

glz+3)=f(z+3+t)=flx +t+3)
=flz+t+2)+ flx+t+1)+ f(z+1)
=g(x+2)+g(x+1)+g(x)

which shows that g is a Tribonacci function and

ga(x+n) = falz +t+n)
= fle+t+n)+if(zr+t+n—-1)
=g(x+n)+iglx+n-—1)

which shows that g is a Gaussian Tribonacci function. [

Lemma 2.7. Let {uy,} and {Gu,} be the full Tribonacci and Gaussian Tribonacci sequences, respectively. Then

GULan = GTn_luLgEJ_;,_Q + (GTy—2 + GTn—3)ULg;J+1 + GTn_guM,
Gu[m]-{—n—l = GTnflu[mJ-&-l + (GTn72 + GTnf?))U[TJ + GTn72uLmJ—1a
Gu[xJJran = GTnflu[zJ + (GTn72 + GTn73>U[1j71 + GTnf2uLmJ72-

Proof. The functions fg(x +n) = GULIJJ’,n + GU[zJ+nt + GwLIJ+nt2 and f(z) = Uz T V|2t + Wz 12
where t = 2 — |x] € (0,1) and € R, considered in Example 2.5, are Gaussian Tribonacci and Tribonacci
functions, respectively. So, if we let v|,) = w|z)—1 , GV|z)4n = GU|z|4n—1 A W|z) = Uz 2, GW|z|1n =
GU|z|4+n—2 then f(z) and fc(x) are Tribonacci function and Gaussian Tribonacci function, respectively. Note
that

F(2) = upe) + Vo)t + Wi t? = gy + U1t + Ug)—t?
fla+1) = U z41) +UL$+1Jt+wLx+1Jt2 = U|z|+1 +UL$J+1t+wLxJ+1t2 = U|z|+1 +uL$Jt+u\.xJ—1t2
J(@+2) = ulpyo) + Vpia)t + Wata t® = Ulz)so + Vgl + Wia) 12l = Uz + Up 11t + Uz

e
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Then we obtain

GU|z|4n + GU|z|4n—1t + Guern_gtz

= GU|z|4n + GV g 4nt + GwLantQ = fa(z+n)

= GTh-1f(x+2)+ (GTh-2+ GTy—3)f(x + 1) + GTp_of (z)

= GTo1(ujg) 2 + U )41t + e t?) + (GTn2 + GTy_5) (U )41 + Ua)t + Ujg)—117)
GTh2(u|g| + g1t + um_gt2)

= (GTh-1ups|+2 + GThrupy 41t + GTqup, 1)
+((GTp-2 + GTo-3)u || 4+1 + (GTp—2 + GT_s)uy)t + (GT—s + GTp—3)tuy 1%
(GTh—2u 5] + GTy 2t )1t + GT_2u 4 _ot?)

= (GTh1u|z)42 + (GTh—2 + GTy 3)u|z)+1 + GTh2u|4))
H(GT-1u|g)41 + (GTh—2 + GTh_3)u|g) + GTy—ou|z) 1)t
HGTp—1uls) + (GTh—2 + GTy_3)u |z -1 + GTp—su |z )t

This completes the proof. [J
By taking {u,} = {7’} in the last theorem, we have the following corollary.

Corollary 2.8. For x € R, we have the following formulas:
GTLJCJ +n = GTn—lTl_wJ +2 + (GTn—Q + GTn—B)TLzJ+1 + GTn—2T|_a;j7

GT\_xj—i-n—l = GTn—lTl_;cJ+1 + (GTn—2 + GTn—3)T\_J:J + GTn—QTLxJ—la
GTLxJ_j'_n_Q = GTn,leJ + (GTy—2 + GTnf?))TLzJ—l + GTn,QTLzJ_Q.

By taking |« | = m € Z in the last corollary, we see that for all integers m, n we have

GTm-i—n = GTn—1T7n+2 + (GTn—Q + GTn—B)Tm—H + GTn—2T7m

GTm+n—l = GTn—le+1 + (GTn—Q + GTn—?))Tm + GTn_QTm—h

GTrin—2 =G 1T+ (GTh—2 + GTy—3)Ti—1 + Gy 2T 2.
Theorem 2.9. Let fo(z) = a(z)ga(z) be a function, g(x) and f(x) = a(x)g(x) be Tribonacci functions, where
a(x) is an f-even function, and suppose that g¢(x) and g(x) are continuous functions. Then fo(z) is a Gaussian

Tribonacci function with Tribonacci function f(x) if and only if ga(x) is a Gaussian Tribonacci function with
Tribonacci function g(x).

Proof. By definition of the function f and since a(x) is an f-even function, we have
falx +n) =alx 4+ n)ga(r +n) = a(z)ga(z + n). (2.3)

Suppose that f is a Gaussian Tribonacci function. Then, since a(z) is an f-even function, we obtain

falx+n)=flz+n)+if(z+n-1)
(x+n)g(x+n)+ia(z+n—1)glx+n—1)

()g(z +n) +ia(z)g(z +n—1)

(

z)(g(x +n) +ig(z +n —1)). 2.4)

1l
2 2 9

From the equations (2.3) and (2.4), we get

a(z)(ga(z +n) —g(z +n) —iglz +n—-1)) =0

e
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and so
ga(x+n)—glz+n)—iglx+n—-1)=0

ga(x+n)=g(x+n)+iglx+n-1).

Therefore, g is a Gaussian Tribonacci function.
On the other hand, if g4 is a Gaussian Tribonacci function, then

galx+n)=g(x+n)+iglr+n—1) (2.5)
Since f(z) = a(x)g(z) and a(z) is an f-even function, we obtain

f(x+n) = alz+n)g(z+n) = a(z)g(z +n),
fle+n—-1) =alz+n—-Dglz+n-1)=a(z)glz+n—1).

Then, since fg(x) = a(x)ge(x) and a(x) is an f-even function, the equation (2.5) implies that

fe(x +n) = a(z +n)ga(z +n) = a(z)ga(z +n)
= a(z)(g(z +n) +ig(z +n—1))
= af
(

)g(x +n) +ia(z)g(z +n—1)
= flx+n)+if(x+n-1).

S

Hence, f¢ is a Gaussian Tribonacci function. [

3. Sums of Tribonacci and Gaussian Tribonacci Functions

In this section, we discuss the sums of the terms of a Tribonacci function and a Gaussian Tribonacci function.
The following corollary gives linear sum formulas of Tribonacci numbers.

Corollary 3.1. Forn > 0, Tribonacci numbers have the following property.

n

Z n+3 - Tn+1 - 1)

k=0

Proof. For a proof see [17]. [J
The following theorem gives linear sum formulas of Tribonacci functions.

Theorem 3.2. Suppose that f is a Tribonacci function. Then for all x € R andn > 0, the following sum formula
holds:

S fe k)= (a4 n+4) — ftnt2) 2 +nt1) - fr+2)+ ().

Proof. We use corollary 3.1. Since
. 1
> Tio1 = 5(Togs = Togr = 2T, — 1),
- 1
> Tiz = 5(Togs = Tagr = 2Ty = 200 + 1),

1
ZTk—3 = §(Tn+3 - Tn—i—l =27, = 2T, 1 = 2T, 2 — 1)a
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and
we obtain
n n n
S f@+k)=f@+2)) Tea+ fl@+1)) (Teo+Ths)+ fz ZTk2
k=0 k=0 k=0
1
= f(l' + 2) X i(Tn+3 — Tn+1 — 2Tn — ].)
1
+ ( ) ( n+2 + Tn+1 (Tn + Tnfl) - 2(Tn71 + Tn72>)
1
+f(x) x §(Tn+2 Tn—2T,-1+1)
1
= §(f(33+n+4) —fle+n+2)=-2f(x+n+1)— flx+2)+ f(z))
O
Note that if we consider the Tribonacci function
f(z) =a”
then, using Theorem 3.2, we have the sum formula
Za :L’+n+4 a:+n+2 - 2az+n+1 _ ax+2 + am)
k=0

forallz € Rand n > 0.
The following corollary gives linear sum formulas of Gaussian Tribonacci numbers.

Corollary 3.3. Forn > 1 we have the following formulas:
ZGTk =z GTn+3 — GToyy — (141)).

Proof. It is given in [16].
The following theorem gives linear sum formulas of Gaussian Tribonacci functions.

Theorem 3.4. Suppose that fq is a Gaussian Tribonacci function with Tribonacci function f. Then for all x € R
and n > 1 the following sum formula holds:

S folw+ k) = %(fg(x+n+3) far 1) — (140 f (@ +2)+ (—1+ i) (@)
Proof. We use corollary 3.3. Since

- 1
> GT = 5(GTnis = GTopn — (1+1)),
> GTit = 5(GTosa — GT, — (1+1),
> GTyn = 5(CTu1 = Gy = 1+1),

1
> GTis = 5(GTy = GT, o +1 1),

e
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and
falx+n)=GTh_1f(x+2)+ (GTh—2+ GTh—3)f(x+ 1)+ GT,,_2f (),
we get
S fale k) = fle+2) Y GThos + fe+ 1)(Y GThoa + 3 GThos) + f(2) 3. CTicy
k=1 k=1 k=1 k=1 k=1
= Sl +n+3) ~ folotnt 1)~ (U+)f (0 +2) + (-1 +)f()).
0

Note that if we consider the Tribonacci function
f(@) =a”
and the Gaussian Tribonacci function
fo(x+n)=(1+ia Ha"™

then, using Theorem 3.4, we have the sum formula

D (1 +ia et = S+ i (1 4ia)am T — (1 40)a™ 2 + (1 +i)a”)
k=1

forallz € Randn > 1.

4. Ratio of Gaussian Tribonacci Functions

In this section, we discuss the limit of the quotient of a Gaussian Tribonacci function. Note that since

lim Tty = P71

= s DqEL
we have
lim LT"-H) = lim —Tnﬂ) +Tnip
n—=00 GThtq  n=00 Tnyq +ilnyq1
Totp _'_Z-Tnerfl
; Thiq Thiq
= lim
n—oo dpiq + iTn+q_l
Thiq Thiq
P4 + P14
N 1+t
and
. G, T, + i1
lim ntp _ 1 n+p n+p
n—o00 TnJrq n—o00 Tn+q
. - -1
= lim =22 4 lim —2tP
n—=00 Initq n—oo n+q

= aP 9 +jaP717.

e
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Theorem 4.1. If fq is a Gaussian Tribonacci function, then the limit of quotient

fo(z + k)
folx +m)

exists and given by
e=oo fg(z 4+ m)

forall k,m € Z.

Proof. Suppose that f is a Gaussian Tribonacci function with Tribonacci function f. Note that from Theorem
fatl) o q f@+2) f(z+1) fla+2) _

1.6 and Theorem 1.7, the limit of quotients o) o) exists and "ngr;c O and "ngrolc o)

a?. We use the formula, by definition,
Given x € R, there exists y € R and n € N such that x = y + n.Then
. fele+k) . fely+n+k) . falz+n+k)
lim ———% = lim lim ——%- = lim lim —————~
z—oo fe (3: + m) Y—>00 N—>00 fG(y +n+ m) T—00 N—00 fG(x +n+ m)
GTotk—1 fat2) GToik—2 | GToik—3 .\ fag1) |, GTnyr—2
Ty 7@ T TG ) ™ T G
_ hm hm n+m— n+m— n+m— n+m—

T—00 Nn—>00 f(z+2) ( GTn+m—2 GTn+m—3 ) f(z+1) GTn+m—2
#z) GTnerfl GTn«anl F(z) GTn«anl '

+(

Since

T,
lim =22 = P9, p g€ Z,

n—oo TnJrq
iy GTtp _ 0P 4ol
n—o0 GTpyq  1+ia™!
1
lim 7}”(&:—&— ) = a,

e ()

, DqEZ,

it follows that L
lim fG(:]C + ) _ olkfm
T—00 fg(l’ + m)

O
Note that if we consider the Tribonacci function

f(z) =a”
and the Gaussian Tribonacci function
falx+n)=(1+ia"H)a™"
then, we see that

k 1+ia o™tk 1
lim M = lim (ﬂa_)a — lim afte = gf—m,
z—oo fa(x+m) 200 (1+ia a®t™  2—00 @mt®

Also, it follows from Theorem 4.1, that

e
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Corollary 4.2. If fa is a Gaussian Tribonacci function, then

lim 7&:@ +1)
z—oo  fa(x)

Proof. Take k = 1, m = 0 in Theorem 4.1. [J

Theorem 4.3. If fq is a Gaussian Tribonacci function with Tribonacci function f, then the limit of quotient

fa(z + k)
f(z)
exists and given by
lim M = GTk,1a2 + (Gkag + GT]C,;),)OZ + GT]C,Q
z—00 f(:z:)

forallk € Z.

Proof. Suppose that f¢ is a Gaussian Tribonacci function with Tribonacci function f. Note that from Theorem

1.6, the limit of quotients ! Sfﬁ(z)l) and £ ng)z ) exists. Using the formula, by definition,

falx+n)=GT_1f(x+2)+ (GTh—2+ GTh_3)f(z+ 1)+ GT,,_2f ().

we get
lim fo(z +k) ~ lim GTi-1f(x+2)+ (GTi—2 4+ GTi—3)f(x + 1) + GT—2f (x)
e fl@) | weoee 7(@)
2 1
— 6Ty tim 28D (an s 6T ) tim LY G
T—00 f(:[;) z—y00 f(x)
Hence, since the limit of quotients ! Sf(:)l) and £ 550(2)2 ) exists, lim, . & Gf(ggk) exists and
k
lim M = GT;{;71042 + (Gkaz + GTi—3)a+ GTj_s.
z—oo  f(x)
O
Note that if we consider the Tribonacci function
f(z) =a”
and the Gaussian Tribonacci function
fa(@+n) = (1+ia")a"t"
then, we see that
. felz+k) (L 4ida Harth : C 1k Ny
lim =/ ———= = lim —————— = lim (1 +ia ")a" = (1 +ia" ")a". 4.1)
T—00 f(x) T—00 % T—00
Also,from Theorem 4.3, we know that
k
lim % = GTy-10* + (GTy—2 + GTy—3)a + GTy—s. (4.2)

Therefore, comparing (4.1) and (4.2), we obtain
GTk_lOé2 + (GTk_Q + GTk_3)a +GTr2=(1+ ia_l)ozk

for k € Z.

e
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Corollary 4.4. If f¢ is a Gaussian Tribonacci function with Tribonacci function f, then

. faolz) .
zhHH;O @) 1+i(a® —a—1),
. fele+1) :
B O
lim M = o’ +ia.

z—oo  f(x)

Proof. Take k = 0, 1, 2 in Theorem 4.3, respectively. [
We can generalize Theorem 4.3 as follows.

Theorem 4.5. If fq is a Gaussian Tribonacci function with Tribonacci function f, then the limit of quotient

fa(z + k)
f(x+m)

exists and given by
k
Jim @R _ (o + i)ar—m=t
v flw+m)
forall k,m € Z.
Proof. Suppose that f¢ is a Gaussian Tribonacci function with Tribonacci function f. Note that from Theorem
1.7, the limit of quotients F+1) and £@+2) exists and lim L2+ — o and lim 2242 — 42, Given z € R,
f(=) fx) isoo 1(@) 5500 (@)
there exists y € R and n € N such that x = y + n. By using the formulas

falx+n)=GT_1f(x+2)+ (GTy—2+ GT,_3)f(x+ 1)+ GTp,_of ()

and
fle4n) =Ty 1 f(x+2) + (Tpo+Th3)f(x+1) + Tnaf(r)
we get
. fale+k) . fely+n+k)
lim —— = lim lim ~—"———~
.. falx+n+k)
= lim lim ————2%
200 N—r 00 f(x +n+m)
GToik—1 fot2) |, GTuik—2 | GToyr—3\ fat1) , GTnir—2
—— +( + )
. . Tnerfl f(z) Tn+m71 Tnerfl f(L) Tnerfl
= lim lim
T—r00 N—>00 f(z+2) + (Tn+m—2 + Tn+m—3)f(m+1) + Tn+m—2
Flz) Tnerfl Tnerfl f=) Tn+m71
Since
GT,
lim — P — G P=d 4 P p,q € Z,
1
lim 7]”(3:—&— ) = a,
T—00 f(a:)
lim 7}”(1‘ +2) = o?,

e (@)

it follows that "
lim 7]”@(33 + k) = (a+ i)ak_m_l. O
A5 P+ m)

e
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5. Matrix Formulation of f(x) and fo(z + n)

The matrix method is very useful method in order to obtain some identities for special sequences. We define
the square matrix M of order 3 as:

111
M=1100
010
such that det M = 1. Note that for all n € Z, we have
111\" Tpi1 To+Toy T,
M" = 100 = Tn Tn—l + Tn—2 Tn—l . (51)
010 Tn—l Tn—2 + Tn—3 Tn—2
Matrix formulation of 7}, can be given as
Toio 111\" /T,
T.11]=1(1100 T | . 5.2)
T, 010 Ty
Consider the matrices Np, Ep defined by as follows:
1+:71 0
Ny = 1 0 =4 ,
0 i1—4

GTn+2 GTn+1 GTn
Er=|GT, GT, GT..
GT, GT,-1GT,_o

The following theorem presents the relations between M™, Ny and Er.

Theorem 5.1. For all n € 7, we have
M"Np = Er.

Proof. For a proof, see [16]. O
Define

fl+2) flx+1) f(2)
Ap= | fle+1) fl@) flaz-1) ],
f@) fla—1) fz-2)
flr+n+2) f@+n+1) flz+n)
By=| fle+n+1) flx+n) flz+n-1)
fz+n) flz+n—1) flz+n-2)

Theorem 5.2. For all integers n € Z and x € R, we have
M"A; = By (5.3)
Proof. By using
@+ n) = Tuor f(@+2) + (Tus + Tog) fz + 1) + Toa f(x)

and
fla+3)=flz+2)+ flz+1)+ f(z),
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the case n > 0 can be proved by mathematical induction. Then for the case n < 0, we take m = —n in 5.3 and

then the case m > 0 can be proved by mathematical induction, as well. O
Note that if we consider the Tribonacci function

flw) = a*

then, we see that
aw+n+2 anrnJrl aw+n

a:r+2 a:L’Jrl a®
az+n+1 aern ()(I+n7 1

a;c+n aac+n—1 a;c+n—2

o® aw—l aa:—2
and
1 1 1 n O[z+2 az—l—l am O[z—l-n—l-2 O[z+n+l am+n
100 a;c-l—l a® aw—l — aw-{—n-ﬁ-l aw-{-n aw-{—n—l
0 1 0 a® azfl aw72 a:c+n anrnfl aw+n72

foralln € Z and x € R.
Define
GToy1 GT,+GT,._, GT,
GTn GTn—l + GTn—Q GTn—l

Dgr =
GTyoy GTpo + GToy GTps

and
falx+n+2) fa(x+n+1) folzx+n)

Cio=| falx+n+1) folx+n) feolr+n-1)
felx+n) folx+n-1) fo(z+n-2)

Theorem 5.3. For all integers n € Z and x € R, we have

DarAy =Cy,, 54
Proof. By using
fa(x+n)=GTh_1f(x+2)+ (GTh_o+ GTp_3)f(x + 1) + GT,_of(2)
and
fle+3)=fle+2)+ fle+ 1)+ f(=),
the case n > 0 can be proved by mathematical induction. Then for the case n < 0, we take m = —n in 5.4 and

then the case m > 0 can be proved by mathematical induction, as well. [J
Note that if we consider the Tribonacci function

and the Gaussian Tribonacci function

then, we see that
a®t2 grtl g GTlh+1 GT,+GT,—1 GT,
Af = ot o o1 | Dgr = GT,, GT,_1+GT,_o GT,_1
Gl 1 GTy 2o+ GT,_3 GT),_o

a® aw—l aw—?

e
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and
(1 +ia Yo 2 (1 +ia o (1 4+ia )"
Cr. = | M+ia ™™ (1+ia )™ (1+ia a1 |,
(1+ia Yot (1 +ia a1t (1 +ia"t)artn=2
and so
Glhn+1 GT,+GT,—1 GT, a®t2 grtl g
GT, GT,_1+GT,_o GT,_4 a®tl g ol
GT,_1 GTy—2+GTy—3 GTy—2 a® ot gr2
(1+ia Yo 2 (1 +ia o™ (1 +ia=1)a® ™
= [ A +ia a1 (1 +ia " Ha®™ (1 +ia a7t
1+ia Ha®™ (1 +ia Ha®" !t (1 +ia Ha®tn2
( )
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