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Abstract. The prime goal of this work is to investigate Ricci solitons on concircularly flat and W; —flat (i = 2, 3,4) Sasakian
manifolds. Sasakian manifolds are considered as admitting a connection which generalize the well-known connections so
called the Zamkovoy, quarter symmetric metric, Tanaka-Webster and Schouten-Van Kampen connections.
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1. Introduction

Given a contact metric manifold (L, g,n, &, ¢). In [1], [2], [3], there exists a general connection V defined by

Vi Fo=Ve B+ a[(Ven)(F2)E — n(F2)V i & + con(F1)¢Fa, (1.1)

forall Fy, Fy € x(L) and ¢, ¢y € R, where x (L) labels the set of all smooth vector fields on L. The connection
Visa general connection, since

(i) if ¢ = 0,co = —1, we occur the quarter symmetric metric connection [4],
(i) if ¢ = 1, ¢ = 0, we occur the Schouten-Van Kampen connection [10],
(iii) if ¢; = 1, co = —1, we occur the Tanaka-Webster connection [11],
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@iv) if ¢ = 1, ¢c5 = 1, we occur the Zamkovoy connection [13].

Sasakian manifolds were defined and studied by Sasaki [8], [9] and they have many applications in differential
geometry. They expose new samples of differentiable manifolds with particular geometric constructions such as
complete Kihler manifolds, manifolds with holonomy groups and Einstein metrics. They also have an essential
place in the investigation of orbifolds.

In [12], Yano explored the concircular curvature tensor on an n—dimensional Riemannian manifold as

follows:
r

W(F17F2)F3 - R(F17F2)F3 - m

[g(Fy, F5)Fy — g(F1, F3)F5). (1.2)

for all Fy,Fy,F3 € x(L), where R is the Riemannian curvature tensor and r is the scalar
curvature. Pokhariyal and Mishra explored the W5, W35 and the W, curvature tensors as follows:

Wy (Fy, F2)F3 = R(Fy, F5)F3 — E[Q(F27F3)F1 — g(F1, F3)QF5] (1.3)
1

W3(F1,F2)F3 = R(Fl,Fg)Fg — m[S(Fl,F;;)FQ — g(FQ,Fg)QFl] (1.4)
1

Wy(Fy, Fy)F3 = R(Fy, Fo)F3 + m[g(Fla F3)QF; — g(F1, Fo)QF3] (1.5)

for all Fy, Fy, F3 € x(L), where S is the Ricci tensor, () is the Ricci operator, r is the scalar curvature and R
is the Riemannian curvature tensor, respectively [6],[7]. If W; = 0,7 = 1,2, 3,4 for a Riemannian manifold L,
we announce that L is a W; —flat manifold.

The definintion of a Ricci soliton on the manifold L is expressed as

(STg)(Fl,FQ)+2$(F17F2)+2)\9(F1,F2) :0, (16)

for all Fy, F5 € x(L), where T is a smooth vector field on L, £7g is the Lie derivative and ) is a real constant.
If X is smaller than zero the Ricci soliton is shrinking, if A is larger than zero the Ricci soliton is expanding and
if X\ is equals to zero the Ricci soliton is steady.

2. Sasakian manifolds and the general connection V

An n = (2k 4+ 1)—dimensional smooth manifold L is announced as an almost contact metric manifold if it
appreciates a 1-form 7, a (1,1) tensor field ¢, a Riemannian metric g and a contravariant vector field £ which
fulfill

*(Fy) = —F1 +n(F)E, n(€) =1, ¢¢ =0, n(¢F1) = 0,

9(oF1, 9F) = g(F1, F2) — n(Fu)n(F2), 9(oF1, F2) = —g(F1, ¢13),
9(F1,§) = n(F1), VF1, Fy € x(L).
An almost contact metric manifold (L, g,7, £, ¢) is named a contact metric manifold if
g(F1, ¢Fy) = dn(Fy, F).
Moreover, an almost contact metric manifold (L, g, 7, £, ¢) is named normal if
2dn(F1, F2)€ + [¢, ] (£1, F2) = 0,

where [¢, ¢] denotes the Nijenhuis tensor.
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A normal contact metric manifold is called a Sasakian manifold. For a Sasakian manifold, the following
relations are satisfied:

VFlg = 7¢F17
(Ven)Ey = —g(¢F1, Fy),
R(Fy, F3)§ = n(F2)Fy — n(Fy)Fs,

S(F1,€) = (n— 1)n(F1), 2.1
R(F1,§)Fy = n(F2)Fy — g(Fy, F»)¢,
Q€= (n— 1),

S(¢F1, oFz) = S(Fy, Fp) — (n — L)n(F1)n(Fy),
where R, S and @) denote the Riemannian curvature tensor, Ricci tensor and the Ricci operator of L, respectively.
Furthermore, we aware that a Sasakian manifold is K —contact and for a Sasakian manifold the tracking relation
is fulfilled
(Leg)(F1, F) =0, (2.2)
where £¢ is the Lie derivative in the direction £ which is a Killing vector field.
On the other hand, we write the theorem below for the general connection V on a Sasakian manifold from

[2].

Theorem 2.1. Given an n—dimensional Sasakian manifold L appreciating the general connection V in
(1.1). Then
(i) The connection V is expressed as

Vi Fy = Vi By + ci[g(F1, 0F2)& + n(F2)pF1] + con(Fr) o Fy. (2.3)
(ii) The Ricci tensor S of V is expressed as
S(Fl,FQ) = S(Fl,FQ) — Ag(Fl,FQ) -+ B’I](Fl)n(FQ) (24)

(iii) The scalar curvature of V is expressed as

r— An+ B 2.5)

T

forall Fy, Fy € x(L), where A =c? —c¢; — ¢y — cica and B = ¢2 + (n — 2)cica — n(cy + o).

The general connection V on a Sasakian manifold also satisfies

S(F», &) = —(n—1)Cn(Fz),
QI = QF, — AFy + Bn(Fy)E,
Q¢ = —(n—1)C¢,
(£, F2)§ = Cn(F1) Fy — n(F2) Fi,
(&, Fo)F3 = Cn(F3)Fa — g(Fy, F3)E],

R
R

where C = ¢; — c1c9 +¢o — 1.
Now, suppose a Ricci soliton (A, €, g) on L. Using (1.6) and (2.2), we occur

0 = (£rg)(Fa, F3) + 25(Fy, F3) + 2Ag(F2, F3) (2.6)
= S(Fy, F3) + Ag(Fy, F3).

Putting F3 = £ in (2.6), we occur
S(F2,8) = —An(Fz). 2.7
Substituting Q F» to F5 in (2.7), we get

S%(Fy, &) = A2n(Fy) (see [5]). (2.8)
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3. Ricci solitons on concircularly flat Sasakian manifolds appreciating the general
connection V

Theorem 3.1. Given a concircularly flat Sasakian manifold L appreciating a Ricci soliton (X, €, g) with respect
to the general connection V. In this case, the Ricci soliton is steady, shrinking or expanding if and only if
r=mn-1)B,r>(n—1)Borr<(n—1)B.

Proof. If (M, V) is a concircularly flat Sasakian manifold, i.e. W = 0, from (1.2) we have

R(Fy, Fo)F3 = —[g(Fy, F3)Fy — g(Fy, F3)Fy). 3.1
(F1, F2)F;3 n(n—l)[g( 2, F3)F1 — g(F1, F3) F] 3.1
Inner product in (3.1) with a vector field F} gives
_ 7
g(R(F1, F2)F3, Fy) = W[Q(FmF:’a)g(FhFO — g(F1, F3)g(Fs, Fy)). (3.2)
Contracting (3.2) over F} and F);, we obtain
ng(Fg,Fd) = ?g(FQ,Fg). 3.3)
Putting (2.4) and (2.5) in (3.3), we occur
TZS(FQ,F3) = (T+B)Q(F2,F3) — TLBT](FQ)’I](F:},) (34)

Taking F3 = ¢ and using (2.7) in (3.4), we get
1
S(F,§) = ;(7" + B)n(Fs) — Bn(Fz)
or

1
A=—-——(r+B)+B
n

r—(n-1)B

This completes the proof. |

4. Ricci solitons on 1V,-flat Sasakian manifolds appreciating the general connection V

Theorem 4.1. Given a Wh-flat Sasakian manifold L appreciating a Ricci soliton (X, €, g) with respect to the
general connection V. In this case, the Ricci soliton is steady, shrinking or expanding if and only if r = (n —
1)B, r>(n—1)Borr <(n—1)B.

Proof. If (M, V) is a Wo-flat Sasakian manifold, i.e. W = 0, from (1.3) we have

_ 1 _ _
R(Fy, Fy)F3 = E[Q(FLF:;)QE — g(F1, F3)QF3]. 4.1

Inner product in (4.1) with a vector field F} gives

g(R(Fy, F)F3, Fy) = ﬁ[g(anFs)g@Fqu;) — g(F1, F3)g(QF,, Fy)). 4.2)

Contracting (4.2) over F} and F), we obtain

S(Fy, F3) =

n— 1[?9(F2,F3) —?(FQ,F;),)]. (43)
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Putting (2.4) and (2.5) in (4.3), we occur
nS(Fa, F3) = (r + B)g(Fa, F5) — nBn(Fy)n(Fs). 4.4
Taking F3 = ¢ and using (2.7) in (4.4), we get
S(F2,€) =+ (r + B)i(Fs) — Ba(Fs)

or

A= —1(+B)+B
n
_ r—(n-1B

This completes the proof. |

5. Ricci solitons on 1V;-flat Sasakian manifolds appreciating the general connection V

Theorem 5.1. Given a Ws-flat Sasakian manifold L appreciating a Ricci soliton (A, €, g) with respect to the
general connection V. In this case, the Ricci soliton is steady, shrinking or expanding if and only if r = —2(n —
DA+ (n—1)B,r<—-2n—-1)A4+(n—-1)Bor r>-2(n—1)A+ (n—1)B.

Proof. If (M, V) is a Ws-flat Sasakian manifold, i.e. W3 = 0, from (1.4) we have

_ 1 _
R(Fy, By)Fs = ——=[S(F1, F3) Fy — g(F2, F3)QF]. G.D
Inner product in (5.1) with a vector field F} gives
— 1 — _
9(B(Fy, Bo) By, Fa) = —— [S(F1, Fa)g(Fy, Fa) — g(F2, F5)g(QFy, Fu)l. (5.2)
Contracting (5.2) over F; and F), we obtain
_ 1 _
S(FQ,Fg) = m[SQ(FQ,F:;) 7?(F2,F3)]. (53)
Putting (2.4) and (2.5) in (5.3), we occur
—r+An— B
S(F, Fs) = WQ(F%FS) + Ag(F2, F3) — By(F2)n(F3). (5.4)
Taking F3 = ¢ and using (2.7) in (5.4), we get
—r+ An— B
S(F»,€) = (ﬁ + A)n(F2) — Bn(F2)
or
N r—2n—1A+(n-1)B
N n—2 ’
This completes the proof. |
S
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6. Ricci solitons on 17/,-flat Sasakian manifolds appreciating the general connection V

Theorem 6.1. Given a Wy-flat Sasakian manifold L appreciating a Ricci soliton (X, &, g) with respect to the
general connection V. In this case, the Ricci soliton is steady, shrinking or expanding if and only if —A + B =
0, - A+B<0or—A+ B >0.

Proof. If (M, V) is a W,-flat Sasakian manifold, i.e. W4 = 0, from (1.5) we have

_ 1 _ _
R(Fy, F2)Fs = *m[g(Fh F3)QF; — g(F1, F2)QF3] (6.1)

Inner product in (6.1) with a vector field F} gives

O(R(Fy, o) s, Fy) = ———[g(Fy, Fy)g(@F2, F) = o(Fy, Fa)g(@Fs, ). 62

Contracting (6.2) over F} and F), we obtain

S(F, Fy) = ﬁ[Sg(FQ, Fy) — S(Fy, F3)] = 0. 63)
Putting (2.4) in (6.3), we occur

S(Fy, F3) = Ag(Fy, Fs) — Bn(F2)n(F3). (6.4)
Taking F3 = £ and using (2.7) in (6.4), we get
S(Fy,§) = An(Fy) — Bn(F2)

or
A=-A+B.

This completes the proof. |

7. Acknowledgement

The author is thankful to the referee for his valuable suggestions which improved the presentation of the paper.

References

[1] A.Biswas AND K.K. BAIsSHYA, Study on generalized pseudo (Ricci) symmetric Sasakian manifold admitting
general connection, Bulletin of the Transilvania University of Brasov, 12(2)(2019), 233-246.

[2] A. Biswas AND K.K. BaIsHYA, A general connection on Sasakian manifolds and the case of almost
pseudo symmetric Sasakian manifolds, Scientific Studies and Research Series Mathematics and Informatics,
29(1)(2019), 59-72.

[3] A.Biswas, A.Das, K.K.BAISHYA AND M.R.BAKSHI, 7-Ricci solitons on Kenmotsu manifolds admitting
general connection, Korean J. Math., 28(4)(2020), 803—-817.

[4] S. GoLaB, n-Ricci solitons on Kenmotsu manifolds admitting general connection, Tensor (N.S.), 29(1975),
249-254.

[5] A. MaNDAL, A. DAs AND A. H. SARKAR, Ricci soliton on Sasakian manifolds admitting Zamkovoy
connection, Italian J. Pure Appl. Math., 47(2022), 769-779.

e

[V =)
MM

13



Murat Altunbag

[6] G.P.POKHARIYAL AND R.S.MisHRA, The curvature tensor and their relativistic significance, Yokohama
Mathematical Journal, 18(1970), 105-108.

[7] G.P.POKHARIYAL AND R.S.MisHRA, The curvature tensor and their relativistic significance ii, Yokohama
Mathematical Journal, 19(2)(1970), 97-103.

[8] S. Sasaki, On differentiable manifolds with certain structures which are closely related to almost contact
structure , Tohoku Math. J., 12(2)(1960), 459-476.

[9] S. SASAKI AND Y. HATAKEYAMA, On differentiable manifolds with contact metric structures, J. Math. Soc.
Jpn., 14(1962), 249-271.

[10] J.A. SCHOUTEN AND E.R VAN KAMPEN, Zur Einbettungs- und Kriimmungstheorie nichtholonomer Gebilde,
Math. Ann., 103(1930), 752-783.

[11] S. TanNO, The automorphism groups of almost contact Riemannian manifold, Tohoku Math J., 21(1969),
21-38.

[12] S. YaNoO, Concircular geometry I concircular transformations, Proc. Imp. Acad. Tokyo, 16(1940), 195-200.

[13] S. Zamkovoy, Canonical connections on paracontact manifolds, Ann. Global Anal. Geom., 36(1)(2008),
37-60.

This is an open access article distributed under the Creative Commons Attribution

@ ® License, which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.

3

s
2

14



