MALAYA JOURNAL OF MATEMATIK
Malaya J. Mat. 11(S)(2023), 53-69.
http://doi.org/10.26637/mjm11S/004

New subfamilies of univalent functions defined by Opoola differential
operator and connected with modified Sigmoid function

TIMOTHY OLOYEDE OPOOLA', EZEKIEL ABIODUN OYEKAN*2, SEYI DEBORAH OLUWASEGUN?
AND PETER OLUWAFEMI ADEPOJU?

L Department of Mathematics, University of Hlorin, PM.B 1515, Ilorin, Kwara State - Nigeria.
2 Department of Mathematical Sciences, Olusegun Agagu University of Science and Technology, PM.B 353, Okitipupa, Ondo State -
Nigeria.

Received 25 April 2023; Accepted 21 July 2023

This paper is dedicated to the occasion of Professor Gaston M. N’Guérékata’s 70th birthday

Abstract. In this exploration, by making use of the Hadamard product of Opoola differential operator and modified sigmoid
function, we define new subclasses of analytical and univalent functions 7, S* (¢,8,6,\,0, L, M, i, p,w) and
T VF (¢,8,&,\,8, L, M, i, p,w) and discussed some properties of the classes; such as the coefficient estimates, Growth
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1. Introduction and Background

Let U = {z € C: |z| < 1} be the unit disk and B denote the class of functions f(z) which are analytic in
the open unit disk and of the form

oo
f(z):z+2atzt. (1.1)

t=2

Also, let
2

§) = ——; s>0 (1.2
(s) At > )
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with y(s) = 1 for s = 0 be the modified Sigmoid function. ( See details in [6], [7], [10], [5], [11], [15]).
Additionally, let T € A be the class of functions of the form

z)=z— Zatzt, a; >0 (1.3)

For f,(z) € T, [11] gave the following definition:

fy(2) =2 — v(s) aszt, a; >0 (1.4)
t=2

as a consequence of (1.3).
Note that y(s) =1+ 35 — 5;8° + ﬁ > 40137205 + - -+ defined by (1.2). Furthermore, we define identity
function for 7, as
ey(z) = z. (1.5)

For the purpose of defining the new differential operator of interest, the following definitions are required:

Definition 1.1. [12] For f(z) € A, where k > 0,1 < pu < p,n € Ny and z € U, the Opoola differential
operator D} (p, p)f : A — Alis defined in [12] as

Dg(u, p)f(2) = f(2)

DY (p,p)f(2) = t2f'(2) = 2(p — Wk + (1 + (p— p— k) f(2)

Dy (1, p) f(2) = (D(DR " f(2)))-

The f(z) given in above (1.1) we get,

DR (p,p)f(2) = 24 Y _[1+ (t+p—p— DK a2, (1.6)
t=2

It is evident that (1.6) reduces to Al- Oboudi differential operator [1, 3] and Salagean differential operator
[22] by varying the involving parameters appropriately. We further note that, other works on (1.16) can be found
in [4, 14, 16-18, 20-24, 26].

Definition 1.2. [11] introduced the generalized differential operator DY [~ () involving sigmoid function which
is a special case of (1.6):

AC) =3 ) (- D - w) + " a2t (1.7)
t=2

for \,w > 0. For more information on this, interested reader may refer to [8].

Definition 1.3 (Hadamard product or convolution). The Hadamard (or convolution) of two analytic functions
f(z) givenby (1.1) and g(z) = z + > 1oy be2" is given by

f)rg(z) = (Frg)(z) =2+ abez', z€eU. (1.8)
o

Following (1.8) for (1.6) and (1.7), a certain new differential operator associated with Sigmoid function
involving convolution is defined as follows:

DY (1, p, )fv( z) = (DX, f+(2)) * (D™ (1, p, k) f+(2))

z+§:¢Wl L+ (4 p = p = DRt = DA —w) +1]"a,z"
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Remark 1.1. When~"(s) =1, A =1, w = 2 we have
Nl Py k) f(2) )z + Zv”“ { L+ (t+p—p—DEE- 1)\ —w) +t]} az'.  (1.10)
Remark 1.2. When v"(s) =1, fors =0, A=1, w =2, p = p, k = 1 we have the Salagean differential

operator, see [15] and [8].

Remark 1.3. When~"(s) =1, A =1, w =2, u = p, we have the Al-Oboudi differential operator, see [3] and
[25].

For the purpose of the main result, we rewrite equation (1.9) as follows for convenience
B
DS (1. p k) £y (2) )z + Z’V"H { +(t+p—p—DEE -1\ —w) + t}} a2t (111)

where S, A ,w e€R, 5> 0, A\ >0, w>0 andltlsdenotedbyDAw(,u p k) A— A
Also,if f€C, f(z) =2z— comz', a>0,t=2 z€U.
Then,

DY, (.p. k) —z—zv”“ () {11+ (t+p- u—1)kn<t—1><A—w>+ﬂ}ﬁatzt (1.12)

For convenience upon (1.11) we have the following definition
Definition 1.4. We say that class T, S;; (6, 8,6, M\,0, L, M, pu, p,v,w) contain function f(z) € T if and only if

ﬁ“(u pk)fy(2)
o (Bopsk) foy (2)

Dﬁﬂ(upk)fw(Z) _ ) (
( DY, (1.p:k) £+ (2) ¢)+ LA

) (1.13)

DT (1.p,R) f+4(2) 1)
Xow (B505K) f+ (2)

(M —L)¢

E<LkE>0,0>0,p>00<¢p <56 53<A<LF>0,0<M<

where |z <1,0< 8 <1, 1 <
1, - 1<L<M<1l,w>0~""(s) =1, s=0.

Definition LS. The class T, V*(¢, 8,€, A, 8, L, M, 11, p, . w) contain function f(z) € T if and only if

D2 (1,p,k) £+ (2)
DY (k) £ (2)

DE* 2 (pop.k) fr (2) DS (k) £+ ()
(M LK(D‘T(M k) f+(2) ¢) + LA(D%l(;L,p,k)fwz) )

where [2] <1, 0< 86 <1, 1 <¢<1,k>0,0>0,p>00<¢<262<A<L,B>0,0<M<
1,—1§L<M§1,w207”+1()*1570

-1

< (1.14)

Remark 1.4. After putting pn=p =1, v"*(s) =1, A =1, w = 2, we obtain the corresponding results of [25].

Remark 1.5. After putting f =0, p = p =1, 4"(s) = 1, A = 1, w = 2, we get the corresponding sequal
obtained by [9].

Remark 1.6. After putting 6 =0, u=p=1, k=1, A =1, w = 2, we get the corresponding sequal obtained
by [2].

Remark 1.7. After putting 8 =0, u=p=1, k=1, =1, A =1, w = 2, we get the corresponding sequal
obtained by [13].

e

[V =)
MM
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Let equation (1.11) be ]%‘ <0
A’ _ 4]
= < 0= Al <{|B|
‘ ]

when
DN p, k) £y (2)

- DS (1 p k) £y (2)
D (s p, k) £5(2) = DS, (1 0, k) £y (2)
D (1, p. k) £ (2)

B=(M-L) D3& i p )£ (2) = 8D5, (s p A ()
- D] (9 )1 (2)
. <D5+1(u 0. k) f1(2) = DS (1. p, k)fy(z)>
Dx,w(/ﬁ,ﬂa k)f'y(z)

A=

H DS (s p, k)3 (2) = DX (s, ) o (2)
DT (19, k) £1(2) — 6DS (1 p, k) £5(2)]

+LA[DfE<u, P k) S (2) = DSt ) (2]

2. Main Results

2.1. Coefficient Estimates

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

Theorem 2.1. The class T, S]’j(qﬁ, B,&, N0, L, M, u, p,w) contains a function f(z) defined by (1.3) if and only

if

iv”*l {1-|—t—|—p M—l)k][(t—l)()\—w)—i—t]}ﬁ{(t—i—p—u—l)k

t=2

[(t — 1)(A —w) + 4] [L + LS + (M — L)5€] + (M — L)se(1 — gb)} as
< (M — L)é¢(1 - ¢)
Proof. Suppose,

Zynﬂ {1—|—t+p u—l)k][(t—l)()\—w)—i—t]}ﬁ{(t-i—p—ﬂ—l)k

(= DA =w) + 1 [1+ LAS + (M = L)3¢] + (M = L)1 = 6) by

< (M - L)3E(1 - ¢)
We have,

DY (i p k) o (2) = DY, (1, p, K) £ (2)

— O|(M — L)E[DSE (1, p, k) f1(2) — DY, (11, p, k) f(2)]

+ LADS T (1, p,k) o (2) = DY (11, p, ) f(2)] | < 0
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with the provision

Zynﬂ {1+ (4 p—p-DHIE- DA -w) +4) a2
t=2
{4 o i DR - DO - w) 4]} 0
t=2
B 5’ [ Z ,ynJrl {1+(t+p Mfl)k][(t—l)()\fw)th]}ﬁ-H a¢ 2

t=2

— ¢zt 0y ’Y”+1(s){[1+(t—l—p—u—1)k:][(t—1)(/\—w)+t]}5atzt]
+ LA {z— (s ){[1+(t+p—ﬂ— ][t — 1)()\—w)—|—t]}ﬁ+1atzt
t=2

—z+27"“ L+ (t+p- u—l)k][(t—1)(>\—w)+t]}5atz1 <0

(2.3)

Let §, = 552, v () { [+ (thp—p-DHIE- DA -w) 1]} a2 and 5 = 52, v+ () [1+

B
(t+p—p= DRI - DA =)+ 1} a2t
The simplified expression becomes,

]so 751\ 76‘(M7L)§[2751 — ¢z + 6So] + LA[So 751]\ <0

2.4)

So—S1 would have a negative sign. Thus, it would be more convenient to work with S7 — S since |So— 51| =

|S1 — Sol|. Hence, we have
’sl - so\ < 5‘(M L)l — 81 — bz + ¢So] — LA[S1 — so]]
We know that: |A — B| > |A| — | B]
|51 = So| < 6|(M = L)¢lz — 81— 6 + 6S0] — LAIS: - S
> 5‘(M L) — Szt quSO]’ - 5‘L/\[Sl - SO](
s ‘Sl - So‘ < 6‘(M L)z 1 — ¢z + (bSo}‘ - 5‘L)\[Sl - SO}‘
Assuming L is positive, we have
‘sl - 50](1 YL < 6‘(M CL)e[r— Sy — bz + ¢>50}‘
Rewriting the expression
z2—81—¢z+ ¢So =2z— 51 — dz+ ¢Sy + &S1 — ¢S1 + So — So
Collect the like terms

z2—=581—¢z+ ¢Sy = (1 —¢)(z — So) — (51— So)

57
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The inequality (2.8) now becomes
‘Sl - So‘(l FOLN) < 6‘(M DE(L — ¢)(z — So) — (S1 — So) (M — L)g‘ @.11)
Apply |[A — B| > |A| — |B], we have
‘51 - So‘(l +8LN) < 6‘(M ~DE1— ) (2 — so)‘ - 5‘(]\4 CD)ES, — so)‘ 2.12)
|81 = So|(1+6LN) + 8(M — L)g|(81 - 80)| < 8](M — L)E(1 = @)= = So)| (2.13)

Expand the right hand side and apply |A — B| > |A| — | B|

’Sl - 50\ (L4012 +6(M - L)¢) < 5‘(M ~L)E(1— ¢)z| - 6’(M — L)1 - ¢)so)\ 2.14)
Add 5((M L)1 — gb)So)‘ o both sides
]sl - SO‘ ((1 +OLA) + (M — L)g) v 6‘(M L)1 ¢)50)\ < 6’(M L)1 (b)z‘ 2.15)

Therefore, substituting for |.S; — Sp| Also, remember |z| =7 < 1

51 50| = i P+ (o p— - D= D) +1]}
([(t Fp—p—Dk(t—-1)(\—w)+ t} ((1 £ L) + 6(M — L)g) (2.16)
+ 01— D)L - dJaur’ < (M - L)3E1 - 0))

The proof is obtained. Hence, f(z) € T, Sk(6, 8, A, 6, L, M, 1, p). m

Theorem 2.2 (Second Class). The class T, VF(¢, 3,€, 1,8, L, M, j1, p,w) contains a function f(z) € T if and

only if,
D (up k) fy(2) 1
DY (o) £+ (2) <5
D2 (p,p,k) £ (2) ) (D‘i“(u,p,k)fv(z) )
- D RIS LA e o2 g
(M L)£<Df,t (1:0,k) f (2) )+ DS (1,p,k) £ (2)
Proof. Let
DL (k) fr(2)
DY (wp.k) fr(2)
= <4 (2.17)
D2 (p,p k) £ (2) ) (D‘A**z(u,p,k)fv(z) )
_ o PR (Z) De WPTIE g
(M L)§<th ohe ~¢) TIA DI (p k) 4 (2)
D
[\ =]
MM
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B+1
=3, ’W‘“(S){[1+(t+p—u—1)k][(t—l)(A—w)th] ay 2" X

2=3252, 7t (s) [1+(t+07u71)k][(tfl)()\fw)ﬂ}}ﬁ ay 2t

B+1
=52 7 {1+ (- = DRI - DO - )+ ) ")
(L4 (04 p— = DRI~ DO —w) + 1
{11+ ¢+ p— = DHIE-1DO-w) +1
)

5{1+ t4p— u—l)k][(t—l)(/\—w)—l-t]} a 2t

<40

]
}5+1

=

n+1
n+1
n+1

(2.18)

S L (4 p - DR D)+ )

{(t+p u—l)k[(t—l)M—w)”]}Wt <4 (219

(M = D)o = ¢) = 3 7" {1+ ¢+ p = n = DRIE = D - ) + 1]

B
x (M = D)1= ¢) + (M = D)g+ LA ){(t+ p— = DE[(E = DA —w) +1]} 0y 2"
As |Ref(z)| < |#| for all z, we have

iy”“ ({114 (t+p- ufl)k][(tfl)(/\*”)”]}ﬁ

e+ n=DHE- DO 1 fa s <5 @2

(M — L)5¢(1 — ¢ iw“ {1+ t+p— ,u—l)k}[(t—l)(A—w)+t]}ﬂ
t=2 5
><((MfL)g(lfgé)+(M—L)§+L)\>{(t+pfu—l)k[(tfl)()\fw)+t}} as 2

Re

t

B+1
< is real and clearing the denominator in the above relation and letting

Sake

59
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z — 1 over real values, we will get
n+1 A
Zv {1+ (t+p—p— DRI DO —w) +1]}

{(t—l—p—u— DE[(E— 1)\ —w) + t]}atzt

< (M - L)és=(1— ¢ Zwﬂ I+ (4 p— = DRI = DA = w) + 1} x

(M — L)oc2(1 — o) + ((M — L)sE+ L)\é) {(t Yp—p— DE[(t— 1A —w) + t]} ag 2t

;szynﬂ [+ (t+p— = DRI = DA —w) + 1]}
TR

Zv"“ W+ +p- u—mk][(t—l)@—w)”]}ﬁ

(M — L)oe=(1 — &) + ((M _L)sE+ an) {(t Yp—p—DE[(t— 1A —w) + t]} ag 2

< (M = L)£6=(1 — )
Asz — 1

Sy {0+ -+ p == DRI - DO - w) + 4}

[(t+p == DRI~ DO —w) +1]

[14 LAS + (M — L)6¢] + (M — L)6E(1 — ¢) | azz® — (M — L)E(1 — ¢) < 0
Hence, the proof is obtained.
2.2. Growth and Distortion Theorem
Theorem 2.3. If f(z) € T, SE(0, 8,&,X,6, L, M, 1, p,w) then
M — L)§(1L— ¢
: M~ D)2t = ¢) <1f()

B
i+ @+ o= wHl - D= w) +4}
x {10+ = wHIE - 1) —w) + 4}
% [1+ LA + (M — L)o¢] + (M — L)oe(1 — M

60
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(M — L)d§(1 — ¢)

<r4r? 3
i+ +p- wrIE - DA -w) +4}
x {10+ = wHIE - 1O - w) + 4}
[+ LAS + (M — L)o€] + (M — L)6e(1 — ¢)]
Equality holds for
e (M — L)5(1 — )

B
{i+a+p—mwilt - DA -w) +1}
x {10 +p = wHIE - DO —w) + 4}
% [+ LA + (M — L)o¢] + (M — L)de(1 — ¢)}

Proof. From Theorem 2.1 we get f(z) € T, S]’;’ (¢,8,6,\,0, L, M, pu, p,w) if and only if

S {IL+ (4 p—p— DR - DO )+ 1) ¢
:2

~+

(14 p— )k t—1)()\—w)+t]]{1+L)\5+(M—L)5£}+(M—L)5§(1—¢)}at @29
< (M — L)6(1 - )
Leth o1 (M — L)5(1 - )
{(1+p—u)k[(t—1)(A—w)+t]}[1+L)\6+(M—L)(Sg]
s f(z) € 7;15’5(@@5, A0, L, M, p, p,w) if and only if
Zv”“ V{4 (4 p— = DRI - DO ) +])
(2.25)
{<t+p—u—h>[<t—1><A—w>+t1}ats(l—h)
whent = 2,
{0+ @t o wHlE - DO -w) 40} @4 p— - hz
> {4 (4o DRI 10— 1) 220
{ Yp—p—h) t—l)()\—w)—l—t}}atg(l—h)
s

s
2
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fEI<r+Y A" s)ae <r ey () a
t=2 t=2

1-h

{4+ Q4o wHlE - DO -w) +4) @4 p— b

(2.27)

<r+4r?

Similarly,

(2.28)

So
9 1-h

{4+ Q4o wHlE- DO ) +4) @4 p—p—h)
1—-h

{0+t p—wHlE - D0 ) + 4} @4 p—p—h)

rTr—r

| <1

(2.29)
<r+4 r?

Hence the result,

) (M — 1)3¢(1 - 9)
i+ Wt p—whlE - D -w) +1)

x {10+ p = wHlIE - DO —w) + 4}

% [1+ LA + (M — L)o¢] + (M — L)se(1 — ¢)}

(M — L)5(1 - 9)
{1+ Wt p - wHl(E - DO —w) 44}
x {10+ = wHlIE - 1) —w) + 4}
% [L+ LA + (M — L)o¢] + (M — L)de(1 — ¢)]

<r4r?

3

s
2
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Corollary 2.4. If f(z) € ﬁlS;f(cz),ﬁ,f,)\,é,L,M,u,p,w) then =0, =1,A=1,0=1,L=-1,M =1

and p=p=1.
From the expression above, givenp =, 1l +p—p=1+p—p=14+0=1.

_ (1-9)
F(t- D1 -w) + 02— 9)

Hence the result

L (-9 ]
{H@—Dﬂ—m+ﬂ@—@ }<”(”

cray? (1-9)
- M- D0 -w)+12—9)

Theorem 2.5. If f(2) € T,, V¥(¢, 8,6, )\, 6, L, M, i, p,w) then

r— ,r,2 (M — L)5§(1 - ¢) g < ‘f(Z)|
{0+ @+ p— R = DO —w) +1]}
x {10+ p— Rl = 1) - w) +1]}
X (14 LA + (M — L)3¢) + (M — L)6¢(1 — ¢)
B Mr-npgi-0)
{1+ (4 p— Wl - DO —w) + 4}
x {10+ p— Wl - DA - w) + Q
X (L4+ LA+ (M — L)og) + (M — L)6&(1 — ¢)

Proof. Similarly, we can prove this theorem as it is relevant to Theorem 2.3. So it is sufficient to substitute

B = B+ 1 in the above Theorem 2.3 and the subsequent corollary.

63
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Theorem 2.6. For f(z) € T, S§(¢,B,§,)\,(5,L,M,u,p,w) then

(M — L)*6¢(1 — ¢)
{ (1+4p—pk t—l)()\—w)—&-t]}ﬁ
X

{la+p- u)kﬂ(t—l)(A—me}
X (14 LA + (M — L)8¢) + (M — L)3(1 — ¢)

(M — L)*3¢(1 — ¢)
{ (1+p—pk tfl)(Afw)th]}B
X

{10+ 0= wHlE - DO - w) + 4}
x (14 LAS + (M — L)5¢) + (M — L)6¢(1 — ¢)

<l+r

Proof. Since f(z) € Tp, SF(¢,8,&, A, 0, L, M, 11, p,w) we have by Theorem 2.3,

{4+ Q4 o= wHlE- D) +4} @+ p—n-B)Y 7 (s)a,

t=2
i {1+ t+p— u)k}[(t—l)(x\—w)+t}}ﬁ x (2.30)
t=2
{(t+p— Wt = DA =) + ] }ar < (1= h)
In look of Theorem 2.3 we have
Z,Ynﬂ 27n+1 { +p—p—D[t—-1)\- w)+t]}at+t27n+1 s) as
t=2 t=2 t=2
g (M — L)(1 - h) (231)
o -~ DO-w) ) @)
! |<1+z:7”+1 ta|\t1<1+7‘27”+1 s) tay <
- (2.32)
e (M — L)(1 - h) :
{140+ p=wHE -1 -w)+ 4} @+p—p—h)
e
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Similarly,
i n+1 ta |Z‘t 1>1+TZ'7”+1 )tatz
L, ) (M~ L)(1 - h)
B
{1+ A+ p= W= DA -w) + 1} @+p—p—h)
So,
- (M-D)A-h) | <1<
{1+ +p=wRIE -1 =)+ 0} @+p—p—h)
l—r[ (M — L)(1—h)
B8
{1+ +p-wRE- DA -w) + 0} @+p—p—h)

Substituting the value of h in the above inequality, we have

2 _
r _,,,2 (M L) 65(1 (b) e S ‘f(Z)|
{ (1+p—pk (t—l)(A—w)—kt]}
x {10+ p = wHII(E = )N - w) + 1]}
X (14 LA+ (M — L)0¢) + (M — L)0(1 — ¢)
iy (M — L)*3¢(1 — )

{040t p— i (t—1)(x—w)+t]}ﬂ+l
X

{10+ = wHIE -1 -w) + 4}
X (14 LA + (M — L)8¢) + (M — L)3¢(1 — ¢)

Hence the proof is obtained.

Corollary 2.7. For f(z) € Tn SE(¢, 8,6, 0,6, L, M, i, p,w).
In particular, if p = =1, thenwe have 1 +p—pu=1+p—p=1.

_ (M — L)?5(1 — 9) .
{k[(t “ 1) —w) + t]}[l + LA + (M — L)5¢]
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B( = 1) — w) + (1 + LAS + (M — L)5€)
(Mt =10 ) + 4} (M- DO - w) +4)
[14+ LA+ (M — L)6¢) + (M — L)6E(1 — )]

(M — L)*0¢(1 — )
B
{0+ mIE =1 -w) + 4} ke -1 -w) + 4}
[L+ LA + (M — L)S€) + (M — L)5¢(1 — ¢)

Hence, we obtain

6 —
{0+ R0 = DO = w) + 4} {klE - DO - w) + 1]}
[L+LAS + (M — L)8€) + (M — L)S&(1 — ¢)]

1—r

(M — L)*6¢(1 — ¢)
{1+ 8¢ - D)+ ) (k- D) +1])
[L+ LAG + (M — L)) + (M — L)6E(1 — ¢)
Theorem 2.8. If f(z) € T,, V¥(¢, 3,&, X, 6, L, M, j1, p,w) then

<l+r

M — L)26¢(1 —

aroppsi=o) Ly,
{ 14+p—pk t—l)(A—w)—&-t]}
x [0+ p = It - O —w) +1]}
X (14 LA + (M — L)6¢) + (M — L)6¢(1 — ¢)

(M — L)*5¢(1 — )
B+
{1+ @+ p— wRE = DO —w) +1]}
x {10+ p = wHIE = 1) - w) + 4}
x (14 LAS + (M — L)3¢) + (M — L)8¢(1 — ¢)

Proof. Similarly, we can prove this theorem as it is analogous to Theorem 2.6. So it is sufficient to substitute
B = B+ 1 in the above Theorem 2.6 and the subsequent corollary. [ |

<1l+r

3

s
2
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2.3. Closure Theorem

Theorem 2.9. Let f1(z) = z and
(M — 1)3E(1 ~ 9) r

ft(z): 3
{1+ @+ = =1 —w) + 4]}
X [{(t+p—u— DE[(t — 1)\ — w) +t]}

% [1+ LA + (M — L)o¢] + (M — L)se(1 — ¢>}

fort=2,3,4,---.
Then the class TS’“(QS,ﬁ,f,A,é,L,M,um,w) contains a function f(z) if and only if

Z Y (8) ke fie(2), Ve >0 andz Y (8) ey = 1.

t=1 t=1
Proof. Let f(z Z Y (s) ke fi(2), YV ke > 0 and Z ’y”“(s) k; = 1. We have,
t=1 t=1
=Y ") kufi(z) = R fu(2) + > () Rfl2) (2.36)
t=1 t=2

o flz)=2— i 7 (s) Ky B
{0+ 4+ p— R = DO —w) + 1]}

X [{(t+p—u— DE[(t— 1)\ — w) —|—t]}

% [+ LA + (M — L)o¢] + (M — L)oe(1 — ¢>)}

Then
(M —L)&§(1 — o)

27n+1<5) B
= {0+ @+ p— Rl - DO - w) +4]
H(t—i—p—u— DE[(t — 1)(A — w) —|—t]}

[1+ LAS + (M — L)S¢] + (M — L)s¢(1 — qs)}

B
{0+t +p— Rl - DO - w) +4]

{4 p—p= DRI - 1)(A - w) +1]}

[1+ LAS + (M — L)S¢] + (M — L)s¢(1 — ¢)} (2.38)
- (M — L)3E(1 - )
=Y M)k =1-k<1
t=2
S
T
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Hence f(Z) € 7;7, SS(¢7 57 6) )‘a 67 L7 M7 sy Py ’Y)
Conversely, suppose f(z) € T, S{; (¢,8,6,\,0,L, M, i, p,v) then we have Theorem 2.1 [ |
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