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Abstract. In this paper, by using three different methods, the DNA codes are obtained from some codes over a family of the
rings DZ = D1 [’U_)Q7 ceey ’U_)l] / <w,2 — Wi, Wy W5 — iji>, where 1 = 2, ...,T’,j = 1, 2, ...r and D1 = F2 + qu —+ wl(FQ =+
uly),u? = 0,w; = wi,uw; = wiu, F» = {0,1}.
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1. Introduction

The transmission and storage of information take place in digital platform and the coding theory is necessary
in order to correct and detect errors in the platform. There is another platform. In the platform, the correcting and
detecting errors are necessary but it does not take place in digital. It is DNA.

It is well known that DNA contains genetic program for the biological development of life and has two strands
which are linked by Watson-Crick pairing so that every A is linked with a 7" and every C with a G, and vice versa,
where A, T, C, G are the four bases of a DNA sequence.

The idea of computing with DNA was given by T. Head in [7]. L. Adleman performed the computation using
DNA strands in [1].

To perform computation using DNA strands, a specific set of DNA sequences are required with particular
properties. The aim of this paper is to obtain the set of DNA strands satisfying various constraints, by using the
some error correcting codes over a family of finite rings which enjoy DNA properties. One of the constraints is
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reverse constaint. This leads to reversible codes.The other one is reverse complement constraint. This leads to
reversible complement codes.

In order to obtain reversible DNA codes, some authors considered skew cyclic codes. The reversibility
problem for DNA 8-bases and DNA 2! k-bases is solved in [4] and [5] respectively by using skew cyclic codes
over the finite rings Fig + uF16 + vFig + uvFig where u? = u,v? = v, uv = vu and Fyox [uq, ..., us]/(us? —
ULy oo, Ug? — us) where k,s > 1, u;u; = u;u;. Reversibility problem arises from the fact that the pairing of
nucleotides in two different strands of a DNA sequence is done in opposite direction and reverse order. For
example, let us consider the codeword (DNA string) GTT AGGC A which corresponds to a codeword (a1, as).
The reverse of (ay,az) is (a2, a;). However, the vector (as, aq) corresponds to GGCAGTT A which is not the
reverse of GTTAGGCA. The reverse of GTTAGGCA is ACGGATTG.

In order to obtain the DNA codes, some authors used cyclic DNA codes of length n that enjoy some of the
properties of DNA. In [9], by introducing a map, a family of cyclic codes over the ring Fh[u]/ < u* —1 > is
mapped to DNA codes.

In [10], the design of linear codes over Dy = Fy +uFy +vFy +uvFy,u? = 0,0 = v, uv —vu, Fy = {0,1}
is presented by using o-set, where o is a nontrivial automorphism on the finite ring D;. By using these linear
codes, the authors obtained DNA codes with the other method.

In this paper, firstly, a non-trivial automorphism 6; over D; = D;_1 + w;D;_1, where i = 2,3, ..., 1, wf =
w;, D1 = Fy + uly + wy (Fy + uFy),u? = 0,w? = wy,uw; = wiu, Fy = {0, 1} is defined. By introducing
skew cyclic codes over a family of the finite rings D; = Dj [wa,...,w;]/ <wf — Wi, WW; — iji>, where
i = 2,...,775 = 1,2,...,r, the reversible DNA codes are obtained from them. With the other method, the
necessary and sufficient conditions of cyclic codes over D;, where ¢ = 1,...,7 to be reversible and reversible
complement are given. By introducing a map, the DNA codes are obtained from these type codes. As a last, the
linear codes over D; are designed, by using 6;-set for i = 2, 3, ..., . By using these type codes, the reversible or
reversible complement DNA codes are obtained.

2. Preliminaries

A family of the finite rings D; = D; 1 +w;D;_1, wherei = 2,3, ..., 1, wf =w;, D1 = Fo+uFy+w (Fa+
ul: 2), u? =0, w% = wj,uw; = wyu contains the commutative finite rings with characteristic 2 and cardinality
4% fori=1,2,...,r.

The finite rings of the family are written as recursively
D;=D;—1+w;Di—1

where i = 2,3, ...,r,w? = w;, D1 = Fy + uF> + w1 (Fy + uFy),u? = 0,w? = wy, uw; = wyu, F» = {0,1}.
In [10], the map ¢; was defined as follows

©1 D1 — (F2 +UF2)2
a+bwy — (a,a+b)

where a,b € Fy + uFy,u? = 0,w? = w;.
We define the map on D; where ¢ = 2, ..., r as follows

Qi Dz — D1-271

Ti1 + Yirw; — (Ti—1, Tic1 + Yio1)

where Ti—1,Yi—1 € D;_q, wf =w; fori =2,3,...,r.
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In [10], they defined a &; correspondence between the elements of the finite ring D1 = Fs + uFs + wy Fo +
uwi Fy, where u? = 0, w? = wy, uw; = wu and DNA double pairs as follows

Elements « Gray images DNA double pairs &1 (a)
0 (0,0) AA
1 (1,1) GG
u (u,w) T
w1 (0, 1) AG
uwy (0,u) AT
1+u (1+u,l4+u) CC
1+ w (1,0) GA
U+ wq (u, 14+ u) TC
u + uw (u,0) TA
wy + uwy (0,14 u) AC
1+ uwy (I,1+w) GC
1+ u+ uwy (14 u,1) cG
1+u+w (14 u,u) cT
14+ wy +uwy (1,u) GT
u 4wy + uw; (u,1) TG
l+u+w +uw; (14 wu,0) CA

By using the map ¢4 and &7, we established &5 correspondence between the element of Dy and DNA 4-bases
x1 + yrwe — (&1 (x1), &1 (21 + y1)) as follows

Elements 5 DNA 4-bases &2(3)

0 AAAA
1 GGGG
U TTTT
wWa AAGG

By using the matching and the elements of Dy and Sp,, = {AA,TT, ..., GG} and by using the Gray map
from D; to Di271’ we can define &; correspondence between the elements of the finite ring D; and DNA 2¢-bases
for: =2, ...,r as follows

gi : Dz — Di2—1 — {A, T, G, C}T

Ti1 F Yimrwi —> (X1, Tic1 +Yio1) —> ¢

where ¢ = (§;—1 (wi-1) ,&—1 (o1 +¥i-1)). _
It can be written that £; = v;;, where a map ~; is defined from D?f1 to 2*-bases as follows,

Yi(si—1,ti—1) = (Gi—1(8i-1),&i—1(ti=1))

where s;_1,t;_1 € D;_ fori=2,...,r.

In [10], a nontrivial automorphism was defined on D as follows

01 . Dy — Dy
xo + yowr — xo + (1 +w1)yo

e
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where x99 € Fy + uFy, u? = 0.
By defining a nontrivial automorphism on D; as follows, for ¢ = 2, ..., r, we can define the skew cyclic codes
over D;, fori =2, ...,r.

i1 +Yiciw; — Oi(xim1 Fyio1w;) =1

where [ = 92‘,1(1‘1‘,1) + (1 + wi)ﬁi,l(yi,l) and x;_1,y;—1 € D;_q1,fori =2,...,7.
The order of 6;, fori = 1,2, ..., is 2.
The rings

Di[z,0;] = {bf + bz + ...+ b, 2" " b€ DineN,i=2,..,kj=01,.n—1}
are skew polynomial rings with the usual polynomial addition and the multiplication as follows
(a;z®)(biz?) = a;0% (b;)a*TI
where a;,b; € D;, fori = 1, ...,r. They are non-commutative rings.

Definition 2.1. A subset C; of D}, where i = 1,...,7 is called a skew cyclic code of length n if C; satisfies the
following conditions,

1. Cj is a submodule of D}’

2. If ¢; = (ch,cl, .. ch_y) € Cy, then 0;(c;) = (0;(chi_1),0i(ch), ... 0i(cl,_y)) € C, where 0; is the skew
cyclic shift operator.

In polynomial representation, a skew cyclic code of length n over D; is defined as a left ideal of the quotient
ring D;, , = Di[x,0;]/ (z" — 1), if the order of §; divides n, that is, if n is even. If the order of 6; does not
divide n, a skew cyclic code of length n over D; is defined as a left D;[z, §;]-submodule of Disi,n’ since the
set D, ,, = Dj[z, 0]/ (z" — 1) = {fi(x) + (2" — 1) : fi(z) € Di[x,0;]} is a left D;[z, 6;]-module with the
multiplication from left defined by

ri(x)(fi(z) + (@™ = 1)) = ri(z) fi(z) + (2" — 1)

for any r;(z) € D;[x,0;].
In either case, the following holds.

Theorem 2.2. Let C; be a skew cyclic code over D; and let f;(x) be a polynomial in C; of minimal degree. If
the leading coefficient of f;(x) is a unit in D;, then C; = {f;(x)), where f;(x) is a right divisor of x™ — 1.

3. Reversible DNA codes

In this section, the reversible DNA codes are obtained by using the skew cyclic codes over D; for ¢ =
1,2

32, T

Definition 3.1. Forx; = (:176, xi x;_l) € D}, the vector (1’;_1, A x%) is called the reverse of x;
and is denoted by x] . A linear code C; of length n over D; is said to be reversible if x| € C; for everyx; € C},
wherei=1,2,...,r.
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We can express the matching the elements of Dy and Sp,, = {AA,TT,..,GG} by means of the
automorphism 6; as follows.

Each element oy = x + yw; € Dy, where 2,y € Fy + uFy, u? = 0 and 6 () are mapped to DNA double
pairs which are reverse of each other. Since a correspondence the elements of the finite ring D1 and DNA double
pairs is &1, so we have & (wy) = AG, while & (01 (wq)) = GA.

By using a map &; = 7; o ;, where the map ~; is from D2 _; to 2¢-bases as follows,

Yi(si-1,tic1) = (&im1(8i-1),&i—1(ti-1))

where s;_1,t;_1 € D;_1 fori = 2,...,r, we can explain a relationship between skew cyclic codes and DNA
codes. &;(s;) and &; (0;(s;)) are DNA reverse of each other s; = a;—1 + w;b;—1,a;—1,b;—1 € D;_1, where
ai—1,bi-1 € Di_1,1=2,...,71.
Fors; = a;_1 +w;b;_1 € D;, 1 =2,...,r, we have
&i(si) = i (wilai—1 +wib;i 1))
=i (ai—1,ai—1 +bi_1)
= (&—1(ai—1),&—1(ai—1 + bi—1)) .

On the other hand,

Oi—1(ai—1 +bi—1) +wib;—1(bi—1))
@i (i—1(ai—1 +bi—1) + wifi_1(b;i—1)))

= (&—1 (Oi—1(ai—1 +bi—1)),&i—1 (0i—1(ai-1)))

where t = 2, ..., 7.
This map can be extended as follows. For any d; = (dj), ..., d!, ;) € D", where i = 2, ..., 7

Example 3.2. Leti = 2. Ifdo = (1 + uwy) + wa(l + u + wy) € Do, then we get

€2(d) = 72 (p2(d2)) = 72 (1 + uwi, u + wi + uw)
= (& (1 +uwy), & (v +w +uwy)) = GOTG.

On the other hand,

&2 (02(d2)) = &2 (01(1 +wwr) + (1 +w2)01 (1 +u+ wr))
=& (01(u+ wy +uwy) + wab1 (1 +u+w))
= Ya(p2 (01 (u + w1 + vwy) + wa2b1 (1 4+ u + wy)))
= 2 (01 (u + w1 + uwy), 01 (1 + uwy))
= (& (01 (u+ w1 +uwr)), & (01(1 + uwn)))
= GTCG.

Example 3.3. Leti = 3. If d3 = [(1 + uw1) + w2(1 + u + w1)] + w3(1 + wa) € Ds, then we get

§3(ds) = v3 (p3(ds)) = 3 (1 +vwy) + w2 (1 +u + wy), uwy + wa(u + wy))
= (& ((1 +uwr) + wa(l +u+wi)), & (uwr + wau+w1)))
= GCTGATTG.

e
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On the other hand,

§3(03(d3)) = &3 (02((1 4+ uwy) + wo (1 +u +w1)) + (1 + w3)02(1 + wy))
= &3 (O2(uwy + wa(u + w1)) + w3 (1 + ws))
= 73(¢p3 (O2(uwr + wa(u + w1)) + wsba(1 + w2)))
= 73 (O2(uwr + wa(u +w1)), 02 (1 + uwr + wa(l +u + w1)))
= (&2 (O2(vwy + wa(u +w1))), 2 (02(1 + vwr + w2 (1 +u +wr))))
= GTTAGTCG.

Definition 3.4. Ler C; be a code of length n over D;, fori = 1,...,r. If §(d;)" € &(C;) forall d; € C,, then
C; or equivalently £;(C;) is called a reversible DNA code.

Definition 3.5. Let g;(z) = a}) + aiz + abx? + ... + alx® be a polynomial of degree s over D;. g;(x) is called
a palindromic polynomial if ai = a'_, forall t € {0,1,...,s}. gi(z) is called a 0;-palindromic polynomial if
atl =0;(a’_,) forallt € {0,1,...,s}, fori =1,...,r.

As the order of 6; is 2, a skew cyclic code of odd length n over D; with respect to 6; is an ordinary cyclic
code. So we will take the length n to be even.

The next two theorems show that palindromic and 6;-palindromic polynomials generate reversible DNA
codes.

Theorem 3.6. Let C; = (f;(x)) be a skew cyclic code of length n over D;, where f;(x) is a right divisor of
™ — 1 and deg(fi(x)) is odd. If fi(x) is a 0;-palindromic polynomial, then &;(C;) is a reversible DNA code, for
1=1,..,m

Proof. Let f;(z) be a 0;-palindromic polynomial and f; () = a}+aix+...+ab, 2?71 Soal = 0;(ab,_;_,),
forallt =0,1,...,s— 1. Let h;(z) = hi + hiz+---+h, _x?*~L. Let b} be the coefficient of 2! in h;(z) f;(x),
where [ = 0,1,...,n — 1. For any p < n/2, the coefficient of z? in h;(z) f;(x) is

p
by = D hi0l(ay-;)
=0
and the coefficient of P is
p
bf’bfp = Z hékflfjefkilij(a;sflf(pfj))'
=0

The polynomial h;(z) f; (x) = S22¢ " hiad f;(x) corresponds to a vector b; = (b, b, ..., bi, ) € C;.

The vector &;(b;)" = ((&(b}), ..., & (b,_1)))" is equal to the vector &;(z;), where the vector z; corresponds
to the polynomial 251 6; (hi))a2— 14, (x).

So &;(C;) is areversible DNA code. [ |

Theorem 3.7. Let C; = (f;(x)) be a skew cyclic code of length n over D;, where f;(x) is a right divisor of
™ — 1 and deg(f;(x)) is even. If f;(x) is a palindromic polynomial, then &;(C;) is a reversible DNA code, for
1=1,..,r

Proof. Let f;(x) be a palindromic polynomial with even degree so that fi(x) = a} + aix + ... + ab,x* and
ai = ab,_,, forallt = 0,1,...,s. Let h;(x) = hi + hiz + --- + hi,x**. Let b} be the coefficient of z! in
hi(z) fi(z), where l = 0,1,...,n — 1. For any p < n/2, the coefficient of z? in h;(z) f;(z) is

e
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L
and the coefficient of "7 is

2k) 7
Zh(%) 07 (@ pjy)-

The polynomial () fi(z) = 3. i hflxdfi(x) corresponds to a vector b; = (b8, b%, ..., b,_;) € C;.
The vector &;(b;)" = ((&(b), ..., & (bL,_1)))" is equal to the vector &;(z;), where the vector z; corresponds
to the polynomial Zd:o 0;(hy)z** = fi(x). So &(C;) is a reversible DNA code. [ |

Theorem 3.8. Let 2™ —1 = h;(z) fi(x) € D;[x,0;], where the degree of f;(x) is odd. If fi(z) is a 0;-palindromic

polynomial, then h;(x) is a palindromic polynomial.

Proof. Let fi(z) = a} + alx + ... + ab,_ 2?71 As the length n is even, then h;(z) = hé + hiz + -+
i, x?*~1. Since fi(x)is a0; pahndromlc polynomlal, then ai = 0,;(ab,_,_,) forallt = 0,1,....,s — 1. Let
bi be the coefficient of z! in h;(z) fi(x), where [ = 0,1,...,n — 1. For any p < n/2, the coefficient of 2P in
hi(z) fi(x) is

P . .
= hibl(a;-)
j=0

and the coefficient of 2" P is b, , = >"_ b, ,_ jﬂfk 1= J(aés_l_(p_j)). By using the fact that b = b, = 0
and b, = Oforallt =1,2,...,n — 1, itcan be shown that h} = hi, ,_, forallt =0,1,..,k — 1 by induction, as
in [6]. [ |

4. Reversible and reversible complement codes over D,

In this section, the necessary and sufficient conditions of cyclic codes over D, to be reversible and reversible
complement are given. By using the map, the DNA codes are obtained from these codes.
In [10], they characterized the reversible codes over D; as follows.

Theorem 4.1. [10] Let C, = wlcé @1+ wl)C; be a cyclic code of arbitrary length n over D,. Then C is
reversible if and only ifCS and C’S are reversible codes over Fy +uFy, u? = 0 and both of them are cyclic codes
over Fy + uFy,u? = 0.

In [3] and [8], the necessary and sufficient conditions of cyclic codes over the ring F» + uF5,u? = 0 to be
reversible were given in case of the length n is odd or even, respectively.

In [2], the reversible codes over Dy were characterized as follows;

Theorem 4.2. [2] Let Cy = wgCi @1+ wg)Cf be a cyclic code of arbitrary length n over Dy. Then Cy is
reversible if and only if Cl1 and Cf are reversible codes over D1 and both of them are cyclic codes over D.

Firstly, we characterize the reversible codes over D;, where ¢ = 3, ..., r

Theorem 4.3. Let C; = wiCil,l @ (1+wi)C:71 be a cyclic code of arbitrary length n over D;, wheret1 = 3, ...,r

. I g} 2 . )
Then C; is reversible if and only if C,_, and C,_, are reversible codes over D;_1, where i = 3, ..., r and both of
them are cyclic codes over D;_1, where i = 3, ...,1

e
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Proof. Let C,_,.C;_, be reversible codes. For any b; € C;, b; = w;bl_, + (1+w;)b2 ,, whereb!_, € CL |,
b2, € C;_,. AsC;_,, C;_, are reversible codes, (bl_,)" € CL,, (b?_,)" € C;_;, 50 b} = w; (b_;)" +
(1+w;) (b?ﬁl)r € ;. Hence C; is reversible codes.

On the other hand, let C; be a reversible code over D;. So for any b; = w;b} | + (1 + w;)b?_; € C;,
where b} € C} |,b? | € C:_l, we get bl = w; (bl;)" + (1 +w;) (b2 ;)" € C;. Let bl = w; (bl_;)" +
(14 w;) (b2,)" = wist_; + (1 +w;)s?_, ,wheres!_, € CL s>, € C,_,. Therefore C;_, and C;_, are
reversible codes over D;_1. |

In [10] and [2], they characterized the reversible complement codes over D and Ds, respectively. Secondly,
we characterize the reversible complement codes over D;, where ¢ = 3, ..., 7.

Definition 4.4. For x; = (zf), 2%, ..., 2%, _,) € D?, the vector (xfhl, Ti o1t x6> is called the reversible

complement of x; and is denoted by X}, where x? represents the complement of the elements x§ 0<j<n—-1
A linear code C; of length n over D; is said to be reversible complement if x;¢ € C;, for every x; € C;.

Lemma 4.5. For any c; € D;,wherei =1, ..., we have c; +¢; = u.
Lemma 4.6. Let a;,b; € D;, wherei =1, ....r, then a; + b; = @; + b; + u.

Theorem 4.7. [10] Let C; = wlCS @ (14 wl)Cé be a cyclic code of arbitrary length n over Dy. Then C is
R — 1 2

reversible complement if and only if C is reversible and (0,0, ...,0) € Cy, where C, Cyy are both cyclic codes

over Fy + uFy,u? = 0.

Theorem 4.8. [2] Let Cy = w2011 @1+ wg)Ci be a cyclic code of arbitrary length n over Dy. Then Cy is
reversible complement if and only if Cy is reversible and (0,0, ...,0) € Cy, where Ci , Cf are both cyclic codes
over D;.

Theorem 4.9. Let C; = wiCZ«l,l S (1+wi)C':71 be a cyclic code of arbitrary length n over D;, wherev = 3, ..., .
Then C; is reversible complement if and only if C; is reversible and (0,0, ...,0) € C;, where C’;_l, Cf_l are both
cyclic codes over D;_1,1 =3, ...,1.

Proof. Since C; is reversible complement, for any d; = (dj, ...d}, ;) € C;,di¢ = (d',_1, ..., d%y) € C;. Since
C; is a linear code, so (0,0, ...,0) € C;. By using Lemma 4.5, we get

Hence for any d; € C;, we have d] € C;.
On the other hand, let C; be reversible code over D;. So, for any d; = (d},...d!, _;
(di\_1,....,d}) € C;. Forany d; € Cj,

n—1»

) € Cy, then d] =

dre = (di,_1,...,dig) = (d\,_,,....d5) + (u,...,u) € C;.

So, C; is reversible complement code over D;. [ |

By a cyclic DNA code over D; of length n, we mean a cyclic code that has the reverse complement property,
where: = 1,2, ..,7.

Corollary 4.10. Ler C; be a cyclic DNA code of length n over D; and minimum Hamming distance d, where
i=1,2,..,7. Then &;(C;) is a DNA code of length 2'n over the alphabet { A, T, C, G} with minimum Hamming
distance at least d.
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5. Reversible and Reversible Complement DNA Codes

In [10], the design of linear codes over D; was presented. It was obtained DNA codes from them.
In this section, we will design linear codes over D;, where ¢ = 2, ...,7 , by using 6;-set, where 6; is a non
trivial automorphism for ¢ = 2, .., r in order to obtain DNA codes.

Definition 5.1. Let fo1,..., fo 2i be polynomials dividing x™ — 1 over I, + uFs,u? = 0 and fic11, fic12
be polynomials with deg f;_11 = ti_11,deg fi_12 = t;_1,2 and both are over D;_1, for i = 2,...,r. Let
fi=wifici1+ (1 +w;)fic1,2 € D;lx] and

ficin =wi—1fice1 + (L +wi—1) fiz2,2,
fici2 =wi—1 ficez + (L +wi—1) fi—oa,

ficon = wi—afi—g1 + (L + wi—2) fi—z2,

( )

( )

( )
fi—o2 =wi—afi—g 3+ (1 + wi—2)fi—3.4,
Jice3 = wi—afi—35 + (1 +wi—2) fi—3,
Jicoa=wi—afi 37+ (1+wi—2)fi_3s,

fi1=wifo1+ (1 +w)foz,
Ji2 = w1 foz + (14 w1)fo,

Ji2i-1 = wifooi_1 4+ (14 w1i)fo0-
Let m; = min{n — t;_1,1,n — t;_1.2}. The set L(f;) is called a 0;-set and is defined as
L(fl) = {EO7 E17 ceey Emifla F07 F17 ceey Fmi71}7

where E; = 7 f;, F; = 96;(h;),0 < j <m; — 1,i=2,...,r.

If deg fo,25 > deg fo2s-1,
higs = wlxdegfogsfdegfozs_l foas_1+ (1+ wl)f0,2s

otherwise,
_ de s—1—degfo 2s
hits = wifo2s—1+ (1 +wi)x 8f0,2e—1~degfo.2 fo,2s

where s = 1,2,...,2" 1 and
ifdegh; 1,2: > degh; 1.2:—1

Rios = wordeshiva=deshinze—ap, o 4 (14 wy)hy 0

otherwise,
degh; _1—degh;
hiot = wahi 1 0i—1 + (1 + wo)x®8hit 217812t ], | o

wheret =1,2,...,2°"2 and

ifdeghi ;2 2, > degh; i—2 2,1

Rii10 = wi_qadshii-2ze=deghiizazvap, oo 4 (14 wi_1)hii 920
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otherwise,
_ degh; i—2 2y—1—degh; i—1 24
Riic1o = Wi—1hii—2.2p—1 + (1 4 w;_q)x®8teim2201708i—12v 0 5 o)

where v = 1,2 and
If deghi 1,2 >deghi i1,

de hi i— —d. hi, i—
hi = wgtiimt2m izt p, s g 4 (14 w;)hii—1,2

otherwise,
degh; ; —degh; ;i 1.
hi = wihi’i,1’1 + (]. + ’IUZ)LL' 8, i—1,1 81, 1,2hi7i7172.

L(f:) generates a linear code C; over D;, where i = 2,...,r. It will be denoted by C; = (fi), or C; =
(L(f:)). It means that it is D;-submodule generated by the set L(f;), where i =2, ..., 7. '

Let f; = aly + aix + ... + alx® € Diz],0;(h;) = by + bia + ... + ba®, where i = 2,..,7. The
D;-submodule can be considered to be generated by the rows of the following matrix

By
Fy
Ey
L(fi)=| F1
Es
Fy

ab ai ay -+ a0
i i i i
bbb b o B0

{0 a5 af ay -+ ay
0 b b B ce e b

>
o
o

O O O O

Theorem 5.2. Let fo1,..., fo0i be self reciprocal polynomials dividing ™ — 1 over Fy + uFy,u? = 0. So
C; = (L(f:)) is a linear code over D; and &;(C;) is a reversible DNA code, where &; is from C; to S%;f, for
1=2,..,r.

Proof. It is proved as in the proof of the Theorem 4.3 in [10]. |

Corollary 5.3. Let fo 1, ..., fo.2i be self reciprocal polynomials dividing ™ — 1 over Fy + uF»,u* = 0 and
C; = (L(f;)) be a cyclic code over D;. Ifu”;[i_l1 € C;, then &;(C;) is a reversible complement DNA code.

Example 5.4.
foa(z) =z +1,
fo2(x) = 22 +r+1,
fos(x) = 2%+ 2341,
f074(17) =x+ 1,

where all of them divide x° — 1 over Fy. Hence
fo = w2 (w1 foq1 + (14 wi) fo2) + (1 +w2) (w1 fos + (1 +w1) foa)
over Ds. That is

fg:w1(1+w2):v6+w1(1+w2)x3+w2(1+w1)m2+(w1(1—|—w2)+1):1:+1.

e

341



Abdullah DERTLI and Yasemin CENGELLENMIS

Since h27171 = IU1I'fO,1 + (1 + ’LU1)f072 and h2,172 = w1f073 + 505(1 + U)l)fo74, we get hg = w2h271,1 + (1 +
wa)ha1,2 Then we have hy = x° + (1 + w1 + wiws) x° + 2t (1 4+ w1) wa + (1 + w2) w123 + wy (1 4 ws). So
0 (ha) = 25 + (1 + wa (1 +w1)) 2° + w1 (1 +wg) 2* + (1 + wy) waz® + wa (1 4+ wy).

Since my = 3, we consider the generator matrix of C,

Eq
Fy
By
I
Es
I

where Eo = FQ,El = .’L'fg,EQ = .%'2f27F0 = Hg(hz),Fl = xeg(hz),FQ = .1‘292(]12). Ifwe take Qg = 0,0&1 =
Las=1,80=0,8 =0,82 =1, then apEy + a1 E1 + as By + BoFy + B1Fy + BoFo = x4 22 (w1 + ws) +
wo (1 +w1p) 2%+ (w1 + wo) 2% + (w1 + wa) 2° +wy (14 wa) 28 4+ (1 + wy + wo) 27 + (1 4+ wy + wyws) 8.
It is correspondence to the codeword

d — 0,1, w1 + wao,wa (1 4+ w1i),w + we,w + wo,
! ’LU1(1+1U2),1—|-’LU1—|—IU2,1—|-U)1—|-U)1’LU2 '

Hence &2(d1) = AAAAGGGGAGGAAAGAAGGAAGGAAGAAGAAGGAGG.

Moreover 05 () Fo + 03 (a1) Fi + 62 (o) Fo 402 (Bo) B2 + 62 (81) v+ 02 (B2) Eg = 14+ws (1 +wp) +
2 (1 4wy + we)+2? (we (1 + wy))+a3 (wy + we)+x* (wy + we)+a® (1 4+ wy + wa)+28 (1 + wy + we)+a”
correspondences to the codeword

d, — 1+w2(1—|—w1),1+w1+w2,w2(1+w1),w1+w2,
2 w1+w2,1+w1+w2,1+w1+w2,1,0 '

Hence &5(de) = GGAGGAAGAAGAAGGAAGGAAGAAAGGAGGGGAAAA.
So (€5(d2))" = &(dy).

6. Conclusion

By using three different methods, the DNA codes are obtained from the some error correcting codes over the

family of finite rings.
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