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Existence results for a self-adjoint multi-valued coupled system

1. Introduction

Inspired by the work of Bitsadze and Samarskii [6] on nonlocal elliptic boundary value problems, I1’in and
Moiseev [19, 20] initiated the study of nonlocal boundary value problems for second order ordinary differential
equations. Nonlocal boundary value problems constitute an important area of research as such problems find
their applications in chemical engineering, thermo-elasticity, underground water flow and population dynamics,
for details and examples, see [5, 30]. For a variety of interesting results on nonlocal boundary value problems,
we refer the reader to the works [1-3, 8, 12-14, 16, 17, 23, 26, 28, 29] and the references cited therein. Self-
adjoint differential equations are found to be of great interest in certain disciplines, for example, see [7, 11, 25,
27]. In [24], a self-adjoint coupled system of nonlinear ordinary differential equations with nonlocal multi-point
boundary conditions was studied. In a recent article [4], the authors established existence results for a self-
adjoint coupled system of nonlinear second-order ordinary differential equations complemented with nonlocal
non-separated integral boundary conditions.

The aim of the present paper is to consider and investigate the existence of solutions for the multi-valued
case of the problem discussed in [4]. In precise terms, we consider a self-adjoint coupled system of second-order
ordinary differential inclusions on an arbitrary domain, subject to the nonlocal non-separated integral coupled
boundary conditions given by

(p()d/ (1)) € pu F(t,ult),v(t)), t € [a,b],
(a(t)0' (1)) € pa G(t,ult), v(t)), t € [a,b],

"
aru(a) + asu(db) = )\1/ (1.1

a

v(s)ds, azu’(a) + asu'(b) = Aa /77 v'(s)ds,

b b
Brv(a) + B2v(b) = AS/E u(s)ds, f3v'(a)+ B4’ (b) = /\4/E u'(s)ds,

where, a < n < & < b, p,qg € C([a,b],R"), v, 8i,\i € RT,i =1,2,3,4,u; € RY,j =1,2.and F,G :
[a,b] x R x R — P(R) are given multivalued maps, P(R) is the family of all nonempty subsets of R.

We establish existence criteria for solutions of the problem (1.1) for convex and non-convex valued
multivalued maps F' and G by applying the nonlinear alternative of Leray-Schauder type for multi-valued maps
in the convex case and Covitz and Nadler’s fixed point theorem for contractive multi-valued maps in the
non-convex case, respectively. The tools of the fixed point theory employed in our analysis are standard,
however their application to the problem (1.1) is new. We emphasize that the results derived in this paper are
new and enrich the literature on self-adjoint multivalued nonlocal boundary value problems.

The rest of the paper is organized as follows. We present background material about multivalued analysis in
Section 2, while the main results are presented in Section 3. Numerical examples illustrating the obtained results
are constructed in Section 4.

2. Preliminaries.

We begin this section by reviewing some basic definitions, lemmas, and theorems on multivalued maps from
[10, 18] which are related to study of the problem (1.1).

For a normed space (X, || - ||), we define the following:
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(i) Pu(X)={Y € P(X): Y isclosed},
(ii) Py(X) ={Y € P(X): Y is bounded},
(i) P.,(X) ={Y € P(X): Y is compact},
(iv) Popo(X) = {Y € P(X) : YV is compact and convex}.

A multi-valued map F : X — P(X) is:
(a) convex (closed) valued if F'(z) is convex (closed) for all z € X.

(b) F is called upper semi-continuous (u.s.c.) on X if for each zy € X, the set F'(z) is a nonempty closed
subset of X, and if for each open set /' of X’ containing F'(x¢), there exists an open neighborhood Ny of
xo such that F(Ny) C N.

(c) The map F is bounded on bounded sets if F'(B) = U,cpF(x) is bounded in X for all B € P,(X) (i.e.
sup, e {sup{ly| : y € F(z)}} < o0).

(d) F is said to be completely continuous if F'(B) is relatively compact for every B € P, (X). F has a fixed
point if there is € X such that x € F(x).

Remark 2.1. A multivalued map F : W — Py (R) is said to be measurable if for every b € R, the function
t — d(b,F(t)) = inf{|b — ¢| : ¢ € F(t)} is measurable.We define the graph of F to be the set Gr(F) =
{(z,y) € X x Y,y € F(x)}.The fixed point set of the multivalued operator F will be denoted by FixzF.

Remark 2.2. We recall the relationship between closed graphs and upper-semicontinuity ([10]): If F : X —
Po(X) isu.s.c., then Gr(F) is a closed subset of X XY, i.e. for every sequence {x, }nen C X and {yn tnen C
X, if when n — oo, T, = Ty, Yn — Yu and y, € F(x,), then y, € F(x,). Conversely, if F' is completely
continuous and has a closed graph, then it is upper semi-continuous.
Definition 2.3. A multivalued map F : [a,b] x R? — P(R) is said to be Carathéodory if
(i) t — F(t,u,v) is measurable for each u,v € R;

(ii) (u,v) — F(t,u,v) is upper semicontinuous for almost all t € [a, b];
Further a Carathéodory function F is called L' —Carathéodory if

(iii) for each p > 0, there exists 2, € L*([a, b], RT) such that

IF(t, w0 = sup{fa] : & € F(t,u,0)} < 9,(t)
Sor all ||ul|, ||v|| < p and for a.e. t € [a,b].

Definition 2.4. A function (u,v) € F x F, where F = C?([a,b],R) is a solution of the self-adjoint coupled
system in (1.1) if it satisfies the coupled boundary conditions of (1.1) and there exist functions f,§ € L' ([a,b], R)
such that f(t) € F(t,u(t),v(t)), §(t) € G(t,u(t),v(t)) a.e on [a,b].

Let us now recall the following lemma from [4].

3

s
2
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Lemma 2.5. For f1, 1 € C([a,b],R) and R # 0, E # 0, the solution of the linear system
(PO (1) = mfilt), t € la,b],
(@' (1)) = pogn (t), t € [a,b],

! / / T 2.1
aru(a) + agu(b) = )\1/ v(s)ds, asu'(a)+ aqu'(b) = )\2/ v'(s)ds,

a

b b
Brv(a) + Bav(b) = )\3/5 u(s)ds, B3v'(a) + Bav'(b) = )\4/E u'(s)ds,

can be expressed by the formulas:

/ (45 / fi(z du+ —az(ﬂr&-ﬁz)/: (ﬁ/@uﬁ(z)dz)du
+A1(B1 + B2) / / N2 /au dz duds — M P2(n—a) /ab(ql(Z) /augl(z)dz)du
+/\1)\377—a/§/a ﬁ/a flzdz duds

+ELR (E4a2([31 +ﬂ2)/b ﬁdZ*Eﬁq (B1+ B2) /?7 /s LClz ds
+EsAiB2(n — a)/b ()dz Esdids(n—a / / o) ——dzds
_RE4/ (‘;4‘“/ filz dz — Eso 51+52)/b$dz

n

b
+E3)\ /81+/32 / / ?dzds E3>\152(777a)/ %‘Z)dz

+EiMds(n—a / / %dzderREzl/t%dz)(/ 2“"(5)2 /:gl(z)dzds)
(E2a2 ﬂ1+ﬂ2)/bp— 2 — By (Br + f2) / / ks

+E1A1B2(n — a/i)z EyMAs(n— a// dzds

“rms [ ) (B8 [ ) 4 (~ Baoa ot ) [

a

n s b
+E1)\1(ﬂ1 +ﬁ2)/ / le)dz ds—El)\lﬁz(n—a)/ le)dz

LB As(n — a) /:/a ﬁddeREQ/: p(lz)dz)(/: ;‘25)1 /:fl(z)dz ds)],

o(t) = /t (%/ugl( )dz )du—i—]l% — az)a(b— g)/ ’(‘;) /aufl(z)dz)du
FAr s (b — g/ / “2 /u duds ﬂz(aﬁaz)/j(q‘(‘z) /augl(z)dz)du
+s(oa + an / / ‘“ / fi(z du ds]
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(E4a2A3(b—§)/ab$d ~ BsMis(b // Zdzds

+E3ﬁ2(0¢1 +042)/ ( )d E4)\3 041 —+ a2 / / Z dZ ds

B t a4u1 _ _ b

REg/a o) dz p( / filz dz ( Eacars(b g)/a P
b

+E3)\1)\3 b— / / qudz dS—E352(0é1 +O¢2)/ le)dz

b 1 t 1 17)\2“2 s
+Esx3(a1 + a2) i /ﬂ W zds+RE3/ ﬁdz)(/ q(s) / gl(z)dzds)

b
+ E2a2>\3 b— 5 / p(% Z—E1A1)\3 b— 5 / / dZdS

+ﬁ

b
1
+E1B2(0n + a2 / 7) — Ex)s(a1 + oz // dzds

,REl/ dz) ( q‘*(“; / dz) (7 Brashs(b—€) /ab ﬁdz
+E1 X1 As3(b /71/ q—dz ds — F1f2(a1 + as) /b le)dz
+E2s(ar + az) ' ﬁdz ds + RE: /t ﬁdz) (/: ’]\D‘Eg‘; / fi(2)dz ds)} .

3

where
R = (a1 +a2) (b1 + f2) = MAs(n — a) (b= &),
E = FE1Ey — EsEs,
a3 oy T Ao * A Bs Ba
B =2 4 24 E2=/ 224, E3:/ A gs, By = 2 4 EL
p(a) — p(b) a 4(s) ¢ p(s) q(a) ~ q(b)
Let (F,|| - ||) denote the Banach space of all continuous real valued functions where F = {u(¢)|u(t) €
C(la,b],R)} and |lu|| = sup{|u(t)], t € [a,b]}. Evidently the product space (F x F, ||(u,v)]||) is a Banach
space with the norm given by ||(u,v)|| = |Ju|| + ||v| for any (u,v) € F x F.

Let us consider the set of selections functions F and G for each (u,v) € F x F defined by
Sk uw = {f € L'([a,b],R) : f(t) € F(t,u(t),v(t)) forae. t € [a,b]},

and
Sa(uw) =19 € L'([a,b],R) : §(t) € G(t,u(t),v(t)) forae.t € [a,b]}.

Define the operators ©1,0 : F x F — P(F X F) by
©1(u,v) = {h1 € F x F : there exists fe SF,(uw)» 9 € SG,(u,v) such that
hi(u,v)(t) = Z1(t,u,v),Vt € [a,b]}, (2.2)
and
O2(u,v) = {he € F x F : there exists fe SF,(uw)» 9 € SG,(u,v) such that

ho(u,v)(t) = Za(t,u,v),Vt € [a,b]}, (2.3)

e
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/ ( / fr(2)dz)du + fa2(ﬁ1+ﬁ2)/ab (5 / fu(2)dz) du
FA1(B1 + Ba) /a /a “2 /au dz du ds — M\ B2 — a)/ab(q*&j) /augl(z)dz)du
+/\1)\317—a/§/a ul / flzdz du ds

(E4a2(ﬁl+@2)/ S B\ (Br + Ba) / / e

Ll
ER

+E3)\1ﬁ2(77—a)/ dz EshAs(n— a// dzds

—RE, /tL p awl/ flzdz (—E4a2(61+ﬂ2)/b$dz

b
+E3)\1 ﬁl +,62 / / dZ ds — Eg)\lﬂz n— a)/ le)dz

FEMAs(n —a // dzds+RE4/ %dz)(/an 22(5)2 /:gl(z)dz ds)

+(E20£2(51 +52)/ dZ Ei ) (B1+ B2) / / dZ ds

+E1>\1ﬁ2(n—a)/ @dZ—EQAlAg n—a/g/mdzds

b

,REQ/G %dz)(i‘l(gi/a gl(z)dz) + (7E2a2(ﬁ1 +ﬁ2)/a ﬁdz

s b
+E1)\1(,6'1+/82)/n/ q—lz)dz d87E1/\1,82('r]7a)/ ﬁdz

B Ns(n — a) /gbLS]);@dzds+REg/lt]);ddz)(/§b>$/:fl(z)dz ds)],

/at (% /“ G1(2)dz ) du + Ly asAz(b—¢€) /ab (pl;;) /au f1(z)dz)du

Jau+ g
FA s (b — €) / / (q’;—z/ dz du ds — 52(a1+a2)/ab(q?i) /augl(z)dz)du
Gl

(z)dz) du ds:|

L (E4a2)\3(b—£)/bﬁdz—E3/\1)\3 (b—¢) /al/a %dzds

+E3B2(a1 + a2)/ dz Esds(oq + az / / dz ds

_ ti ap _ PNV
REg/a Bl (p(b) /a flzdz Esan)s(b g)/a Bl

n

s b
+E3)\1/\3(b*£)/ %)dz dS*Es/BQ(al +a2)/ ﬁdz

+E4)\3(a1+a2)/:/: ﬁdz ds + REs /:ﬁ&)(/an 2?5)2 /:gh(z)dz ds)
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+(E2a2)\3(b—£) /b L B / / Ldz ds
a p(Z) q(2)
1
+E1ﬂ2(0&1 + 052)/ ( )d EQ}\S Oél + o / / (Z ——dz ds
t b
[ o) G [ e
REl/a Pl )( N RS )dz) ( Brxdo(b =€) |- vds

+E1 A1 A3(b //—dzds Elﬁg(alJrag)/ @dz

FEos(an + as // (12 dzds-i—REl/a ﬁdz)(/ A“’“/ ficz dzds)].

Next we introduce an operator © : F x F — P(F x F) as

o Gl(uvv)(t)
O(u,v)(t) = <@2(u,v)(t)> ’

where ©1 and O, are defined by (2.2) and (2.3) respectively.
For the sake of computational convenience, we set the notation:

& =D1+4+ D3, E =Dy + Dy,

where
Dy = R[OS (101 + o + 52)) + Ml — )00~ (€= o]
1 Eyoz(B1 + B2)(b—a) E3>\1(51 +B2)(n—a)® | Eshifa(n—a)(b—a)
+am P 2 " 7
EdXs(n—a)[(b—a)’ — (£ —a)’] = REs(b— a)) (a4u1(b — a))
+ +
2p p Ip(b)
+<E2a2(ﬂl -;@2)(() —a) n Ei1 ) (b1 +2§2)(7] —a)? n E1)62(n ; a)(b—a)
Bxhids(n—a)[(b—a)* = (€ —a)*]  RE»(b—a)\ (Aapa[(b—a)? — (€ — a)?]
* % =) % )]
_ 2 [M(BtBe)(n—a)? 2
D: = g : X820 = a)(b— a)?]
1 Esaz(B1+ B2)(b—a) | Eshi(Bi+ B2)(n—a)® | EshiBa(n—a)(b—a)
+am P - 2 * 7
+E4>\1)\3(77 —a)[(b—a)’ = (£ —a)’] N RE4 (b — a)) (>\2M2(7] - a)2>
2p p 2q
Jr(]520t2(51 -;52)(() —a) E1>\1(51 +2§2)( —a) " Ei1MB2(n ; a)(b—a)
Rl ) B )
_ o [(b—a)® As(ar + az2)[(b—a)® — (£ — a)?]
Ds = |R;5\[ 5 (0220 —9) + 6 ]
1 E40¢2)\3(b—£)(b—a) E3A1A3(b—§)(n—a)2 E3ﬁ2(0[1 —|—O¢2)(b—0,)
" RE [( D + 27 + q
EiXs(a1 + a2)[(b— a)? — (€ — 0)2] RE3(b—a)\ [ aspi(b—a)
" % =) e )
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Elﬁg(al + az)(b — a)

+(E2a2>\3(b =&)(b—a) " Eidids(b—€)(n—a)?

p 2q * q
Bxds(ar+a2)[(b—a)® = (€—a)®] | REi(b—a)\ A [(b—a)’ = (£ —a)’]
+ 2p + P )< 2p )]’
_p2 [(b—a)® AMAs(b =€) (n —a)®
Dy = @[ 5 (|R|+52(O¢1+a2)) + 6 }
1 [/ Esa2): (bfg)(bfa) Eshids(b—&)(n—a)®>  Eszfa(on + a2)(b—a)
+ﬁ [( 3 . 3 3 T + 3 -
Eids(ar + a2)[(b—a)® — (£ —a)’]  RE3(b—a) Am
+ % =) L)
+<E2a2>\3(b - §)(b—a) n EidiAs(b —75)(77 —a)’ n Elﬂ2(a1 + az)( a)
D 2q
ExXz(ar +a2)[(b—a)’ — (€ —a)’]  RE\(b—a)\ (Bapa(b— a)
* % =) ()l @
ﬁ:zéﬁfb] Ip(2)l, ci—zlr[;fb]lq( z)|. (2.6)

3. The Carathéodory case

To prove our first existence result for the multivalued problem (1.1), we need the following known results.

Lemma 3.1. ([22]) Let X be a Banach space. Let F : [a,b] x R? — P, .(R) be an L'— Carathéodory
multivalued map and let ¢ be a linear continuous mapping from L*([a, b], R) to C([a, b], R). Then the operator

¢ o Sru: C(la, b, R) = Pep o(C([a, ], R)), wi= (p o Sku)(u) = ¢(Sru)
is a closed graph operator in C([a,b],R) x C([a,b],R).

Lemma 3.2. (Nonlinear alternative of Leray-Schauder type [15]). Let S be a Banach space, Sy a closed convex
subset of S, U an open subset of Sy and 0 € U. Suppose that F : U — P .,(S1) is a upper semicontinuous
compact map; here Py .,,(S1) denotes the family of nonempty, compact convex subsets of S1. Then either

(i) F has afixed point in U, or
(ii) thereisaw € OU and X € (0, 1) withu € A\F(u).
Now we are in a position to present our first main result.
Theorem 3.3. Assume that
1) F,G:[a,b] x R* — are L*-Carathéodory possessing compact and convex values;
Hy) F,G b] x R? P(R L'-Carathéod ] d l
(Hz) There exist continuous nondecreasing functions 11, Y2, ¢1, d2 : [0,00) — (0, 00) such that
IF(t,u,0)||p = sup{|f| : f € F(t,u,0)} <pa(&)[a(|[ull) + &1 (|lo])],
and
G (t,u,v)|lp :=sup{|g] : g € G(t,u,v)} < p2(O)[W2([[ull) + P2(llv]))],
for each (t,u,v) € [a,b] x R?, where p1,ps € C([a,b],RT);
(Hg) There exists a constant N > 0 such that

N
Erllpil|[Y1(N) + @1(N)] + E2|lp2|[12(N) + ¢2(N)]

where &; (i = 1,2) are given in (2.4).

> 1,

e
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Then self-adjoint coupled multi-valued system (1.1) has at least one solution on [a, b].

Proof. Consider the operators ©1,02 : F x F — P(F x F) defined by (2.2) and (2.3) respectively. It
follows from the assumption (H;) that the sets SF,(uw) and Sg,(u,») are nonempty for each (u,v) € F x F.

Then, for f € Sk (uv): 9 € Sa,(uw) and V (u,v) € F x F, we have

i (w, 0)(£) = /t( o /uf(z)dz)du—i—% —a2(ﬁ1+52)/ab (p’“(‘;) /au f(2)dz ) du
A1 (B + Ba) / / “2 / dz)dudsf)qﬁg( )/ab (% /aug(z)dz)du
-|—>\1)\3(77—a)/E /a PlZ;)/a f(z)dz)du ds:|

+ﬁ (E4a2(ﬁ1 + B2) /ab ﬁdz — E3Ai (61 + B2) /77 /5 le)dz ds
+E3A\1B2(n — )/b ﬁd — EyA13(n / / dz ds
—RE4 /ti CWI/ f(z dz E4a2(ﬁ1+ﬂ2)/b$dz

+E3A1(B1 + B2) // dzds Es\iB2(n /%
‘)

+E4>\1)\3(77—a)/ / %dzds+RE4/ (/"

+(E2a2(61+62)/a Syt B+ ) / / —dzds

+E1A152(n—a)/ab$d — B / / dds
_RE /tﬁdz)(&(g; /b o(2)dz) + (—E2a2(51+ﬁ2)/:ﬁdz
+E1 A1 (B1 + B2) / / dzds El)q/BQ(T]*a)/ab ﬁdz

FEa M Ns(n / / (12 dzds-i—REz/:p(lz)dz)(/: ;‘z’;)l /:f(z)dz ds)}

/ 2)dz ds)

and

s (u, 0) (1) :/t(q‘(‘z) /"A( )dz)du + —az)\g(b—é)/ab (p‘(‘;) /auf(z)dz)du
FA s (b — g// “2 / dz)duds—ﬂz(alJraz)/ab(q‘(‘Z) /aug(z)dz)du
+As(a1 + az // )duds]

(E4a2)\3(bf§)/b$d — EshAs(b // zdzds

+E3ﬁ2(0¢1 +a2)/ ( )d E4)\3 0(1 + o / / Z dZ ds

t b
—REg/ Bl 0‘4‘“/ f(z dz E4oz2)\3(b—f)/ ﬁdz
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BN (b— g/ / dzds—E5ﬂz(a1+a2)/(lb$dz
oo [ s | ([ 3 e
(meg(b ¢) / ﬁd — B / / s
+E1,6’2(a1+a2)/a 5z = Badafon + 0 / / e ds
_RE, /:ﬁd;:)(ﬁ?l;;/ §(=)dz) + (—E2a2A3(b—g) /abﬁdz

b
+E1)\1)\3 b— § / / dZ ds — Elﬂg(al +O[2)/ ﬁdz

T Eahs(an + as / / (12 dz ds + RE, /atp(lz)dz)(/; ;‘g)l /a F(2)dz ds)],

where hy € ©1(u,v), ha € O3(u,v) and hence (hy, ha) € O(u,v).
Now, we will verify the operator O satisfies the assumptions of the nonlinear alternative of Leray-Schauder
type. In the first step, we show that ©(u,v) is convex valued for each (u,v) € F x F. Let (h;, h;) €

(©1,03),7 = 1,2. Then there exist fi € SE (uv)> 9i € SG,(uw), 1 = 1,2, such that, for each ¢ € [a, b], we have

hi(t / (L / iz du+ fa2(/31+/82)/ab (p*(‘;) /au fi(2)dz)du

B+ Ba) // /u )dz)dudsf 1[32(77761)/;(;(‘;) /augi(z)dz)du
FA1As( —a// /fZ dz du ds

b s
+ﬁ (E4062(,31+52)/a ﬁdZ—Ef,)\l(ﬁl-f—BQ)/n/ ﬁdz ds
b
+E3)\152( )/ le)d E4)\1/\3 / / Z dZ ds
t b
RE4/ — a““l/ filz dz E4a2(51+,32)/ ﬁdz

B (B + o) // s nglﬁg(n—a)/:ﬁdz

e [ [ basasi e [ o) ([1 [ e a)
+(E2a2(61+,32)/a e = BB + ) // Tz ds
—&-El)\lﬁg(n—a)/abwlz)dz ExAis(n / / Sy ds

~RE, /t p(lz)dz)(ﬁ‘*(g)z /b gi(2)dz) + (—E2a2(51+52)/:$dz

+E (B + B2) // el Elklﬁg(nfa)/abﬁdz

+Ea M s(n / / (12 dz ds + RE» /:p(lz)dz)(/; ;‘E’S‘)l / fi(z)dzds)},
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— anhs(b— 5)/ ‘(‘;) /auﬁ(z)dz)du

Al — s// (L / ) ds ﬁz(awaz)/:(q‘(‘;)/augz-(z)dz)du

sl a1+a2// ‘“ / fi(z duds}

(E4a2)\3(b—§)/a —dz— Eshas(b—€) // odeds

+E3ﬂg(a1+a2)/ = Ea(on + // e ds

_RE, / e ‘;4“1 / fi(2)dz) + (= Brands(b— ) / b%dz

F B Na(b— g// e ds = By a1+a2)/abwlz)dz

rEston o) [ [ bazasire [ ban) ([ [0 a0
+(Baanrsd /I% 2~ Exad(b— 5// s

+E1B2(a1 + a2 / Lz Ex)s( a1+a2//—dzds

REl/ )( / ) (fEMQAg(bfg) /:I%dz
FE A (b — g/ / ooy s = il a1+a2)/ab$dz

+Es(a1 + oz / / dzds+RE1/ (lz)dz)(/: 24(’:)1 /:fi(z)dzds)].

L1
ER

Let 0 < w < 1. Then, for each ¢ € [0, 1], we have

[whi + (1 — w)ha](t) = /t( m /u[wfl(z)+(1fw)fg(z)]dz)du

o \p(u) Jo

| o) [ (L [+ (- ez au

+A1(B1 + B2) // “2 /[wgl (1—w)ga(z ]dz)duds
—A1f2(n — a/ M / [wg1(2) + (1 — w)g2(2)]d )du
A (g — a// (L /[wf1 (1= w)folz }dz)duds}

(E4a2(,81+ﬁ2)/bp( Syt~ B+ ) / / —dzds

L
ER

+E3 )\ 152(777a)/ dz Eisdds(n—a // dzds

_RE4/t— a4u1/[ f1 (1- wf2 ]dz)
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+(—E4a2(/31+52>/ e+ B (B + B2) // Ty ds

a

—E3\ Ba2(n — a)/ dz + Esdids(n —a / / dz ds

t
+RE4/ 1 / AZW/ [wgi(z) + (1 — w)ga(z ]dzds)

+(E2a2(61+52)/ Syt B+ ) // s

a

+E1)\162(7]—a)/ —dz EaXiAs(n— a// dzds

—RE, /ﬁd 54“2 / win(2) + (1~ w)i(2))dz)

+(—E2a2(51+52)/a et B (B1 + B2) / / P

b
1
—Fi )\ - —d EsMiAs(n— ——dzd
sl =) [ odz Bt “/g/ap(@ @ ds

+RE» /:p(lz)dz)(/: ;‘E’:)l /:[wfl(z)—f—(l—w)fg(z)]dz ds) |,

fwht + (1 - w)ha)(t) = /t (“—2) /au[wgl(z) + (1= w)ga(2))dz ) du

o Nqu

| —oans-9) [ b (s [Twhe) + 0 - w)hld:)du

A (b — 5// (L2 /uwg1 (1~ )i (2))dz ) du ds
—Bs a1+a2/ /[91 (1 - w)ga(z ]dz)du

Fs(ar + az / / ”1 / whi(z) + (1 — w) fa(2)]d )duds}
(E4a2)\3(b €) /b (1)dz Eshis(b—€) / / s
+FEsB2(a1 + ag)/a ——dz — Es)ds(on + a2 / / ® dz ds

_REg/t ﬁdz)((;?s)l/ whi(2) + (1~ ) fa()]d2)

+( Esanhs(b— g)/b (1)dz+E3/\1)\3b 5// s

+ﬁ

—FE3B2(c1 + a2) /

<[22 [ M)+ (- @)z ds)

+(E2a2)\5(b g)/ ()dz Eidis(b — 5/”/ s

L

dz ds
p(2)

boq b
+E152(00 + 042)/ ——dz — ExA3(a1 + a2) /
a q(Z) 3

133

dz+E4,\3 (1 + az // dzds+RE3/ %dz)

e




Bashir Ahmad, Amal Almalki, Sotiris K. Ntouyas and Ahmed Alsaedi

—rpn [ L) (222 [og )+ (- o))

+(—E2a2A3(b—g)/ ()dz+E1/\1)\3b 5// s

a

_E1ﬂ2(oe1 -‘rOéz)/ ( )dz-i-Ez)\g a1 + oo / / Z dz ds

+RE /at ﬁdz)( /5 ?;25)1 /S[Mfl(z)+(1—w)f2(z)]dzds)}

a

Since S, (u,v), SG,(u,v) are convex valued as F' and G are convex valued maps, therefore, whi + (1 — w)hs € Oy, why +
(1 — w)hs € O and hence w(h1, h1) + (1 — w)(he, ha) € O.

Now, we show that © maps bounded sets into bounded sets in F x F. For a positive number v*, let By« = {(u,v) €
F X F : |[(u,v)|| < v*} be abounded set in F x F. Then, for each h; € O;,(i = 1,2), (u,v) € By=, there exist
f € SF,@,U),Q € SG,(u,u) such that

mw oo = [ N o f(z)dz)du-l—%

— (b +52)/ab (5 /au f(2)dz)du
i) [ (5 dz)duds—Alﬂz( )/ab(ﬁ/:g(z)dz)du
Yy

tom (E4a2(61+52)/a L5~ B (pr + ) / / s ds

+E3A182(n — )/b q(l) — Esdis(n / / o0 ——dz ds

—RE4/ 7 a4'ul/ f dz E4a2(,6’1 +ﬁ2)/ ﬁdz

b
+FE3\ [‘31 +/32 / / 7dZdS*E3)\1/32(777a)/ ﬁdz

rratn-a [ [ basassrm [ e ([0 [ i)
+(E2a2(51+ﬂ2)/a e B [ dsas
+E1)\1[32(177a)/ab$d — EsAhs(n // s

e [ L) (22 [ 50) ¢ (- messia ) [ e

n s b
+E1)\1(ﬂ1 +ﬂ2)/ / qidz dS—El)\lﬁz(?]—a)/ ﬁdz

a

FE2Ms(n /;/a ﬁdzds—l—REg/ p(lz)dz)(/: ;‘25)1 /:f(z)dz ds)],
ha(w, v)(£) = /t (q‘(‘;) /uﬂ( )dz)du+ 3

a et [ [ o
A s (b // “2 /u dz)duds—ﬁz(ozl-i-ozz)/ab(ﬁ/{lug(z)dz)du
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+)\3(a1+a2)/b / H /u f(z)dz du ds]

(E4ag>\3(b g)/b (1)dz EsAiAs(b — g// e

+E362(0n + 062)/ dz Eids(ar + az / / dz ds

+ﬁ

a4u1 1
7RE3/ 7 p / f dZ E4042)\3(b7£)/a @dz
b
—|—E3)\1>\3 b— 6 / / dZ ds — Egﬂz a1 —|—a2)/ ﬁdz

FEs(ar + az /:/ p(lz dz ds+REg/ %dz)(/ 22(‘;)2 /:g(z)dz ds)

b
Ezag)\:; b— 5)/ % z — El/\1A3 b— f / / Z dZ ds

b
1
—|—E1ﬁ2 a1 + oo / Z dz — EQ)\g a1 + o / / ( dZ ds

REl/ dz)(i“( / ) ( Esashs(b— 5)[%@

b
+Ei) )\3 b— f / / dZ ds — El/Bg 041 +CM2)/ LdZ
q(z o 4(2)

+EsXs(on + as /:/ p(lz dz ds+RE1/ é)dz)(/gb 2‘2’;)1 /a F(2)dz ds)].

Then, for ¢ € [a, b], we have

|h1(u,v)(t)|_/ |’“ /If \dZ)d“+|R|

] |Ozzﬂ1+ﬁ2\/ \,u1|/ |f (= |dz du

+|M(&+&)|/ﬂ/@ '“2|/\ )ld=)du ds + [ B a|/ ‘“2‘/ 9(2)1dz ) du
+|A1A3<n—a>\/b/ (Ll [ o) as

(|E4a2 b1+ B2) |/ ™ dZ+ |EsAi(B1 + B2) |/ / e dz ds

|ER|
+|E3\1B2(n — a) |/ Fdz+|E4)\1)\3 n—a \/ / rdzds

tq
+|RE,| / e "““1' / 7)1z + (1Baaa(B + 52)] / o

+|E3A1 (81 + B2) |/ / el dz ds + |EsAiB2(n —a |/

t
+|EsMAs(n —a |/ / ﬁdzds—HREd/ |pi |)\2M2|/ lg( |dzds

(|E2a2 B1+ B2) \/ 7 d2+|E1)\1 B1+ B2) |/ / |q )‘dzds

+|EiMB2(n—a |/ o dz+|E2)\1)\3 n—a \/ / ) dzds

e
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t
#irms] [ sae) (L2 gy 0s) + (1B + 50) / o

+E1 A1 (B + B2) |/ / 4(2) dZ ds + |E1A182(n |/ |q

B s (n |// dzds+|RE2|/ IA4’“‘/ 1f (= |dzds
Ip(2) Ip(2)] Z)I

s TO—O (1R) 4 an(s + ) + 22201 )[(b;“)?)‘“‘“)]}

[Rp|L 2
1 [<E4042(ﬁ1 + 52)(b— a) n Es\i (51 +p2)(n —a)’ n EsAifB2(n—a)(b—a)
q

|RE| p 2q

IA

+
p

Eids(n—a)[(b—a)* = (€ —a)’] | REs(b—a)\ oup(b—a)
2% " ) ()
+(1'32042(/5'1 +B2)(b—a) E1>\1(51 + B2)(n — a)® " E1AiB2(n —a)(b—a)
D 2q q
Exdis(n—a)[(b—a)® — (£ —a)’]  REx(b—a)\ Aapa[(b—a)® — (£ —a)?]
+ =) 5 )]}

2p 2
<ol () + 61 ()]

+{ |2qu| [Al(ﬂl + 6;)(77 —9° el — )b a)Q}
L [(Eioa(BitB2)b=a) | Eshi(Bi+B)(n=0) | Esdfaln—a)b—a)
+|RE| [( P + 57 + -
Edida(n = @)l - af ~ (€~ 0] | REA0 - a)) ()\ZM(?? _ a)2)
2p D 24

+(E2a2(51 + B2)(b—a) N B\ (B + B2)(n — a)? . FidBa(n — a)(b— a)

D 2q Z

ExXids(n—a)[(b—a)® = (£ —a)®]  REx(b—a)\ (Bapz(b—a)

: P " )( H\q(b)| )]}

Xpall [2(v") + 62 (7)]
= Dillpa 2 (v") + ¢1.(0°)] + Dellpalla(v”) + 62 ("))

p

Similarly, we can obtain that

|ha(u, v) ()] < Dsllprll[¥r(v7) + é1(v7)] + Dallp2ll[t2(v") + d2 (v7)].

Thus, we get
)+ ¢1 (V)] + Dallp2||[$2(v7) + d2(v7)],

11 (, )| < Dallpa[41 (v
)+ Dallpal[th2(v7) + ¢2(v7)],

[[h2(u, v)|| < Dsllpal[[1(v7) + ¢1(v
where D;, (i = 1,2, 3,4) are defined by (2.5). In consequence, we have

(R, h2)ll = ([P (u, v) || + [[h2(u, V)]
< (D + Ds)l\mll[%( )+ o1 ()] + (D2 + Da)Ip2lll2(v7) + ¢2(v7)]

= &lpill[r () + 1 (V)] + Eallp2lllb2(v7) + d2(v7)]

= /¢ (constant),

where &;,1 = 1, 2, are defined in (2.4).
Next, we verify that ©(u, v) is equicontinuous. Let t1, t2 € [a,b] with t; < ta. Then, for f € Sp (u,v),§ € SG,(u,v)

we get
ha(u, v)(t2) — ha(u,v)(t1)

e
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+

+(%(/4121%d2—/alﬁdz (O;;Z’Z)l ) f(T)dz))
4 (35 [ o)
t2 £ ape [
W5t ) (G | o)
By
(%

(
< [(&) (tg—a)2_(t1—a)2 N on (a4u1)(t27t1)(bia)

I 2 Elp| \[p(b)]
By (M) (t2 — t1)[(b — a)* = (£ — a)?] .
Y 5 JIpalen (o) + 610"
By (Dep2)(tz — t1)(n — a)® Bapiz
Eq 2 + 1 (i) = = 1000 -0

x|[p2||[th2(v™) + ¢2(v™)] — 0 as t2 — ¢1 independent of (u, v).
Analogously, it can be shown that
[ha(u,v)(t2) — ha(u,v)(t1)| — 0 as t2 — t1 independent of (u, v).

Therefore, the operator ©(u, v) is equicontinuous and hence we deduce that O(u, v) : F x F — P(F x F) is completely
continuous by the Arzeld-Ascoli Theorem.

In the next step, we show that ©(u, v) is upper semicontinuous. Instead it will be established that ©(u, v) has a closed
graph in view of the fact that a completely continuous operator is upper semicontinuous if it has a closed graph. Let
(ug,v5) — (ux,vs) and (hy, hg) € O(ur,vy) and (hy, hy) — (hs, hs). Then we have to show that (ha, h.) €
O(ux, v). Associated with (hy, hi) € O (ux, vx) and f;, € SF(uw), Gk € SG,(u,v), for each t € [a, b], we have

b (uk, ve)(t) = / / fu(z du+ — (B +52)/ab (1% /au fk(Z)dz)du

+/\1(ﬂ1+ﬁ2)/n/s ﬁ/ugk(z)dz)duds—AlﬁQ(n—a)/ab (%/ﬂu{]k(z)dz)du

+XiXs(n—a / / dz du ds
+E71R (E4Ct2(/31 Jrﬂz)/a ]ﬁdz — E3Xi (B + B2) /’7 /s ﬁdz ds

+EsA1Ba(n — a) /{fﬁd — Eahids(n / / e
—RE, /:]ﬁdz)(ﬁ’l;‘)l /abf( )dz) (—E4a2(51+52)/b$dz

+E3/\1(51+/32)/" Tl

b
—dz d87E3A1,32( )/ ﬁdz

[ ac
/% zds+RE4/t%dz)(/n ’:12(?)2 /:gk(z)dZdS)

+(E20é2(51 + B2) /blﬁ dz — E1 )\ (B1 + B2) / / dZ ds

~—

b
+Es i As(n — )/
3

e
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+E1 M1 B2(n — a)/ dz ExXi)s(n—a / / dz ds
—REs /t I%dz) (%l(l;)? /a (z)dz) ( — Eza2(B1 + B2) /ab ]%Z)dz
+E1 A (B + B2) / / 2@ ——~dzds — E1M1B2(n — a) /b ﬁdz

Y EsMAs(n —a // (12 dzds—l—REg/ (12)dz>(/: 2‘2’:)1 /asfk(z)dzds)}

— aors(b— g/ ‘“/fk dz

2)du ds — ﬂg(al—l—az)/b (“—2) /augk(z)dz)du

o Nq(u

+)\1>\3 b— é- /

+As( a1+a2// Ml / fr(z dUdS]

(E4a2)\3(b 5)/b (1)dz Eshis(b — 5// s

+E3ﬂ2(0&1 +4 052)/ dZ E4)\3 051 —+ a2 / / dZ ds

_REs / =) ( f:% / fi(2)dz) + (= Baaza(b - €) / ' I%dz
+E3\As(b— 5/ / dzds EsfBa( a1+o¢2)/b ﬁdz

+Es(a1 + oz / / Bl ds+RE3/ %dz)(/:%/:gk(z)dz ds)

b
EQO&QAS b— &)/ L dz — El)\1>\3 b— f / / dZ ds
p(2)

q(z)
+E1 B +a2)/b o) 2% Bhalen +a2)/ / (1

—RE, /at le)dz) (i“(g;/a gk(z)dz) (ngagx\g(bff)/a ﬁdz

n S b
+E1)\1)\3 b—€ / / LElZ dS—Elﬁg(Oq +C¥2)/ LdZ
o Ja alz o 4(2)

+Eahs(a + as / / dzds+RE1/ (lz)dz)</: ;4(’:)1 /asfk(z)dzds)].

5

dz ds

Consider the continuous linear operators Uy, U5 : L'([a, b], F x F) — C([a,b], F x F) given by

Uy (u,v)(t) = /t M /uf(z)dz du-i—%

— (B +/32)/ab (p’i‘;) [ f(2)dz) du
A1 (B + Ba) / / ”2 /u dz du ds — M f2(n — a) /ab (% /aug(z)dz)du
+AiA3(n—a /g /a plg;)/a f (2)dz duds:|

138




and

Wo(u,v)(t)

Existence results for a self-adjoint multi-valued coupled system

+ET:¢

(E4a2(ﬂl +[52)/ Sy BByt ) / / el

a

+E3)\152(77—a)/ dz Eshds(n—a / / dz ds

b
/ 0‘4‘“ f dz — Esan( ﬂ1+ﬂg)/ L

p o P(2)
+E3A1(B1 + B2) / /
/s

b
1
—dzds E3\iB2(n — a)/a @dz
+E4)\1)\377 a/

2 (
% dz ds+ RE,4 /t p(l—z)dz) (/an );(5)2 /S g(z)dz ds)

a

(Ezouﬂl-i-ﬂz /bﬁz Ei)( 51—!-52// dzds

+E1 M\ B2(n — a/%z ExXihs(n — a// dzds

REQ/ dz)(q( / ) (szaz(ﬂ1+52)/ab$dz

+E1q( ,61+/32//q dz ds — E1A1B2(n — a/

b s
TE M As(n—a / / dzds+RE2/ dz)(/ ’\4’“/ dzds)]
3 p(z

Q

/t(q‘gz) /u ()dz)du+R — aas(b— 5)/; (p’(‘;) /auf(z)dz)du
M ds(b—€) // “2 /u dz du ds — /32(a1+a2)/: (ﬁ/:g(z)dz)du
+s(oa + az / / ‘“ / f(z duds}

(E4a2>\3(b 5)/bp(1)dz EsAiAs(b — 5// el

+E362(00 + Oéz)/ dz Esds(a1 + az / / dz ds

—RE; ) a‘*’“/ f(z dz — Eson)s(b— )/ L
p(b p(2)
b1
+E3)\1)\3 b— f / / Z dZ ds — E3/82 a1 + Qe / q(z
n s
+EsA3(a1 + az / / %dzds—i—REg/ dz) / /\QHQ/ dzds
b1 1
E2a2)\3 b— {)/ ? dz — E1A1)\3 b— f / / q(z ——dz ds

b
1
+E1ﬂ2 a1 + Qo / dz — Ez)\3 Cll =+ 2 / / ( dZ ds

REl/ dz)( / ) ( Egag,\g,(b—g)/bﬁdz

a

+ﬁ

e
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b

—|—E1)\ /\3 b— / / dZ dS—Elﬂz(al—Faz)/ —

ek
+E2A3(a1 + a2 / / (12 dz ds + REx /: ﬁdi;)( ; )]\;Z:)l /: f(z)dz ds):|

From Lemma 3.1, we know that (W1, ¥2) o (SF, Sa) are closed graph operators. Moreover, we have (h, hi) € (U1, ¥s) 0
(SF(uon) s G, (g op)) for all k. Since (ur, vi) — (s, ), (hiey hie) — (hay ), it follows that fu € Spu0), s €
S, (u,v) such that

a0 [ ([ o)

dz)du ds — M1 fa(n — a) /ﬂb (q’(‘z) /au g*(z)dz)du

o
/f* dz du ds

et = [ (5 [ fraz) i

+>\151+52//
ot [ [ (2

(Emz(ﬂl +52)/ mdsz3)\1 B1 + f2) / / s

b
+EsAi1B2(n —a) / 1 ——dz — EshiAs(n / / ——dz ds
o 4(2) p(2)

—RE4/ Z 054,11,1/ f* dZ E4a2(,81 +ﬁ2)/ ﬁdz

b
7dZ dS*Eg)q/BQ( )/ ﬁdz

q(2)
)dz ds + RE, /t %dz)(f7 22(’:)2 /Sﬁ*(z)dz ds)

L
ER

+E3X1(B1 + B2

b

+EiMAs(n —

a

&\;\@

a (
o Pz
+(E20é2(51 + B2 )

/ ——dz — E1 )\ ﬁ1+ﬁ2 / / dZdS
o p(z
b1
— Z*EQ}\1>\3 / / dZ ds
o 4(2)
b
2

=
)
YEMBa(n—a
—RE; /:ﬁ&)(i?lg) /bg*(z)dz) + (—E2a2(51+62)/a ﬁdz
)
- |

A
.

)
a)
+E1A(B1 + B2 /7’ /: q(a)dz ds — ErA1p2(n —a) /ab ﬁdz
T

1
:/a p(lz)dzderREz/: p(lz)dz)(/; ;‘25)1 /:f*(z)dzds)],

+Eo i As(n —

and

—ands(b—€) /ab (p‘(z) /au f*(z)dz)du

dz)du ds — B2(a1 + aw) /b (LQ) /au g*(z)dz)du

« Nq(u

P (e, ) (1) :/ (

/uA dz)du S
(G

| o
+/\3a1+a2// (pu/f* dz duds}

(E4ag)\3(b—§) /b%dz—Eg,)\l)\g / / e

+E7R

e
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—|—E3ﬂ2(0¢1 =+ O(Q)/ ( )dz — E4)\3 a1 —+ o / / Z dZ ds

_REg/a ﬁdz) (‘;‘EZ; /a f*(z)dz) n (— Eson)s(b — g)/a ﬁdz

n & b
+E3)\1)\3(b7§)/ / 7)d2 dS*E3/32(041+6¥2)/ ﬁdz

q\z

+Eis(ar + az) /: / ﬁdz ds + RE; /t %dz) (/77 22(5)2 / Gu(2)dz ds)
+(E2a2)\3(b—§) /b%dz—El)q/\g / / el

+E1B2(a1 + a2 / q(z) — Ex)3(a1 + a2 / / dz ds

—RE, /: ﬁdz) (/[;4(5)2 /a g*(z)dz) + (— EsazAs(b—€) /ab ﬁdz
+E1 A1 A3(b— &) / /S e ——dzds — E1B2(a1 + a2) /b ﬁdz

+Eg)\3(a1+a2)/:/a p(lz)dz ds + RE, /atp(lz)dz)(/: 2‘25)1 /a Fo(2)dz ds)],

which lead to the conclusion that (hy, hx) € O (u., v.).
Finally, we show that there exists an open set U C F x F — P(F x F) with (u,v) ¢ €O (u,v) for any ¢ € (0,1)
and all (u,v) € OU. Let € € (0,1) and (u,v) € €©(u,v). Then there exist f € Sr,(y,») and § € Sa,(u,v) such that, for

t € [a,b], we have
— az(B1 + p2) /ab (pl;;) /au f(z)dz)du

ult / ’“ / fz du+—
FA1(B1 + B2) / / /u dz)dudszlﬂg( )/ab(q’(‘z) /aug(z)dz)du
/ f dz duds:|

+/\1)\3 —a / /

@

+ﬁ (E4Oz2(ﬂ1 +52)/a ( ) — EsAi (B + B2) / / dz ds
+FEs\i182(n—a) /b ﬁd — Es\s(n / / dz ds
,RE4/ ® C;wl/ f(z dz E4a2(ﬁl+62)/ab$dz

B+ i) [ [ deds - Bty —a/
FEAs(y //—dzds+RE4/ d)(/
+(Bs0n(8s + o) /abp—szm b1+ B) / / Lz as

CE MG —a / 5z = Bl // dsds
s [ L) (B [y )+(_Ega2<ﬁl+a2>/j$dz

/ 2)dz ds)

e
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b
—|—E1)\1 514-/82 / / dZ d.S—El/\l/BQ( )/ le)dz

FEaMs(n / / ooy ds + RE> /atp(lz)dz)</: 24(’:)1 /:f(z)dzds)],

and

e

_|_7

o(t) = e/a (q(u /u dz)d — az)s(b— g)/ab (p‘(z) /auf(z)dz)du
FAs(b — g// (q’zz/ dz)duds—ﬁz(alJrag)/ab(q‘(‘z) /aug(z)dz)du
+As(ar + oz / / (p’(*; / HE dz duds}

(E4a2)\3(b g)/ mdz—EgAl,\g // Zdzds

+E3ﬁ2(0¢1 + 042)/ ( )dZ — E4)\3 041 —+ a2 / / dZ ds

+5R

t b
—REg/ o ) a‘*’“/ iz dz E4a2>\3(b—§)/ L
o P(2) o P(2)
b
1
+E3)\1)\3 b—¢ / 7d2 dS—E352(a1+O¢2)/ @dz

z)
b 1 t 1 n )\2/112 s )
+Ex3(a1 + a2 /g j W zds—l—REg/ ﬁdz)(/ () /a g(z)dz ds)

b
L Z—E1A1)\3 b f / / dZdS
p(z

+E1B2(a1 + a2 / qz — Ex)z(a1 + a2 / / —dzds

a

_REl/ dz)(i(# /b (z)dz) T (_EQaz,\g(b—g) /abﬁdz

b
+E1>\1>\3 b— / / 7d2’d8 E1,32(0¢1+(12)/ LdZ
o 4z o 4(2)

+E2A3(oq+a2)/g /a ﬁdz ds + RE; /at p(lz)dz)(/: 2‘2’:)1 /:f(z)dz ds)].

Using the arguments employed in the second step, we find that

[ull < Dallpafl[r (lull) + ¢1([[0ID] + Dellpzl [ (ull) + ¢2(]lv|)];

and

[0l < Dsllpall[a(([ull) + 1 ([[v]D] + Dallp2([[Y2(l[ull) + ¢2({[v])]-

Then we have

| (w, )[[[ull + llof] < (P + Da)l[pall[r(l[ull) + 1 (llv[D] + (P2 + Da)llpzll[2([[ull) + ¢2(llv[])]
< Ellpallga(llull) + o1 (llvlD] + Exllp2(l[2([ull) + ¢2([lvID],

where &;,7 = 1, 2, are given by (2.4). Consequently, we have

[[(w, o)
ExllpTIon (Tl + 61 (ToD)] -+ Eallp2 T (Tl + @(ol] ~
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According to (H3), there exists N such that || (u,v)|| # N. Let us set
U ={(u,v) € (FxF):|(u,v)]] <N}

Observe that the operator © : U — Pep,co(F) X Pep,ev (F) is completely continuous and upper semicontinuous. From the

choice of U, there is no (u,v) € AU such that (u,v) € €O (u,v) for some € € (0, 1). Therefore, by nonlinear alternative of

Leray-Schauder type (Lemma 3.2), we deduce that © has a fixed point (u,v) € U which is a solution of the problem (1.1).
O

4. The Lipschitz case.

The forthcoming result is based on the fixed point theorem for contraction multivalued operators due to Covitz-Nadler [9],
which is stated below.

Lemma 4.1. (Covitz-Nadler) Let (X, d) be a complete metric space. If G : X — P.(X) is a contraction, then FizG # (.

Remark 4.2. Let (X, d) be a metric space induced from the normed space (X || - ||). Consider Hq : P(X) x P(X) —
R U {co} given by

Hy(A,B) = max{:lelg d(a, B), sup d(A,b)},

where d(A,b) = infaca d(a;b) and d(a, B) = infpc g d(a;b). Then (Pbycl (X), Haq) is a metric space and (Pey(X), Hq) is
a generalized metric space (see [21]).

Theorem 4.3. Assume that the following conditions hold:

(Hs) F,G : [a,b] x R? — Pp(R) are such that F(-,u,v), G(-,u,v) : [a,b] = Pep(R) are measurable for eachu,v € R;
(Hg) Foralmostallt € [a,b] and u,v,u,v € Rwith B1, B2 € C([a,b],RT),

Hy(F(t,u,v), F(t,u,v) < Bi(t)(|lu — @| + |v — 9|), Ha(G(t, u,v),G(t,a,v) < Ba(t)(|lu — a@| + |[v — 7)),
and d(0, F'(t,0,0)) < Bi(t),d(0,G(t,0,0)) < Ba(t).
Then the self-adjoint coupled multi-valued system (1.1) has at least one solution on [a, b] if
E1]|Bi]| + &|1B:|| < 1,
where E1,E> are given in (2.4).

Proof. Consider the operators ©1, 03 : F x F — P(F x F) defined by (2.2) and (2.3) respectively.

Notice that the sets S, (u,») and Sg,(u,») are nonempty and consequently © # () for each (u,v) € F x F. Then, by the
assumption (Hs), the multivalued maps F'(-, (u,v)) and G(-, (u,v)) are measurable, and thus admit measurable selections.

Now we shall show that the operator O (u, v) satisfies the hypothesis of Lemma 4.1. Firstly, we Verify that ©(u,v) €
Pu(F) x Pu(F) for each (u,v) € F x F. Let (hy, hy) € O (uy,vy) such that (hy, hy) converges to (h, h) as k — oo in
F x F.So (h, h) € F x F and there exist fk € SF,(ur,,vx) Ad gk € Sc,(uy,,v,) Such that, for each ¢ € [a, b], we have

—az2(fr +52)/ab (I% /au fk(z)dz>du

ho (g, i) (£) = /: (p‘;;) /aufk(z)dz)du—f—%
+/\1(51+52)/n/8 (ﬁ /ugk(z)dz)duds—Alﬁg(n—a)/ab (% /augk(z)dz)du
FAAs(n / / “1 / frlz dz du ds

(E4a2(51+,82)/ Sy~ BB+ o) / / s

a

b
+E3>\1,32(77—a)/ Ld — EsMi23(n //—dzds
a Q(z) Z

L1
ER

e
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—re [ ) (S / foa) + (= Baoa(n v 50 [ e

+ B\ (B + Ba) / / e ds = Eahapa(n - )/:ﬁdz

st | [ | 5 [ 2 [
+(E2a2(51+,32)/abp(lz) — Bt (Br + B2) // s
+E1>\162(n—a)/:$d - Eaa(y // s

_RE /tlﬁdz)(%(l;; /aln (2)dz) + (—E2a2(51+52)/:$d2

s b
+E1) ﬂl +,32 / / q(lz dz ds — Elx\lﬂg(nfa)/ ﬁdz

+ B \s () /; / p(lz dz ds + RE; /:p(lz)dz)(/: ;‘E’S‘)l / Fe(2)dz ds)},

and

—az3(b— &) /ab (pl(t;) /au fk(z)dz)du

)du ds — P21 + a2) /b (% /au gk(z)dz)du

a

P (i, 04) () = / (g [ e )d“ﬂl%
+A1A3(b — 5//
+As(a1 + a2 //

<E4a2/\3(bf§)/ mdszg)\l)\gb 5// s

a

du ds]

Ll
ER

+E352(C¥1+a2)/a ()d — B a1—|—a2// dds
—REg/ az) ( Z“’“/ ful2)iz) E4a2)\3(b—§)/ab1%2)dz
+Eshida(b //q dz ds — Egﬁg(a1+a2)/abﬁdz

o [ [ gt [ ) ([ 55 [ o)
+(Braars(b— ¢ /bﬁz—&mgb 5// e ds

+E1B2(a1 + a2 / q(z — EaA3(a1 + a2 // dzds

t b ’
_REl/a ]ﬁdz) (%(g) / (Z)dz) + (— EsaXs(b —5)/@ ﬁdz

+E1)\1)\3 b— f / /S (12 dz ds — Elﬁz(al —‘rOtz)/ ﬁdz

+E2)\3(a1—|—a2)/§ /a mdzds+RE1 /: p(z)dz)(/:;‘zg)l/:fk(z)dzds)].

Since F' and G have compact values, we pass onto a subsequences (if necessary) to get that fk and gi converge to f and g in

+Esd3(a1 +

e
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L'([a, b], R) respectively. Then f € Sp,(uwy and § € Sg, (u,v) and for each ¢ € [a, b], we have

hi (wk, vi) (t) = h(u,v)(t)
— /t f /uf(z)dz du+% 7a2(ﬁ1+52)/ab (pl;;) /auf(z)dz)du

A1 (B + Ba) // ”2 /u dz du ds — B2 — a)/ab(%/aug(z)dz)du
+A1A3(n—a /§/a plg;)/a fzdz duds:|

(E4a2(51 + fB2) /ab Fl)dz — Es\i (B + B2) /77 /5 %dz ds

L
ER

+E3)\1B2(77—a)/ dz EshXs(n—a / / dz ds
t b
_RE4/ - 0‘4“1/ fz dz — Esan (B +52)/ ﬁdz
b
—I—Eg)\l ﬁl +,62 / / dZ ds — E3>\152 n— a)/ le)dz

YEMAs(n —a // (12 dzds+RE4/ %dz)(/n 22(‘:)2 /:g(z)dz ds)

(E2a2(51 +52)/ Sy B+ ) / / el

+E1Alﬁg(n—a)/ —dz EyXiAs(n — a// dzds

REQ/ %d )(54(5)2/ ()dz) ( EQag(ﬁ1+ﬁ2)/ ﬁdz

b
+E1A1(B1 + B2) // dzds Ei1M\B2(n — a)/ %Z)dz

+EMAs(n —a // dzds+RE2/ é)dz)(/: ;4(’;)1 /:f(z)dzds)}

and
hi (uk,vg)(t) — iL(u, v)(t)

- /t(q‘(‘z) /u ()dz)du+R — az)s(b— g)/: (p’(‘;) /auf(z)dz>du
T As(b—€) /a/a “2 /au dz du ds — 52(a1+a2)/:(q‘(‘2) /aug}(z)dz)du
T s( a1+a2// “1 / f(z duds}

(E4a2)\3(b g)/b (l)dz EshiAs(b — 5/(1/(1 — dxds

+E3ﬁ2(a1 + 012)/ dZ E4)\3 Oél + o / / dZ ds
t 1 a4u1/ /b 1
—RE: ——dz zdz —Ea)\ b— ——dz
) Gy [ 5 12X 0=8) |00
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b
—|—E3)\ )\3 b— f / / dZ ds — E552(C¥1 =+ az)/ ﬁdz

N R N I T
+(E2a2)\3(bf§) /abﬁ)d ~ Eds(b / / s

+ErBa(an +a2)/ab q(lz)d ~ Badslan + as / / e ds

_RE, /:le)dz)(?(/;;/ §(=)dz) + (—Ezag)\g,(b—g)/ab}%dz

B s (b //q dz ds — E1/J’2(ocl+ag)/ab$dz

T Eshs(an + as / / (12 dz ds + RE /:p(lz)dz)(/; ;‘E‘S‘)l /a F(2)dz ds)].

Therefore (u,v) € © and hence ©(u, v) is closed.
Next we show that © is a contraction on P (F) X Pei(F), that is, there exists a positive number v < 1 such that

Hy(0(u,v),0(q,v)) < y(||u—a|| + ||v — 9||) foreach u,v,@,v € F.

Let (u, @), (v,8) € F x F,and (h1, h1) € ©(u,v). Then there exist f1(t) € Sr,(u,v) and §1(t) € S, (u,v) such that, for

each t € [a, b], we obtain
b u o
—as (A +52)/ (plg;) / fi(z)dz ) du

ha(u,v)(t / Ml / fi(z du+
dz)duds—)\lﬁg( )/ab (% /augl(z)dz)du

+A1(B1 + B2) / /
+AiAs(n—a / / dz)du ds
JrELR (E4042(61 + 52)/@ %dz — Es\i(B1+ B2) /" /S %Z)dz ds

+E3A182(n — )/b ﬁd — Eyx1s(n / / dz ds

fRE4/t—Z 0‘4‘“/ fu(2)dz) E4a2(51+ﬂz)/ab$dz
+E3)\1(61+ﬂz)/ / —dz ds — Es\ifa(n — a) /abﬁdz
FEMAs(n / / jdds + REy /t %)dz)(/n 2?’:)2 /:ﬁl(z)dz ds)
+(E2a2(b’1+ﬁ2)/a e B [ s
+E N Ba(n — a) /ab q(lz)dszmAg / / s

—RE; /tﬁdz)<i4(g)2 /b §1(2)dz) + (—Egaz(ﬁl—i—ﬂz)/abﬁdz

s b
+FE1)\ ﬁl +ﬁ2 / / q(lz dz ds — El)\lﬁg(n—a)/ ﬁdz

e
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+EaMiAs(n // —dzds-i—REz/ p(lz)dz)(/: ;‘2’:)1 /:ﬁ(Z)dzds)],

and

—anAs(b—€) /ab (p’;;) /au fl(z)dz) du

u

q(u) Jq
IS +a2)/: / (p‘(‘;) /au fr(2)dz ) du ds]
+ELR (E4a2)\3(b—§) /bﬁdz—E?,Am b—¢ /1/ e

+E3B2(a1 + OQ)/ e )dz — Ess(a1 + az / / dz ds

,RE;),/ 3 dz) 0;4‘“/ Filz dz — Esashs(b—€) /bﬁdz
+E3)\1)\3(b75)/ / e )dz ds — Es3f2 (a1 + az) /b %Z)dz
+E A 3(a1 + a2 /:/ ﬁdz ds + RE3 /t %dz) (/n 22(5)2 /S 91(2)dz ds)

b n
Egag)\g, b— / 1 dz — E1>\1A3 / / ——dz ds
o P(2) q(2)
b

+E1B2(a1 + a2 / idz — Ex)3(a1 + a2 / / 1 ——dz ds
q(z) p(2)

—REl/a ﬁdz)(%/ gl(z)dz)+(—E2a2A3(b—g)/a ﬁdz

n s b
+E1)\1)\3(b—§)/ / ﬁdz dS—Elﬂg(Oq-i-Oéz)/ @dz

+E2As3(an + a) /: /: ﬁdz ds + RF: /at ﬁdz)( Eb /]\;25)1 /: fi(z)dz ds>:|.

By (Hs), we have that

Ha(F(t,u,v), F(t,a,0)) < Bi(t)(|u(t) — a()] + |v(t) — 0(t)]),

and
Ha(G(t,u,v), G(t,4,0)) < B2(t)(|u(t) — at)] + [v(t) —0(t)])-

So there exist ¥ € F(t, u(t),v(t)) and J, € G(t,u(t),v(t)) such that
1f1(8) = 3¢ < Bi(®)(|u(t) — a(t)] + [o(t) — 0(1)]),

191.(t) = Jg| < Ba(t)(|u(t) — at)] + [v(t) — o (b))
Define W1, W5 : [a,b] — P(R) by
Wi(t) = {9y € L'(la,0),R) : | f1() = I5| < Bu(t)(Ju(t) — a(t)| + [o(t) = 2(t)])},
and

Wa(t) = {Jg € L' ([a,b),R) : 31 (t) — Jg| < Ba()(ult) — a(t)] + |o(t) — (1))}
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Since the multivalued operators W1 (¢) N F(¢,u(t),v(t)) and Wa(t) N G(¢, u(t),v(t)) are measurable, there exist functions
f2(t), §2(t) which are measurable selections for Wy and Wa. Thus fa(t) € F(t,u(t), v(t)), §2(t) € G(t, u(t), v(t)) and for
each t € [a, b], we have R R

|1 (@) = fa(®)] < Bu(@)(Ju(t) — a(t)| + [v(t) — v(t)]),
and

191(8) = g2(8)] < B2 (t)(|u(t) — a(t)] + |v(t) — v(t)]).

For each ¢t € [a, b], let us define

/ (4 / fo(2)dz)du + —a2(51+62)/: (p’(‘;) /aufg(z)dz)du
+A1(B1 + B2) / / a(a) /a dz du ds — M f2(n — a)/ab (% /augg(z)dz)du
X As(n — a// ‘“ / falz dz du ds

(E4042(ﬂ1 +Bz)/ dZ Es\i(B1 + B2) / / dz ds

a

NS
ER

+E3)\152(77—a)/ dz Esds(n—a / / dz ds

b
RE4/ OC4M1/ f2 dZ E40[2 ﬂ1+ﬂ2)/ ]%dz

p
+E3 (61 + B2) / /
/
b

—zds Es\iB2(n — a/ (

z)d
L)dz ds+ RE4 /t %dz) (/n /(\12(5)2 /: G2(2)dz ds)

b s
+Es 1 As( a/
41377 p(

£

(E2a2 ﬁ1+ﬁ2)/ 2z — Ex\ (B + Ba) / / s

dz — EaMiAs(n — a// dzds
(b/ ) ( EQa?(ﬁl‘*’&)/jﬁdz

b
——~dzds — E1 i B2(n — a)/ ﬁdz

‘»—A’B

+Ei A 15277 a/

—RE; / dz)(

+E1 A (B1 + B2)

Pf\
m\.,

Q

q(z

Sﬁ zds—‘,—REz/: p(lz)dz)</: ;\;zl:)l /:fz(z)dzds)],
— agA3(b— §/ /f2 dz du

dz du ds — ﬁg(al-i-ozg)/a (LZ) /augz(z)dz)du

q(u

\\

b
+E2A13(n —a) /
3

and

iLz(um)(t):/a ( /a dz)d
Fas(b—€) / / (q%
+As(a1 + az) // (pl(t

dz du ds:|

’—‘\\:U\

+ELR (E4a2)\3(bf§)/ Sy~ Bahida(b - g// s
b
+E352(O¢1+a2)/a @dz—Ez;)\s(oa +a2)/£ /a @dzds
S
iR
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—RF;s / dz) 0;4/*1 fQ dz — Eqoa)s(b— &) / bﬁdz
+E3A1A3(b— 5)/ / e )dZ ds — E3,32(Oz1—|—012)/ @ )
+E4>\3(oc1+a2)/;/5 p(lz)dz ds+RE3/ /" Azpiz / dzds

+(E2a2,\3(b €) b%z Eidis(b— g// s

b
—|—E152(a1+a2)/ @ dz — ExXs(oq + a2 / / dz ds

b

—REl/ ﬁdz)(%(g;/a gz(z)dz) (—EQaQ,\3(b—g)/a ﬁdz

s b
+E1)\1)\3(b §)/n/ q( )dZ dS*Elﬂg(Oq#»az)/ ﬁdz

b

+Ea)s(on + as) p(lz) dz ds + RE, /at ﬁdz) (/; /1\3?5)1 /a Fol2)dz ds)} .

3

Then

’h1 (u, v)(t) — ha(u,v)(t) ’

< [ (L5 [ 151 - fa )t
Ry TP —
A (Br + Ba) // (L / 61(2) — d2(2)d=) du ds
st (25 [ b

oo [ [ (2 [l peole duds]

(E40¢2(,61 +52)/ dZ E3Ai(B1 + B2) / / dZ ds

L
ER

+E3/\1,82(n7a)/ dz EshiAs(n— a// dzds

b
,RE4/ — a““l/ f1(2) |dz E4a2(51+52)/ ﬁdz

b
+E3)\ 51 +52 / / dZ ds — Eg)qﬁz ’I7 CL)/ ﬁdz

t
+Es i As(n — a//—dzds+RE4/ —d /)\2’@/ }g1 |dzds
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+(E2a2(/31 + ,82)/ dZ E1A1 ﬂl =+ 62 / / dz ds

+E1)\152(n—a)/ dz ExMis(n — a// dzds

b

e /ﬁdz)(i‘*(’;;/ 31(2) = g2(2)]dz ) + (—E2a2(61+52)/a ﬁdz
+E1 (B -I—ﬁz)/an /: ﬁdz ds — E1A1P2(n — a) /ab ﬁdz

+ExMAs(n—a // dzds—i—REz/t 1 / >\4u1/ i) }dzds}
/ (e / Bu(2)(Ju(z) — a(2)| + [v(z) — 5(2)])d=) du

# | = s+ ) [ (L [ B ()~ 020+ o(2) ~ o021
+A1(B1 + Be) // “2 / Ba(2)(Ju(z) — a(2)| + |v(z) — o(z )|)dz)duds
B — a/ (L / Ba(2)(fu(=) — ()| + fo(2) — (=) )dz ) du

s (n — a// (L / Bi(2)(|u(z) — a(2)] + Ju(z) — ()|)dz)duds}

Ll
ER

(Em(ﬂl +52)/a 2 dr— Bs\(Br + Bo) / / s

+E3)\152(n—a)/ dz EshAs(n— a// dzds

—rpn [ ae) (S8 [ Bt - 1)+ o(e) - 202 )

+(—E4012(/31 +52)/ dZ+E3A1 (B1 + B2) / / dz ds

7E3>\152(n7a)/a o Bl —a // dzds+RE4/ %dz)
/ A2“2/ Ba(2)(fu(=) — (=)| + o(z) — (=) |)dz ds)

b n s
+(E20(2(/31 + ﬁz)/ Zﬁdz —Ei\ (B + ,32)/ / ﬁdz ds
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b
1
— ——dz — Ex M As( dd
+E1 M B2(n a)/a a2) z 2 A1 A3 ( // B z ds

—rpn [ L) (222 [ () - 02+ o(e) — 5(2))ce)

+(—E20é2(51+52)/ e )dZ+E1/\1 (B + B2) / / dZ ds

a

_El)\lﬁg(n—a)/ab q(l)dz—f—EzAl)\g //—dzds—&—REg/ %dz)

X(/: ;4(/:)1 / Bi(7)(Ju(r) — @(2)| + |v(z) — 5(2)])|dz dS)}

{ |Il‘§3\ [(b _2a)2 (|R| + a2 (B + ﬂg)) + AMAz(n —a)[(b g a)® — (¢ — a)3]}

1 Esoo(B1+ B2)(b—a) | Eshi(B1+ B2)(n—a)> | EshiB(n—a)(b—a)
Y 1RE| ( + ¥ +

D 2q q

Eaxixs(n—a)[(b—a)® = (€ ~a)’] | REi(b—a)\  faum(b—a)
- 2% =) (M)

+(E2042(ﬁ1 + f2)(b—a) n Ei)i (B + B2)(n — a)? E1>\152(77 —a)(b—a)
D 2q q

2A1A3(1 — @ —a)’ = (£ —a)? 2(b—a apr[(b—a)® — (€ —a)?
L B2Aida(n )[(l;p) 3 )]+RE(; ))(Au[(b ;ﬁ ])]}

<[yl (|l — all + [lv — o)

+{ 2 [Al(ﬂl + B2)(n — a)®

o - + MiBa(n —a)(b — a)’]

n EsA(B1 + B2)(n — a)? n E3\iBa(n —a)(b—a)
b 2 7

n ‘RIE| [(E4a2(,61 + B2)(b—a)

Ei\ids(n—a)[(b—a)’ — (£ —a)’]  REs(b—a)\ [ Aspa(n —a)?
+ % ) ()

Jr(192062(51 +B2)(b—a) E1>\1(51 + B2)(n — a)® " Eihip(n—a)(b—a)

P 2q q

Eshis(n —a)[(b—a)? — (€ — a)? 2(b—a w2 (b—a
PR | G (P}

1Bzl (|l — all + [lv — o)

< (DB + D2||Ba) (1w = @l + [lo = ),

which implies that

71 (u, 0)(t) = h2(w, 0)(t)] < (D1l Bu| + Dz Bal)([lu — @l + [lv = o))
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In a similar manner, one can be establish that
[ (u, 0)(t) = ha(u, v)(8)] < (Ds]|Ball + Dal[Ba|l) (lu — all + v~ o).
In consequence, we get
(k1 h2), (R, ha)l| < (D1 + Ds)||Ba || + (D2 + Da)|B2l)](lu — @l + o — o))
<[(ElBull + EAB2DI(lw — all + [lv — o).
Similarly, by interchanging the roles of (u,v) and (&, v), we can obtain that
Ha(O(u,v), 0(u,v)) < [(E1[|B1l + E2|B2ID](lw — al| + [[v = o]).
Therefore, it follows by the assumption: &1 ||B1|| + £2||B2|| < 1 that © is a contraction, So, by Lemma 4.1, © has a fixed
point (u, v), which is a solution of the problem (1.1). The proof is finished. O
S. Examples

Example 5.1. Consider the following self-adjoint coupled system of second-order ordinary differential inclusions with

boundary conditions

(t+13) /t) € mF(t u,v), ¢ €[0,3],

/
/
(4t2 Yot 12 V() € meGltwv), £ €03,

(5.1

u(3) = /05 v(s)ds, gu/(O) +4'(3) = %/05 v'(s)ds,

7 1

3

5
3
1 2 3 3, 4, :

§v(0) + 51}(3) = ?/ u(s)ds, 3¢ (0) + Y 3) = 7[; u (s)ds.

(SIS

Here p(t) = 1/(t +13),q(t) = 8/(4t° + 2t + 12), p1 = 3/36, 2 = 2/93,a = 0,b = 3,np = 1/2,£ = 5/2,\1 =
1/7,)\2 = 2/77 )\3 = 3/7,)\4 = 4/7,0(1 = 7/3,0&2 = 5/3,0[3 = 4/37(14 = 1,51 = 1/9,,32 = 2/9,,63 = 3/9,54 = 4/9,
and F(t,u,v), G(t, u,v) will be fixed later.

Using the given data, we find that |R| =~ 1.323129 # 0, |E| ~ 115.6354 # 0, p ~ 0.0625, § = 0.148148, D; =
17.1389708, D2 ~ 0.06036034, D3 ~ 38.2023705, D4 =~ 4.565128967, &1 ~ 17.19933114 and & ~ 42.76749946
(P,qand D; (i = 1,2,3,4) are defined in (2.5), while &1, &> are given in (2.4)).

(a) For illustration of Theorem 3.3, we choose

F(tuv) = (1O8t2t+ =) u‘t:)(?'_,_ = |vl:)(|t2)|+ ).

and

s () Jo@)?
Gt u,v) = <t3 + 120) [\u(t)l +171+ Iv(t)l?’}'

For f € F, we have

2
= max{(108t2t+32 [\/IJH(I%)'% |v| (|2)‘+1” =2 {m}’

and for g € GG, we have

2 3 2
9l < max{(ti—:—l;O) [|u|(?)(\t)+| ik 1fﬁ)&)|s}} =2 {&;1;0}’“’” €R,te 0,3

u,v € R,t €0, 3],

Thus ¢

ToaE 53] = PO (lul) + e (o],

|F(tu,0)lp = sup{|] : £ € F(t,u,0)} <2 |

e

=
B
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and
2
1
Gt w,0)llp = sup{lgl g € Gt u,0)} < 2 [ 5—1o5] = pa(a(lul) + da(o]),
. t t+1 o
with p1 (1) = Joers 50 P2() = 1550 Yr(lul) = é1(lvl) = va(lull) = é2(v]) = 1. Furthermore, itis

found that N > Ni, where N1 = 0.81272506 (XN is given in (H3)). Clearly all the hypotheses of Theorem 3.3 are
satisfied. Thus, there exists at least one solution for the problem (5.1) on [0, 3].

(b) For illustrating Theorem 4.3, we take the multivalued maps F, G : [0,3] x R — P(R) as

F(t,u,v) = [( 1 >(|u|u(t)\ ,sinv(t)) + 17;5’0}’

4t + 150/ \Ju(t)[ + 1
_ 1 -1 |v(®)] RS
Glt,u,v) = [(31&2 i 140) (tan ) 7 |v(t)\> + 170’0]' (52)
Letting B (t) = ﬁlli’)o and Bz (t) = 3152—&-%40’ we find that Hq(F (¢, u,v), F(t, a, ’Di) < Bi(t)(Ju — @l + |v — v]) and
Hi(G(t,u,v),G(t,1,0)) < B2(t)(Ju— |+ |v — T|). Observe that d(0, F'(¢,0,0)) = 175 < Bi(t) and d(0,G(¢,0,0)) =
% < Ba(t) for almost all ¢ € [0, 3]. Obviously ||B1|| = 1/150 and ||Bz|| = 1/140 and

& ||Bi|| + E||Ba|| ~ 0.4201443466 < 1.

Consequently, all the assumptions of Theorem 4.3 hold true. Therefore, by conclusion of Theorem 4.3, the problem (5.1)
with F, G given by (5.2), has at least one solution on [0, 3].

6. Conclusions

We have developed the existence theory for a self-adjoint coupled system of nonlinear second-order ordinary differential
inclusions supplemented with nonlocal integral multi-strip coupled boundary conditions on an arbitrary domain. Our study
includes the cases of convex as well as non-convex multi-valued maps. Nonlinear alternative of Leray-Schauder type for
multi-valued maps and Covitz and Nadler fixed point theorem for contractive multi-valued maps are applied to prove the
main results. Numerical examples are constructed for the illustration of the obtained results. Our results are new in the
given configuration and enrich the related literature. Moreover, several new results can be recorded as special cases of the
present work by fixing the parameters appearing in the system. For example, we obtain the existence results for an anti-
periodic multi-valued boundary value problem of self-adjoint coupled second-order ordinary differential inclusions by fixing
a;, =1,8; =1,\; =0,i = 1,2, 3,4 in the results of this paper, which are indeed new.
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