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Abstract. This paper presents uncertainty principles pertaining to generalized wavelet transforms associated with a second-
order differential operator on the half line, extending the concept of the Bessel operator. Specifically, we derive a Heisenberg-
Pauli-Weyl type uncertainty principle, as well as other uncertainty relations involving sets of finite measure
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1. Introduction

Al Subaie and Mourou ([4]) have introduced and studied the following second order differential operator A, ,,,
on the half line (0, +00),

1" 2 ]_ 4
Aoo(u) =+ atl n(a2+ n) "
T T

where o > —% and n € N. Its particularity resides in the fact that it generalizes the usual Bessel differential
operator, indeed for n = 0, we recover the Bessel operator £, = u’ + 2actly,

This paper focuses on exploring uncertainty principles concerning the generalized Fourier transform [4] and
continuous wavelet transforms [3] associated with A, ,,. Essentially, a function and its Fourier transform cannot
be sharply focused at the same time in harmonic analysis, according to the uncertainty principle. Various
mathematical formulations express this principle, involving measurement of sets or norms. For further
elaboration, interested readers can refer to [17, 24] and [5, 8, 12, 13, 16, 23]. Recently, similar uncertainty
relations have been established for different integral transforms, such as continuous wavelet transforms and
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Uncertainty principles for the continuous wavelet transform associated with a Bessel type operator A, ,,

Gabor transforms, across various contexts. Relevant literature includes [7, 10, 22, 29, 33, 36] and related
references.

In this context, we establish, among other, a sharp Heisenberg-Pauli-Weyl type uncertainty principle [35] for
the generalized Fourier transform %z associated to A, ,,, which is defined on R} = [0, +-00) by

$2a+1

2022 4 2n + 1)

+o0
Za(h)(N) = /0 F(@)ox(@) i YA ER..

where (1) = 22" j41 2, (Ax) and j,, is the modified Bessel function (see [27, 34]).

We present Heisenberg-Pauli-Weyl type inequalities applicable to the generalized continuous wavelet
transform associated with A, ,,. These inequalities encompass both the time and frequency variables, as well as
their combination. Additionally, we explore other uncertainty relations pertinent to this transform, including
Donoho and Stark type principles. Our investigation delves into the concentration of this transform on
time-frequency sets, revealing that the generalized wavelet transforms of non-zero functions cannot have
arbitrarily large support. Notably, extensive research has been conducted on this generalized Fourier transform,
particularly within the realm of uncertainty principles [1, 2, 14, 15].

Numerous studies, including those on time-frequency representations such as Gabor and wavelet transforms,
have been thoroughly explored in diverse contexts using various methodologies [6, 10, 18, 20, 22]. For further
elucidation, refer to [21].

This document is structured as follows:

The first section revisits some harmonic analysis findings pertinent to the generalized Fourier transform, ..
The second section focuses on the study of generalized continuous wavelet transforms associated with A, ,,. In
the third section, we present results concerning finite sets of measurements, alongside discussions on Donoho-
Stark and Benedicks-type uncertainty principles. Lastly, the fourth section addresses Heisenberg-type uncertainty
principles for the generalized continuous wavelet transform.

2. Preliminaries

Within this section, we revisit essential concepts in harmonic analysis pertaining to the Bessel operator £, as
documented in references [9, 11, 26, 32]. These concepts serve as foundational knowledge for our examination
of the Bessel-type operator A, ,, (see [4]). For « greater than f%, the Bessel operator ¢, is defined over the
interval (0, +00) by

" 20[+1

lo(u) =u + u'.

r

Next, considering all values of A in the complex number set, the following system
lo(u) = —Nu, u(0) =1, «/(0) = 0,

admits a unique solution given by the modified Bessel function z — j, (Az), where

, _2°T(a+1) _ — (=1)" Zyon .
Jalz) = TJa(CU) =T(a+ 1);m(5) ;o zeR;

and J,, is the Bessel function of the first kind and index « (see [27, 34]).
The Mehler integral representation of the modified Bessel function j,, is expressed as follows:

o (a+ 1) /1 o .
' o1y [ (L= t) T2 cos(at)dt, ifa > —1/2;

Vr € R; Ja(l') = ﬁr(a + %) o ( ) COb(x ) if o /
cos(z), ifa=-1/2.

3
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Specifically, for each natural number n and real number z,

35 ()] < 1. 2.1)

On the positive real numbers R, define the measure 1, as follows:

2a+1
dpe(x) = . dz; where ¢, = 2°T'(a + 1), (2.2)

and represent the Lebesgue space on R with a focus on the measure 1o, by L%, (Ry), p € [1,+00], and the
LP—norm by ||.[, .-
The Bessel translation operators 7', where > 0, operate on L}La (R.), with their definition as follows:

[(a+1) g o .
F@""M/o F(V22 + y2 + 2xycosh) (sind)>*db, if o > —1/2;

7 (M) = 03
fx+y) + [z —y]) a1/
2 .

)

Here, for every z € R, we have

+o0 +oo
/ 7o (F) (W) dpaly) = / F)dua(y).
0 0

Forevery f € L, (R4), p € [1,+00] and for every x € R, the function 77 (f) belongs to the space L, (R)
and

| 72 (f) |p7/ta§” I lppa - 2.4)

In Lllla (R.), the convolution operation between two functions f and g is defined by

+oo
f o g(z) = / F@)(0) @) dpaly), Vo € R,

In L}LO (R..), the convolution product "+, is both commutative and associative.
For the convolution product ” ,, 7, the Young’s inequality states that if p, ¢, and r € [1,400] are such that
+ L =1+ % thenforall fin L. (R;)andgin L% (R,), the function f %, g belongs to L7, (R, ) and

1,1
P q

1 *a gllrpe SIS llppall 9 lgpa - 2.5

Furthermore, for any function f and g in L?, (R, ) and we have for each z € R,

Talcl(f*ocg):Ts(f)*ag:f*ang(g)‘

On L;l:,a (R.), the Hankel transform 57, is defined, via

“+o0
AN = [ 0N o), VA€ R, 2.6)

The following properties hold
e (Inversion formula for J7,) In L}ta (R4), for any function f, we have for almost all z € R

+oo

fz) = | Ho(F)N)ja(@A)dpa(N)-

e
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Uncertainty principles for the continuous wavelet transform associated with a Bessel type operator A, ,,

o (Plancherel’s theorem for .77;,) An isometric isomorphism from Lia (Ry) onto itself may be obtained by
extending the Hankel transform 7. Specifically, the Parseval’s formula for each f and g in Lia (Ry) is as

follows.
+oo

+o0 . _
/O f(@)g(x)dpa(r) = Ha(F)N)Ha(9)(Ndpia(N).

0

e Forevery f € L, (Ry),p=1or2,andx € R, we have
Ho (17 ([)N) = Ja (@A) A6 (F)(A), VA€ Ry, 2.7)
e Forevery f € L, (Ry)andg e LP (Ry),p=1,2 we have
Ho(f *a 9) = Ha(f)Ha(9)-

eSuppose f,g € L2 (Ry).In L% (R, ), the function f , g is included if and only if, 7, (f).#(g) belongs to
L?. (Ry)and in this case, we have

Ho(f *a g) = Ho(f)Ha(9)-

Let us consider the second-order singular differential operator on the half line (see [4])

v 241, 4dn(a+n)
+ U U

A p(u) =u " "

where n € N. We obtain the Bessel operator ¢,, for n = 0.
For all \ € C, the function

ox () = 2% juron(Ax). (2.8)

is solution of A, ,,(u) = —\?u.
The following characteristics apply to the function @)

e Forall \,z € R,

2nor 2n+1) [*
oa(z) = S 2lat 2nt 1) / (1= 2)20=F cos(Aat)dt.
0

- Vrl(a+2n+3)

In particular,
loa ()] < 2. (2.9)

* For a measurable function on R, we define the map M by M f(z) = z?" f(z). Then, for x,y € R and
A € R, the function ¢, satisfy the following product formula

er@)erly) = (f(g 12(5 : ;lr?;l)) /OW<M_1*"A)(\/A2””2 + X2y + 2)\zycos(9))sin(0)* " df.

In the sequel, we need the following notations.

. Lﬁt) (Ry), p € [1,+00], is the space of measurable functions f on R, such that ||M*1f||p,“a+2n < 0.
The space L’(D#) (R ) is equipped with the norm ||.{|,, (., given by

DiHa+2n "

£,y = 1M~ f

e
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From the last product formula, we define the generalized translation operator, Tgf‘, z € Ry by

A _(xy)2nf(a+2n+1) T = 5 T8 ) sin(0) 02N
0 = o Ty, M Do @)sin0) s @10

Whenever the integral of the right-hand side is well defined.

* We have the following relation between the generalized and Hankel translation operators

o () = (@y)* 22 (M1 f)(y),

where 722" is given by the relation (2.3).

» Forevery f € L](”#) (R4), p € [1,+0c] and for every x € R, the function 72 (f) belongs to the space
L’()#) (R, ) and
172> (Dl < 2 1 .- 211

Given two functions f, g € L(lﬂ) (R.), the generalized convolution product, ”#”, is defined as

+oo A y20¢+1
f#g(x) = / fy)m (9)(y) dy, x>0, (2.12)
0 Ca+2n
where the constant c,,t2,, is given by the relation (2.2).
We have the following connection between ”#” and ” %442, 7,
F#g(x) = M (M7H(f) *at20 M~ H(9)) (@). (2.13)

In L%ﬂ) (R ), the convolution product ”#” is both commutative and associative.

Young’s inequality for the convolution product ”#” states that, for all f in L?M) (Ry) and g in L‘(JH) (Ry), the
function f#g belongs to L{ (R ) and for all p, ¢ and r € [1, +00] such that % + % =1+ Land

1f#3lr ) I F ol 9 g, - (2.14)
On L% ) (R4), the generalized Fourier transform .#a related to A, ,, is defined by

2c+1

+oo
Zalf)(N) = / f@)oa(@) " dr; VAER,, 2.15)

Ca+2n

where ) is given by the relation (2.8).
We have the following properties

» For f € L%ﬂ)(RQ,

Fa(F)N) = Hagon (M)A, A €R4.

» For each f € L%ﬂ)(R+), Fa(f) is a function that is a part of €, o(R) the space of continuous even

functions f on R such that ‘ l‘im | f(z)] = 0 in addition
T |—00

[-Za(Flloosparen < N1

3
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Uncertainty principles for the continuous wavelet transform associated with a Bessel type operator A, ,,

* Since Za(f) € L}

Ha+2n

(Ry) forevery x € Ry, let f € L) (R+)
+oo

fz) = | Fa()N)ea(@)dpiaran(X)-

Applied to L%M) (R.), this demonstrates that .7 is injective.

¢ (Plancherel’s theorem for %) An isometric isomorphism from L%u) (Ry) onto LiaHn (R.) may be

obtained by extending the generalized Fourier transform .% . Moreover, the following Parseval’s formula
holds for every f and g in L%L) (Ry).

(19) ) = (Fa(DNF a9 aron- (2.16)
where the inner product defined on L%u) (Ry)is (.| ), via

(Fla) gy = (MM (9)) payan (2.17)

and the inner product of the Hilbert space Lia+ ,,, (R is shown by the notation ( .[. ), .-

* Whenx € Ry,p=1or2,and f € L’()#) (R), we obtain
Fa(re ()N = @a(@) Fa(f)(A), VAR,
* Forevery f € L%u) (Ry)and g € LI(’“) (R)), p=1,2 we have
Fa(f#9) = Fa(f)Falg).

* Suppose that f,g € L%“) (Ry). If and only if Za(f)Fa(g) belongs to L7 . (Ry), then the function
f#£g belongs to L%u) (R4). In this instance, we have

Fa(f#9) = Fa(f)Falg). (2.18)

3. Generalized Continuous Wavelet Transforms Associated to .% A .

The theory of generalized continuous wavelet transforms, as studied by R.F. Al Subaie and M.A. Mourou [4], is
briefly summarized in this section.
Leta € R = (0,+400). The dilation operator D,, , of a measurable function ), is defined by

Daa(¥)(s) = a®4(as), Vs> 0.
We have,
* Forevery ¢ € L%“) (R,),
1D @)llz.0) = 1l o

* We obtain for any ¢ and ¢ € L%u) (Ry)

(Daa(@)|9)(w) = (Y1 Dg,1(9)) )

e
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* Forevery ¢ € L ) (Ry), we have
. 3.2)

We indicate by
* Yq,n the measure defined on R* x R, by
dr&a,n (CL7 {E) = d,uloz+2n (a)d,uloz+2n (27)7

The Lebesgue space on R} x R with regard to the measure 9, , with the LP—norm represented by
I llp0an is Ly, (RL X Ry), p € [1, 400].

(.].)v,., the inner product of the Hilbert space L%a’n (RE x Ry).

For a measurable function f on R’ x R, the mapping M is defined by
M2(f)(a’a I‘) = xQ"f(a, J?)

e LP (R* x R.), p € [l1,+00] the space of measurable functions f on R* x R, such that
(VT + P +
| M5 (f) lp,oa.. <-+oc. The space L&%Ri x R ) is equipped with the norm ||.||,, (9) given by

1110y = Il Mz (f) llpor,o-

(.].)(v) the inner product of the Hilbert space L? ﬁ)(Ri x R ) defined by

(fl9)w = (M5 (F)l M5 (9) )9,

A generalized admissible wavelet is defined as ¢ € L%M) (Rp)\{O} if

1 o0
/ 1Za@) @)L < oo, 33
Ca+2n Jo a

A

The generalized continuous wavelet transform Wﬁ, for such 1), is defined on L?M) (Ry) by

o) 2a+1
WE(Paa) = [ SR —ds, (wo) €Ry xRy (3.4)
0 ’ Ca+2n
where
20 (8) = T2 Daa (1) (5). (3.5)
Another way to express the transform Wﬁ is
W3 (£)(a,x) = f#Da,a(9)(x) (3.6)
= (f 15 -
Then, in virtue of relations (3.6), (2.14) and (3.1), we deduce that the function Wﬁ( f) belongs to the space
L) (RY x Ry) and
WS e oy < 1112, 148112, - 3.7)
S
=)
MJM
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Uncertainty principles for the continuous wavelet transform associated with a Bessel type operator A, ,,

Theorem 3.1. Let 1) € L( ) (R.) be a generalized admissible wavelet.

(i) (Plancherel’s formula for Wﬁ‘ ) For every function [ € L%M) (Ry), the function Wﬁ( f) belongs to the

space L(ﬂ) (R x Ry) and we have
= /ORI fll2, - (3.8)

(ii) (Parseval’s formula for Wﬁ) For all functions f,g € L(QM) (R4) we have

g (f

1
(flg) = @W\&f(f) | W5 (9) ) o), (3.9)
P
Proof. (i) Let f € L (R+) we have from relations (2.16), (2.18) and (3.6),

IWADIE / / ML VA () (@, 2) PdD (0, 2)

=/0_

-/ " / | Pa(#Doa (D)) (V)] dua+2n<A>]dua+2n<a>

I

Now using relations (3.2) and (3.3) we get

/0 4D o(B) @ >|2x—4”dua+2n<x>]duam(a)

/0 N IﬁA(f)(/\)IQfA(Da,a(w))(A)I2dua+2n(>\)} dfratan(a)-

W = [ OOI%(f)(A)IQ[ / 1D sont FAD N Pdptasan(a )} Ghtoson(N)
-/ L%(f)(w[ JAEXGI] }duwnm

Ca+2n

— / 2 ()N Ptarzn(N) = CRIFIZ -

(i1) The outcome is derived from the polarization identity and (i).
|

Theorem 3.2. Let 1) be a generalized admissible wavelet. For every f € L?M) (Ry), the function Wﬁ( f) €
L’gﬂ) (R% xRy), p € 2, 00] and we have

W5 (Dl < (Cwuan ||f||2(,1 (3.10)

Proof. According to the relation (3.8), the Plancherel’s theorem for the generalized continuous wavelet transform
for p = 2 produces

WG (Dllz.0) =/ Co Nl
For p = oo, we have by the relation (3.7)
W3 (Dl o oy < 1F 2.0 112,00

The outcome of the Riez-Thorin Theorem is obtained.

i
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Proposition 3.3. For ¢ € L(u)( 1) be a generalized admissible wavelet. Then, Wﬁ(L?ﬂ)(RJr)) is a
reproducing kernel Hilbert space in L( )(Ri x Ry), with kernel

1
%A((aal')v(a/vxl)) = Ciﬁ<waA,m | wﬁ,x’ >(IL)‘ (311)
The kernel Ji/f‘ satisfies the following

(m )

V(a,z),(a’,z") e R xRy, |%A((a,x), (a’,m’))| <
Proof. From the relation (3.6), we have for all (a, z), (¢/,2") € R% x Ry,

%A((a,x),(a’,z’)) CA Wd) ( )(a’,x').
Thus, from Theorem 3.1, we deduce that for all (a,2) € R* x R, the function %A((a, x),(.,.)) belongs to
L2 (RY x Ry).

Let F € Wi (L7, (R4)); F = W2 (f), f € L, (R+), by relations (3.6) and (3.9), we have

forall (a,z) € R} x Ry

F(a,x) = Wi (f)a,z) = (| Yo )
1

= Sx (WP IWREE) )
»

= (W3 (H) | 725 ((a,2), () )y

This demonstrates that given the Hilbert space Ww (LQH)( +))s Jé{f‘ is a reproducing Kernel.
Then, we obtain from relations (3.5), (2.11), and (3.1),

‘%A((a’x)a (a’,x’))‘ = <waA,ac ‘ w($7wl >(u)|

—|
Cw
1
< @Hiﬁf,tz,(u)IIwﬁ,zfllz,m
(m" )
< 1913,
This achieves the proof. |

4. Approximate Concentration

In this part, we introduce a weak uncertainty principle [16], which is adapted for the generalized continuous
wavelet transforms. It is a Donoho and Stark type uncertainty principle. Such results were first reported by
Grochenig in [22], first for the Gabor transform. We also examine how concentrated these generalized continuous
wavelet transformations are on subsets of R} x R with finite measures. Finally, we present a Benedicks-type
uncertainty principle, subject to some assumptions on the wavelet function. Comparable outcomes are reported
in [7, 36].

Proposition 4.1. Consider a generalized wavelet 1) with the property that ||[¢||2,,) = 1. For any function f
belonging to the space L(/L) (R.y) satisfying the condition || f||2,(,y = 1, and for any subset ) of R x R, and
& >0, the following holds:

L= < [ My WP ()@ 2)Pdd n(a ),

3

s
2
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Uncertainty principles for the continuous wavelet transform associated with a Bessel type operator A, ,,

we obtain,
1- f S 19&7n(Q)'

Proof. Based on equation (3.7), we obtain the following relation:

=€ < [ 1M " WE(F) (@, 2) P n(a,2) < IWE (oo, V() € D).
Q

Theorem 4.2. Suppose 1) represents a generalized wavelet such that its norm, denoted by ||||2,(,.y = 1, and let
Q be a subset of R, x R satisfying

o ()}

2

Therefore, given a function fin L( "

y(R4), we get

Do n (£2)

||XQCW$(f)||2,(19) 23 [1= C’ﬁ

C Rl F 12,0 -

Proof. According to equation (3.7), it follows that for any function f belonging to the space L%“) (Ry)

W3 (H113.09) = IxeWi (D13, 0y + Ixa-Wa (D113,
< Do (QIWE (N2 0y + Ixa= W5 (D39
< Do QNFI13, 0 1913, + Ixa=WE (D3, (9)-

We obtain the necessary result by using Plancherel’s formula to W$ as stated in relation (3.8) and the inequality
Pan(Q) < CuAj. |

Remark 4.3. It implies that the generalized wavelet transform W$ (f) cannot be substantially focused on a set
whose volume is smaller than the minimum C$ for any non-zero function f. In particular, we have

ﬂa,n(suppw,ﬁ(f)) < C',ﬁ = f=0.
We take into account the following orthogonal projections:
1. Py: This projection operates from L% 9) (RL xRy ) to Wﬁ(L%H) (R4)). Its range is denoted by ImP;.

2. Pq: Defined as the orthogonal projection onto L%ﬁ) (R*+ x R+), given by

PoF =xoF,  Fe€L{y (R} xRy),
where F' € L%ﬂ) (R% x R4), and €2 is a subset of R x R,.. The range of Py, is denoted by Im Py.
We define
[PaPyll = sup { || PaPy(F)ll2,), F € Ligy (R X Ry ); [|F g, = 1}

Proposition 4.4. Consider 1) be a generalized wavelet with a unit norm. A Hilbert Schmidt operator Po Py, is
defined for each subset Q@ C R* x Ry of a finite measure ¥, ,,(2) and we have

Do (02
ol < g @
S
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Proof. For each function F' € L(2 19)(Rjr x R4 ), we obtain since Py is a projection onto a reproducing kernel
Hilbert space

Pw(F)(a,CC) = <F | %A((a’vz)? ('7 )) >(19)
as defined by (3.11) for %A. Thus,
PQP¢(F)(CL,SC) = < F ‘ XQ(CL,ZL’)%A((G,I), ('7 )) >(19)

Now, using the definition of the kernel provided by the relation (3.11), Fubini’s theorem, relations (3.5),
Plancherel’s formula for the generalized wavelet transform (3.8), (2.11), and (3.1), we obtain

| PaPyll%s = / / / / (22') " xa(a, 2) 2P (0, 2), (0, 2))PdDoen (7)Ao (a0, 2)
0 0 0 0

o0 o0 o0 o0 1
= / / / / x_4”XQ(a,x)|—M§1W$(wa,z)(a’,:U’)|2d19a’n(a’,x’)dﬁa’n(a,x)
o Jo Jo Jo

A
Cll)
1 —4n 1 A 2
oA o rooa Wy (Ya,2)13,(9)@0a,n(a, )
P P

1 // —4n 2 1 // —4n A 2
= — T Yo,z dIon(a,r) = =% T Ty Do (¥ ddo n(a,z
ox | Jq a2, () (a,) oz / Jo [ (W12, () (a, )

790¢,n(Q)

19113 (1)
< T.
CUJ

— A
Cw

Do () =

The integral operator PPy, has a Hilbert Schmidt kernel as a result. The fact that ||PoPy|| < |[[PoPyllas

implies the outcome. u
According to Havin and Joricke [25, 1.A, p.88], we have the following

Proposition 4.5. Let §) be a subset of R, x R and let 1) be a generalized wavelet. The following is our
equivalency

1. In qu) (R), there is a constant c= ¢(€, 1) > 0 such that for any function f

\/ Cﬁ”f”z,(u) < C||XQCW$(f)||2,(19)~ 4.2)

2. HPQP¢H < 1.
Remark 4.6. 1. Ifthe relation (4.2) is met, then (Pq, Py) is considered a strong a-pair.

2. IfHPﬂ‘PllJ” < 1, then

NG

3. Relative to (4.1) and (4.3), Theorem 4.2 can be obtained.

X W5 (F)ll2,9)- (4.3)

1
< -
20 =T [PoPy

Theorem 4.7. (Benedicks-type uncertainty principle for Wﬁ) For each generalized wavelet 1, allow
fraron({Fa(¥) #0}) < oo. Let [° xa(a, )dpason(x) < 0o be any subset Q of R% x Ry such that for
virtually every a > 0, we have

Wi (LE,y (Ry)) N ImPqg = {0}. (4.4)

3
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Proof. If F' is a non-trivial function in Wﬁ(L?M) (R4)) N ImPq, then F = Wy (f) and SuppF C  exist for

some function f in L%u) (R4). Suppose a > 0. Then, fOOO xa(a, )dpot2n(x) < 0co. Examine the function

F,(x) :W$(f)(a,x), x> 0.

After that,
suppF, C {x > 0;(a,z) € Q},
additionally
Haran (supply) < oo.
Currently, we have by utilizing the relation (2.18),
Fa(Fa)(N) = Fa(f)N)Fa(Dge) (), a.e.

Consequently

{Fa(Fa) # 0} C{Fa(¥) # 0}

Furthermore, we derive the following from the hypothesis: o420, ({Fa(Fa) # 0}) < oo. By applying the
Fourier-Bessel transform Benedicks-type theorem [19], we may infer that, for any @ > 0, F(a,. ) = 0, implying
that F=0. |

The outcome that follows is a direct result of [[24], 2. A) p. 90].

Proposition 4.8. If ¢ is a generalized wavelet with fioy2,({Fa (1) # 0}) < 00, and QL is a subset of R, x Ry
with 94,n () < 00, then ¢(Q, 1) > 0, such that the inequality (4.2) holds.

Here, we rephrase the proof given in [5].

Proof. Because Po, Py are projections, the equation || Po Py (F)|l2,9) = [|F
Now, the fact that

2.(9), implies Po(F)= P,,(F) =F.

ﬂa,n(Q) = / / XQ(avx)dﬂoz,n(aax) < 00,
o Jo
implies that for almost every a > 0,
/ xala, z)dpq(a, ) < cc.
0

Then, from relation (4.4), we get I' = 0 and therefore, for F # 0 we have || Pq Py (F)l|2,9) < |[F[2,(9)- Using
the fact that Po Py, is a Hilbert-Schmidt operator, we deduce that its largest eigenvalue A satisfies |A\| < 1 and
|PaPyll = A < 1.

The result follows from Proposition 4.5. |

5. Heisenberg-Pauli-Weyl Type Inequalities for Wﬁ.

The primary findings of this study, the Heisenberg-Pauli-Weyl type inequality for .#a and the generalised
wavelet transform Wﬁ, are presented in this section. We consult Rassias [30] for his study on the classical
Fourier transform. Rosler and Voit demonstrated the Heisenberg-Pauli-Weyl uncertainty principle for the Hankel
transform in [31]. It asserts that for any function f € Lia (Ry),

17 Fllz pe AN 20 = (@ + DI

20

3

s
2
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with equality for any d € C and b > 0, if and only if f(r) = de=br’/2.

The previous inequality was extended by Ma in his paper [28] to a more general setting, namely the Chébli-
Triméche hypergroups. Specifically, he established that, for s,¢ > 0, there exists a constant ¢ = ¢(a, s,t) > 0
such that, for every function f € L? (R ), we have

_t _s
s IN ()5 r, = ell Fllzpa-

I f

Subsequently, Soltani provided the constant c in the cases s > 1 and ¢ > 1 explicitly in his article [33], which is
c=(a+1)s+ 7. If and onlyifs =t =1and f(r) = de™ or? /2 for some d € C and b > 0, then we have equality.
Combining these outcomes, we obtain

Theorem 5.1. Let t,s > 0. Forany f € L7, (Ry), there is a constant ¢ = c(av, s,t) > 0 such that

(5.1

_t_ _s_
172 Fllage, IN (D)l =

Moreover, for s,t > 1 the constant ¢ = (a + 1)5% with equality if and only if s =t = 1 and f(r) = de=tr’/2
for some d € Cand b > 0.

In the following theorem we give the Heisenberg-Pauli-Weyl type inequality for # .

Theorem 5.2. Assume s,t > 0. There is a constant ¢ = c¢(a, n, s,t) > 0, for any function f € L )(R+) such
that

I 135 1N Za ()11

w > C||f||27(#). 5.2)

2,fbat2n

Moreover, for s, t > 1 the constant c is given by (a + 2n + 1)ﬁ with equality if and only if s =t = 1 and
f(r)y= dr¥re =5 forsome deCandb > 0.

Proof. Assume f € L( ) (Ry). Using the relation (5.1) to apply the Heisenberg-Pauli-Weyl inequality for
Hankel transform with index « 4+ 2n, we obtain

_s _t
Hrsf\ls“ INFA DN o = 1M DI N Haron(M DS,
t
= MY DIZE o N A aion (M IS
2 CHM_lf |27,uo<+2n
> el fllzy)-
— ’7‘2 st
Ifandonlyif s=¢=1and f(r) = dr®me =% then ¢ = (a+2n+ 1)?& with equality for s,¢ > 1. [ |

In the next theorems, we establish inequalities that we will use to prove Heisenberg-Pauli-Weyl type inequality
for W5.
P

Theorem 5.3. Let ) be a generalized admissible wavelet in L%H)(RJF) and s,t > 0. Then, for any function
fe L ) (Ry), there is a constant ¢ = c(a,n, s,t) > 0, such that

lz* W5 (D)l o) X Za(f 1 ESHRC ev/em kead [ P

Furthermore, ¢ = (a4 2n + 1)% if s, t >1.

e
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Proof. Considering that both of the integrals on the left-hand side are finite is a non-trivial situation. The function
x »—>RW$( f)(a,z) may be obtained by using the Heisenberg-Pauli-Weyl type inequality for .#A. For every
a € R,

(f = )':d“”)( /OOOW5“A<W$<f><a,.>><A>|2dua+2n<x))’L
2041

dx.

oo
x
> [ W@
0 Ca+2n
Therefore, by integrating over dyiq 42, (a) and using Plancherel’s theorem and Holder’s inequality for Wﬁ, we
obtain

s

s+t

||x8Ww

5?1»( / / N FaWE ()(a ))(A)Qduaun(a)duawn(/\))

> EWR(f Mg = ¢

But, relations (3.6) and (2.18) yield
L [ 1209 (e DOt (@2
/ / N2!| Za (D (D) ) dttors2n (@)dptos 2 (V)
— [0 ([ 175D BNt (0) ) dtasan OV,
Then, from relations (3.2) and (3.3) it follows

/O / N2|F A (WA ()@ )N Pt 2n(0)dptason (V) = CHNFA(N) 2

Then,
Iz W3 (D)5 INFa D5k = 12WE (D550 (/O F AT iasan
> e/ CRI N2,
it yields the outcome. n

Theorem 5.4. Let 1) be a generalized admissible wavelet in L (R+) and s,t > 0. Then, there exists a constant
¢ = c(a,n,s,t) > 0, such that

s+t

25,1(:9)>C<\/ . M(=¢A(¢)|2)(2t)> 1 £12,()5

s oolla Wi ()

I f

Ca+2n

for every function [ € L( )(R+) where M : f — M(f / flx
transform and cq 2y, is the constant given in (2.2).
Moreover, if s,t > 1 then ¢ = (a + 2n + 1)$ and we have equality if and only if s = t = 1 and
2
f(r)=dr*e " /2, d e C, b>0.
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Proof. Let us assume the non-trivial case that both integrals on the left-hand side are finite.

Using Fubini’s theorem, Plancherel’s theorem for .# A given by (2.16) and the relation (2.18), we get

20+1

WD = [ ([ s ) duasanta)
= [T ([ 1D s P2 ) i)

— [T12a 000 ([ 1 D@D 20 (1)
= [T 128 OB ([ D0 s Za GO Pdtosn @ ) s )
= [C1Ea00r (s [ Ea @Y i)

Ca+2n

by a change of variables b = % it follows

WD = [ RIZOOP (i [ 1@ iy )

Ca+2n
1

Ca+2n

M(Za@)) @) IN Za (P30 (5.3)

Now, applying Heisenberg-Pauli-Weyl inequality for % given in the relation (5.2), we get

INZa(H)lzh

2, ha+2n

T+s 1 o s p 7
WO = (o I ) I35,

z(\/ ! M(I%W)Q)(%))

Ca+2n

_t
I I

The next theorem proves the Heisenberg-Pauli-Weyl uncertainty principle for W$ which involves the two
variables of the time-frequency plan.

Theorem 5.5. Let s,t > 0 and 1) be a generalized admissible wavelet in L%u) (R.). Then, there exists a constant

¢ =c(a,n,s,t) >0, such that
- 1 sit %
Ty > w M(I%(wI?)(?t)) (/D) 1Sl

Ca+2n

0 la WA ()

lz* Wy (f)

for every function f € L%u) (R,). Moreover, if s,t > 1 then ¢ = (a + 2n + 1)5t/(5+1),

Proof. From the equality (5.3),

5“ = lz*W5 (f)

lz* W5 (f)

o la WA ()3

5}3)(\/M(|9A(1/1)|2)(2t)) IRNENGR] R

Ca+2n

thus, using Theorem 5.3, we get

lz* W5 (f)

0 la WA (f)

o <\/Ca;nM(|ﬂA<w>|2)<2t>);W@‘t

i
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