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Abstract. In this present paper we define the concepts of soft β∗-open sets, soft β∗-closed sets in soft topological space and
study some of their properties. Further, the notion of soft β∗-interior and soft β∗-closure of a set are introduced and their
basic properties are explored.
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1. Introduction and Background

In tradition set theory, elements of a set either belongs to it or it doesn’t. However in practical applications, there
are often situations where the memberships of elements in a set is not clear leading to the need of a more flexible
approach. It was to deal such uncertainties and vagueness in a data, Molodstov [16] in 1999 introduced soft sets
as a general mathematical framework.

In soft sets, instead of a crisp membership function, we have a characteristic function which assigns a degree
of belongingness to each element with respect to the set. This allows for a more nuanced representation of
uncertainty where elements can have partial or full membership in a set. In areas like Perron integration, Reimann
integration etc, soft set theory was applied with great success.

Continuing the work, Maji et al. [12] in 2002 studied soft sets and their properties. It was in 2011 that Shabir
and Naz [25]proposed soft topological space that are determined over an initial universe having parameters that
are fixed. They also defined soft open sets, soft closed sets, soft closure and soft interior along with soft separation
axioms for soft topological spaces.
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Many researchers like Zorlutuna et al.[27], Aygunoglu et al.[7] and Hussain et al.[10] further contributed to
the study of soft topology.

Chen [8]was the first to investigate and study the weaker forms of soft open sets along with it’s properties.
His work on soft semi-open sets is highly significant.

Researchers like Akdag and Ozkan [13] who introduced soft α-open sets then continued the study of soft
β-open sets[14]. Arockiarani and Arokialancy [6]proposed β-open sets and studied its properties. Alzahrani
Samirah et al.[4] in 2022 worked on soft γ-open sets. They also presented its properties. The study on weak
forms of soft open sets is on the rise now as great amount of work is being done [1–3, 5, 9, 11, 15, 21–24, 26].

The study on soft β-open sets where continued by Benchalli et al. who investigated and came up with soft β-
separation axioms[17], soft β-connected space[18], soft β-compactness [19, 20] and soft β-first countable space
and soft β-second countable space.

Here in our work, we define soft β∗-open sets and study some of its properties. We further proceed to define
soft β∗-interior and soft β∗-closure and explore its characteristics. The basic definitions and findings that we
will utilize throughout the paper are provided. Throughout the entire paper, we will consider (X, τ,E) to be soft
topological space.

Definition 1.1. [18] Let the initial universe be X and E be the set of parameters. We shall denote P (X) to be
the power set of X . If we have a non empty subset A of E, then the pair (F,A) is called a soft set over X where
F is a mapping F : A → P (X).
In other words, a soft set over X is a parameterized family of subsets of X . For ϵ ∈ A,F (ϵ) can be considered
as a set of ϵ-approximate elements of soft set (F,A). Clearly a soft set is not a set.

Definition 1.2. [7] If τ is the collection of soft sets over X , then τ is a soft topology on X if the following
conditions hold:

1. X,ϕ belong to τ .

2. Union of any number of soft sets in τ belongs to τ .

3. Intersection of any two sets in τ belongs to τ .

Definition 1.3. [14] Let (X, τ,E) be a soft topological space over X and (F,E) be the soft set over X . Then

1. Soft interior of (F,E) is the soft set int (F,E) = ∪{(O,E) : (O,E) which is soft open and (O,E) ⊂
(F,E)}.

2. Soft closure of (F,E) is the soft set cl(F,E) = ∩{(G,E) : (G,E) which is soft open and (F,E) ⊂
(G,E)}.

Clearly cl(F,E) is the smallest soft closed set over X which contains (F,E) and int(F,E) is the largest
soft open set over X which is contained in (F,E).

Definition 1.4. [13] A soft set (A,E) of a soft topological space (X, τ,E) is a soft α- open set if

(A,E) ⊂ int(cl(int(A,E))).

The compliment of soft α-open set is soft α-closed set.

Definition 1.5. [13] A soft set (A,E) of a soft topological space (X, τ,E) is a soft β- open set if

(A,E) ⊂ cl(int(cl(A,E))).

The compliment of soft β-open set is soft β-closed set.

Definition 1.6. [18] Let (X, τ,E) be a soft topological space and (F1, E) and (F2, E) be two soft β-open sets
over X . Then these soft β-open sets are said to be soft β-separated if
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(F1, E) ∩ sβcl(F2, E) = ϕ and sβcl(F1, E) ∩ (F2, E) = ϕ

Definition 1.7. [18] Let (X, τ,E) be a soft topological space over X . Then (X, τ,E) is soft β- connected
if there does not exist a pair (F1, E) and (F2, E) of non-empty disjoint open subsets of (X, τ,E) such that
(F1, E) ∪ (F2, E) = X . Otherwise (X, τ,E) is said to be soft β-disconnected. In this case, the pair (F1, E)

and (F1, E) are called soft β-disconnection of X .

2. Main Results

Definition 2.1. A soft set (D,E) in a soft topological space (X, τ,E) is said to be

1. Soft β∗-open if (D,E)⊆̃cl(int(cl((D,E))))∪̃int(clδ((D,E))).

2. Soft β∗-closed if int(cl(int((D,E))))∩̃cl(intδ((D,E)))⊆̃(D,E).

The soft complement of soft β∗-open set is soft β∗-closed set.

2.1. Remark

The chart below holds for every soft set (D,E) of X .

soft open set → soft α-open set → soft semi-open set → soft γ-open set → soft β-open set → soft β∗-open set.

These implications need not be reversible.

2.2. Example

Let X = {h1, h2, h3}, E = {e1, e2} and τ = {ϕ, X̃, (D1, E), (D2, E), (D3, E), (D4, E), (D5, E), (D6, E)}
where (D1, E), (D2, E), (D3, E), (D4, E), (D5, E), (D6, E) are soft open sets over X, which are defined as
follows:
(D1, E) = {(e1, {h2})}, (D2, E) = {(e1, {h2}), (e2, {h1})}, (D3, E) = {(e1, {h2, h3}), (e2, {h1, h2})},
(D4, E) = {(e1, {h1}), (e2, {h1})}, (D5, E) = {(e1, {h1, h2}), (e2, {h1})},
(D6, E) = {(e1, {h2}), (e2, {h2, h3})}.
Thus τ is a soft topology on X and hence (X, τ,E) forms a soft topology over the space X.

Understandably the soft closed sets are X̃, ϕ, (D1, E)c, (D2, E)c, (D3, E)c, (D4, E)c, (D5, E)c, (D6, E)c.

The soft set (D,E) given by (D,E) = {(e1, {h2}), (e2, {h2, h3})} is soft β∗-open set but it is not soft
β-open set.

Theorem 2.2. In a soft topological space (X, τ,E), the arbitrary union of soft β∗-open sets is soft β∗-open.

Proof. Let {(Di, E) : i ∈ I} is a collection of soft β∗-open sets. Then ∀i ∈ I , (Di, E) ⊆ cl(int(cl((Di, E))))

∪̃int(clδ((Di, E))). Hence it implies that
˜⋃
i∈I(Di, E)⊆̃ ˜⋃

i∈Icl(int(cl((Di, E))))∪̃int(clδ((Di, E)))⊆̃cl(int(cl( ˜⋃
i∈I(Di, E))))∪̃int(clδ( ˜⋃

i∈I(Di, E))).

Therefore arbitrary union of soft β∗-open sets is soft β∗-open. i.e. ˜⋃
i∈I(Di, E) is soft β∗ open. ■

Intersecting any two soft β∗-open sets may not be soft β∗-open, as demonstrated in the example below.
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2.3. Example:

For the example mentioned in Example 2.2, consider two soft β∗-open sets (A,E) = {(e1, {h1}), (e2, {h1})}
and (B,E) = {(e1, {h2}), (e2, {h2, h3})}. Let their intersection be, (A,E)∩̃(B,E) = (C,E) and hence
(C,E) = {(e1, ϕ}), (e2, ϕ})}. So we get cl(int(cl((C,E))))∪̃int(clδ(C,E)) = ϕ. Thus (C,E) is not soft
β∗-open.

Theorem 2.3. Let (X, τ,E) be a soft topological space. Then the arbitrary intersection of soft β∗-closed sets is
soft β∗-closed.

Proof. Let {(Di, E) : i ∈ I} be a collection of soft β∗-closed sets. Then
∀i ∈ I, int(cl(int((Di, E))))∪̃cl(intδ((Di, E)))⊆̃(Di, E). This implies that
˜⋂
i∈I [int(cl(int((Di, E))))∪̃cl(intδ((Di, E)))] ⊆̃ ˜⋂

i∈I(Di, E) and hence
int(cl(int( ˜⋂

i∈I(Di, E))))∪̃cl(intδ( ˜⋂
i∈I(Di, E)))⊆̃ ˜⋂

i∈I(Di, E). Therefore arbitrary intersection of soft
β∗-closed sets is a soft β∗-closed set. ■

The example to follow illustrates that union of two soft β∗-closed sets is not necessarily a soft β∗-closed set.

2.4. Example:

For the example mentioned in Example 2.2, consider two soft β∗-closed sets (A,E) = {(e1, {h1}), (e2, {h1})}
and (B,E) = {(e1, {h2}), (e2, {h2, h3})}. Let their union be, (A,E)∪̃(B,E) = (C,E) and hence
(C,E) = {(e1, {h1, h2}), (e2, {h1, h2, h3})}. So we get int(cl(int((C,E))))∩̃cl(intδ((C,E))) =

{(e1, {h1, h2, h3}), (e2, {h1, h2, h3})} ̸⊆ {(e1, {h1, h2}), (e2, {h1, h2, h3})}. Therefore the union of two soft
β∗-closed sets is not β∗-closed set.

Proposition 2.4. For every proper soft subset of soft indiscrete structure (X, τ,E), the subsequent results hold
true.

1. Each proper soft subset of X is soft β∗-open set of X but not soft semi-open set of X.

2. Soft pre-open set of X = soft γ-open set of X = soft β-open set of X = soft β∗-open set of X.

Proof. 1. Consider (D,E) to be a proper soft subset of a soft indiscrete structure. Then
cl(int(cl((D,E))))∪̃int(clδ((D,E))) = X and cl(int((D,E)) = ϕ. Thus every proper soft subset on
X is a soft β∗-open set of X but not soft semi-open set of X.

2. As for each proper soft subset (D,E) of a soft indiscrete structure (X, τ,E) we have
int(cl((D,E))) = X , int(cl((D,E)))∪̃cl(int((D,E))) = X , cl(int(cl((D,E)))) = X and
cl(int(cl((D,E))))∪̃int(clδ((D,E))) = X. Hence soft pre-open set of X = soft γ-open set of X = soft
β-open set of X = soft β∗-open set of X.

■

Theorem 2.5. For any soft β∗-open set (K,E), if (G,E) belongs to soft open set of X , then (K,E)∩̃(G,E)

belongs to soft β∗-open set of X.

Proof. Consider a soft β∗-open set. Let (G,E) be a soft open set. Then
(K,E) ∩ (G,E)⊆̃ [cl(int(cl((K,E))))∪̃int(clδ((K,E)))] ∩̃(G,E)⊆̃
[cl(int(cl((K,E))))∩̃(G,E)] ∪̃ [int(clδ((K,E))∩̃(G,E)] ⊆̃cl [int(cl((K,E)))∩̃(G,E)]

∪̃int [clδ((K,E))∩̃(G,E)] ⊆̃cl(int [cl((K,E))∩̃(G,E)] ∪̃int(clδ [(K,E)∩̃(G,E)] ⊆̃
cl(int(cl [(K,E)∩̃(G,E)] ∪̃int(clδ [(K,E)∩̃(G,E)] . Therefore (K,E)∩̃(G,E) ∈ soft β∗-open set. ■

For any soft β∗-closed set (N,E), if (M,E) ∈ soft closed set then (N,E)∩̃(M,E) ∈ soft β∗-closed set.
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Definition 2.6. Let (X, τ,E) be a soft topological space and let (M,E) be a soft set over X.

1. Soft β∗-interior of a soft set (M,E) is represented as sβ∗int((M,E)) and is defined as
sβ∗int((M,E)) =

⋃̃
{(D,E) : (D,E) is a soft β∗-open set and (D,E)⊂̃(M,E)}.

i.e. sβ∗ − int((M,E)) is the largest soft β∗-open set over X which is contained in (M,E).

2. Soft β∗-closure of a soft set (M,E) is represented as sβ∗cl((M,E)) and is defined as sβ∗cl((M,E)) =⋂̃
{(P,E) : (P,E) is a soft β∗-closed set and (M,E)⊂̃(P,E)}.

i.e. sβ∗cl((M,E)) is the smallest soft β∗-closed set over X containing (M,E).

Theorem 2.7. Consider a soft topological space (X, τ,E) with a soft set (M,E) over X. Then (M,E) is soft
β∗-open set if and only if (M,E) = sβ∗int((M,E)).

Proof. Let (M,E) = sβ∗int((M,E)) =
⋃̃
{(G,E) : (G,E) is a soft β∗ open set with (G,E)⊂̃(M,E)}.

It shows that (M,E) ∈ {(G,E) : (G,E) is a soft β∗-open set and (G,E)⊂̃(M,E)}. Hence (M,E) is soft
β∗-open set. Conversely, let (M,E) is soft β∗-open set. Since (M,E)⊆̃(M,E) and (M,E) is soft β∗-open set,
(M,E) ∈ {(G,E) : (G,E) is a soft β∗-open set and (G,E)⊂̃(M,E)}. Further, (M,E)⊂̃(G,E) for all such
(M,E)s. This means that (M,E) =

⋃̃
{(G,E) : (G,E) is a soft β∗-open set and (G,E)⊂̃(M,E)}. ■

Theorem 2.8. Consider a soft topological space (X, τ,E) with a soft set (M,E) over X. Then (M,E) is soft
β∗-closed set if and only if (M,E) = sβ∗cl((M,E)).

Proof. Let (M,E) = sβ∗cl((M,E)) =
⋂̃
{(F,E) : (F,E) is a soft β∗-closed set and (M,E)⊂̃(F,E)}. This

shows that (M,E) ∈ {(F,E) : (F,E) is a soft β∗-closed set and (M,E)⊂̃(F,E)}. Hence (M,E) is soft β∗-
closed set. Conversely, let (M,E) is soft β∗-closed set. Since (M,E)⊆̃(M,E) and (M,E) is soft β∗-closed set,
(M,E) ∈ {(F,E) : (F,E) is a soft β∗-closed set and (M,E)⊂̃(F,E)}. Further, (M,E)⊂̃(F,E) for all such
(F,E)s. This means that (M,E) =

⋂̃
{(F,E) : (F,E) is a soft β∗-closed set and (M,E)⊂̃(F,E)}. ■

Theorem 2.9. For a soft topological space (X, τ,E), let (P,E) and (Q,E) be two soft sets of the space X.

Then,

1. sβ∗cl(ϕ) = ϕ and sβ∗cl(X) = X.

2. sβ∗cl(sβ∗cl((P,E))) = sβ∗cl((P,E)).

3. (P,E)⊆̃(Q,E) =⇒ sβ∗cl((P,E))⊆̃sβ∗cl((Q,E)).

4. sβ∗cl((P,E))c = sβ∗int((Q,E)c).

5. sβ∗cl((P,E)∪̃(Q,E)) = sβ∗cl((P,E))∪̃sβ∗cl((Q,E)).

6. sβ∗cl((P,E)∩̃(Q,E))⊂̃sβ∗cl((P,E))∩̃sβ∗cl((Q,E)).

Proof. 1. As ϕ and X are soft β∗ closed sets hence sβ∗cl(ϕ) = ϕ and sβ∗cl(X) = X.

2. Since sβ∗cl((P,E)) belongs to soft β∗-closed set in (X, τ,E), by Theorem 2.8 sβ∗cl(sβ∗cl((P,E))) =

sβ∗cl((P,E)).

3. By definition, sβ∗cl((P,E)) =
⋂̃
{(R,E) : (R,E) is a soft β∗-closed set and (P,E)⊂̃(R,E)} and

sβ∗cl((Q,E)) =
⋂̃
{(S,E) : (S,E) is a soft β∗-closed set and (Q,E)⊂̃(S,E)}. Since

(P,E)⊆̃sβ∗cl((P,E)) and (Q,E)⊆̃sβ∗cl((Q,E)). Now, (P,E)⊆̃(Q,E)⊆̃sβ∗cl((Q,E)) which implies
(P,E)⊆̃sβ∗cl((Q,E)). But sβ∗cl((P,E)) is the smallest soft sβ∗ closed set containing (P,E).

Therefore sβ∗cl((P,E))⊆̃sβ∗cl((Q,E)).

4. [sβ∗cl((P,E))]
c
= [

⋂̃
{(R,E) : (R,E) is a soft β∗-closed and (P,E)⊂̃(R,E)}]c =

⋃̃
{(R,E)c :

(R,E)c is a soft β∗-open set and (R,E)c⊂̃(P,E)c} = sβ∗int((P,E)c).
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5. We have (P,E)⊂̃(P,E)∪̃(Q,E) and (Q,E)⊂̃(P,E)∪̃(Q,E). Therefore from third result of this theorem
we have sβ∗cl((P,E))⊂̃sβ∗cl((P,E)∪̃(Q,E)) and sβ∗cl((Q,E))⊂̃sβ∗cl(P,E)∪̃(Q,E)). This implies
sβ∗cl((P,E))∪̃sβ∗cl((Q,E))⊂̃sβ∗cl((P,E)∪̃(Q,E)) → (1). Since sβ∗cl((P,E)) and sβ∗cl((Q,E))

are soft β∗-closed sets in (X, τ,E), we have sβ∗cl((P,E))∪̃sβ∗cl((Q,E)) is also soft β∗-closed set in
(X, τ,E). Then (P,E))⊂̃sβ∗cl((P,E) and (Q,E))⊂̃sβ∗cl((Q,E) which implies
(P,E)∪̃(Q,E)⊂̃sβ∗cl((P,E))∪̃sβ∗cl((Q,E)). That is sβ∗cl((P,E))∪̃sβ∗cl((Q,E)) is a soft
β∗-closed set containing (P,E)∪̃(Q,E). Hence
sβ∗cl((P,E)∪̃(Q,E))⊂̃sβ∗cl((P,E))∪̃sβ∗cl((Q,E)) → (2) From (1) and (2)

sβ∗cl((P,E)∪̃(Q,E)) = sβ∗cl((P,E))∪̃sβ∗cl((Q,E)).

6. We have (P,E)∩̃(Q,E)⊂̃(P,E) and (P,E) ˜∩(Q,E)⊂̃(Q,E). This implies
sβ∗cl((P,E)∩̃(Q,E))⊂̃sβ∗cl((P,E)) and sβ∗cl((P,E)∩̃(Q,E))⊂̃sβ∗cl((Q,E)). Therefore,
sβ∗cl((P,E)∩̃(Q,E))⊂̃sβ∗cl((P,E))∩̃sβ∗cl((Q,E)).

■

Theorem 2.10. For a soft topological space (X, τ,E), let (P,E) and (Q,E) be two soft sets of the space
X.Then,

1. sβ∗int(ϕ) = ϕ and sβ∗int(X) = X.

2. sβ∗int(sβ∗int((P,E))) = sβ∗int((P,E)).

3. (P,E)⊆̃(Q,E) =⇒ sβ∗int((P,E))⊆̃sβ∗int((Q,E)).

4. (sβ∗int((P,E)))c = sβ∗int((P,E)c).

5. sβ∗int((P,E))∪̃sβ∗int((Q,E))⊂̃sβ∗int((P,E)∪̃(Q,E)).

6. sβ∗int((P,E)∩̃(Q,E)) = sβ∗int((P,E))∩̃sβ∗int((Q,E)).

Proof. 1. As ϕ and X are soft β∗ open sets hence sβ∗int(ϕ) = ϕ and sβ∗int(X) = X.

2. Since sβ∗int((P,E)) belongs to soft β∗-open set in (X, τ,E), by Theorem 2.7,
sβ∗int(sβ∗int((P,E))) = sβ∗int((P,E)).

3. By definition, sβ∗int((P,E)) =
⋃̃
{(R,E) : (R,E) is a soft β∗-open set and (R,E)⊂̃(P,E)} and

sβ∗int((Q,E)) =
⋃̃
{(S,E) : (S,E) is a soft β∗-open set and (S,E)⊂̃(Q,E)}. Since

sβ∗int((P,E))⊆̃(P,E) and sβ∗int((Q,E))⊆̃(Q,E). Now, sβ∗int((P,E))⊆̃(P,E)⊆̃(Q,E) which
implies sβ∗int((P,E))⊆̃(Q,E). Since sβ∗int((Q,E)) is the largest soft β∗-open set contained in
(Q,E). Therefore sβ∗int((P,E))⊆̃sβ∗int((Q,E)).

4. [sβ∗int((P,E))]
c
= [

⋃̃
{(R,E) : (R,E) is a soft β∗-open set and (R,E)⊂̃(P,E)}]c =

⋂̃
{(R,E)c :

(R,E)c is a soft β∗-closed set and (P,E)c⊂̃(R,E)c} = sβ∗int((P,E)c).

5. We have (P,E)⊂̃(P,E)∪̃(Q,E) and (Q,E)⊂̃(P,E)∪̃(Q,E). This implies that
sβ∗int((P,E))⊂̃sβ∗int((P,E)∪̃(Q,E)) and sβ∗int((Q,E))⊂̃sβ∗int((P,E)∪̃(Q,E)). Therefore,
sβ∗int((P,E))∪̃sβ∗int((Q,E))⊂̃sβ∗int((P,E)∪̃(Q,E)).

6. Since (P,E)∩̃(Q,E)⊂̃(P,E) and (P,E) ˜∩(Q,E)⊂̃(Q,E). This implies
sβ∗int((P,E)∩̃(Q,E))⊂̃sβ∗int((P,E)) and sβ∗int((P,E)∩̃(Q,E))⊂̃sβ∗((Q,E)). Hence,
sβ∗int((P,E)∩̃(Q,E))⊂̃sβ∗int((P,E))∩̃sβ∗int((Q,E)) → (1). Since sβ∗int((P,E)) and
sβ∗int((Q,E)) are soft β∗-open sets in (X, τ,E), sβ∗int((P,E))∩̃sβ∗int((Q,E)) is also a soft
β∗-open set in (X, τ,E). Then sβ∗int((P,E))⊂̃(P,E) and sβ∗int((Q,E))⊂̃(Q,E). So
sβ∗int((P,E))∩̃sβ∗int((Q,E))⊂̃(P,E)∩̃(Q,E). That is sβ∗int((P,E))∩̃sβ∗int((Q,E)) is a soft
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β∗-open set contained in (P,E)∩̃(Q,E) → (2). From (1) and (2)

sβ∗int((P,E)∩̃(Q,E)) = sβ∗int((P,E))∩̃sβ∗int((Q,E)).

■

3. Conclusion

The theory of soft sets is an immensely useful tool to deal uncertainty. In this paper we introduce a weaker form
of soft set which is soft β∗open set in soft topological spaces. Soft β∗closed sets are also established and their
properties have been investigated. We then define the closure and interior of soft β∗ sets and finally examine a
few of its properties. These findings will further help in the study of soft topology in the future.
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