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Received 22 August 2024; Accepted 17 September 2024

Abstract. In this paper we study the polynomial stability of a Rayleigh system with distributed delay in dynamic control.
After studying the existence and uniqueness of the solution, we showed polynomial stability and finally proved that this
polynomial stability is the best that can be had by establishing that there is no exponential stability. Our contribution is the
introduction of the distributed delay term in the control.
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1. Introduction

In this paper we focus on the Rayleigh problem subject to a single dynamic control with a distributed delay as
follows
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Polynomial stability of a Rayleigh system with distributed delay



utt(x, t)− γuxxtt(x, t) + uxxxx(x, t) = 0 in ]0, 1[×(0,+∞)

u(0, t) = ux(0, t) = 0

uxx(1, t) + η(t) = 0,

uxxx(1, t)− γuxtt(1, t) = 0, ∀ t ∈ (0,+∞)

ηt(t)− uxt(1, t) + β1η(t) +

∫ τ2

τ1

β2(s)η(t− s)ds = 0, ∀ t ∈ (0,+∞)

u(·, 0) = u0, ut(·, 0) = u1 in ]0, 1[, η(0) = η0 ∈ C

η(−t) = f0(.,−t), ∀ t ∈ (0, τ2),

(1.1)

where η denotes the dynamical control,
∫ τ2

τ1

β2(s)η(t− s)ds is the time delay, β1 is a positive constants and the

initial data (u0, u1, f0) belong to a suitable space. The damping of the system is made via the indirect damping
mechanism.
Throughout this paper, we assume that β2 : [τ1; τ2] → R , β2 is in L+∞ and is a bounded function satisfying∫ τ2

τ1

β2(s)ds < β1. (1.2)

It should be that D. Mercier and al. studied in [9] the problem

utt(x, t)− γuxxtt(x, t) + uxxxx(x, t) = 0 in ]0, 1[×(0,+∞)

u(0, t) = ux(0, t) = 0

uxx(1, t) + η(t) = 0,

uxxx(1, t)− γuxtt(1, t) = 0 ∀ t ∈ (0,+∞)

ηt(t)− uxt(1, t) + βη(t) = 0 ∀ t ∈ (0,+∞)

u(·, 0) = u0, ut(·, 0) = u1 in ]0, 1[, η(0) = η0 ∈ C

(1.3)

where β is a positive constant and η the dynamical control.
A study in which they showed the polynomial decay of the solution of the system (1.3).

Then, the important and interesting case when the Rayleigh beam equation is damped by only one dynamical
boundary with distributed delay remaine open. The aim of this paper is to fill this gap by considering a clamped
Rayleigh beam equation subject to only one dynamical boundary feedback whith distributed delay (1.1).

The paper is organized as follows: In the second part we will establish the well posedness of problems (1.1)
using semi-group theory. In the sections 3 and 4 respectively we will establish the strong and polynomial stability
and finally in section 5 the absence of an exponential decay.
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2. Existence and uniqueness of solution

Here we study the well posedness for the problem (1.1) using the semigroup theory.
As we did in [11, 12] and [13] let’s

z(ρ, t, s) = η(t− sρ), ρ ∈ (0, 1), s ∈ (τ1, τ2), t > 0. (2.1)

Now the problem (1.1) is equivalent to

utt(x, t)− γuxxtt(x, t) + uxxxx(x, t) = 0 in ]0, 1[×(0,+∞)

szt(ρ, t) + zρ(ρ, t) = 0 in (0, 1)× (0,+∞)

u(0, t) = ux(0, t) = 0

uxx(1, t) + η(t) = 0,

uxxx(1, t)− γuxtt(1, t) = 0 ∀ t ∈ (0,+∞)

ηt(t)− uxt(1, t) + β1η(t) +

∫ τ2

τ1

β2(s)z(1, t, s)ds = 0 ∀ t ∈ (0,+∞)

u(·, 0) = u0, ut(·, 0) = u1 in ]0, 1[, η(0) = η0 ∈ C

z(ρ, 0, s) = f0(.,−ρτ) ∀ ρ ∈ (0, 1), s ∈ (τ1, τ2),

z(0, t, s) = η(t) ∀ t ∈ (0,+∞)

(2.2)

The well posedness of problem (1.1) follows from standard semigroup theory.

Now let

V =
{
u ∈ H1(0, 1), u(0) = 0

}
, ∥u∥2V =

∫ 1

0

(|u|2 + γ |ux|2)dx

W =
{
u ∈ H2(0, 1), u(0) = 0, ux(0) = 0

}
, ∥u∥2W =

∫ 1

0

|uxx|2 dx

and the energy space
H =W × V × C× L2

(
(0, 1)× (τ1, τ2)

)
with the inner product

〈
u

v

η

z

 ,


u∗

v∗

η∗

z∗


〉

H

=

∫ 1

0

uxxu∗xx dx+

∫ 1

0

(vv∗ + γvxv∗x) dx+ ηη∗ +

∫ 1

0

∫ τ2

τ1

sβ2(s)|z|2dsdρ.

Let u, η and z be smooth solutions of the system. Then multiplying the first equation of the system by Φ ∈W

and integrating by part on (0, 1) , we get∫ 1

0

uttΦ− γuxxttΦ dx+

∫ 1

0

uxxxxΦ dx = 0 (2.3)
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Setting

I = −
∫ 1

0

γuxxttΦ dx+

∫ 1

0

uxxxxΦ dx

We obtain that

I = γ

∫ 1

0

uttxΦx dx− γuttx(1)Φ(1) + γuttx(0)Φ(0) +

∫ 1

0

uxxΦxx dx

+ uxxx(1)Φ(1)− uxxx(0)Φ(0)− uxx(1)Φx(1) + uxx(0)Φx(0)

= γ

∫ 1

0

uttxΦx dx+

∫ 1

0

uxxΦxx dx+ ηΦx(1)

Now the relation 2.3 becomes∫ 1

0

uttΦdx+ γ

∫ 1

0

uttxΦx dx+

∫ 1

0

uxxΦxx dx+ ηΦx(1) = 0 (2.4)

Now we define the linear operators A ∈ L(W,W ′), B ∈ L(R, V ′), C ∈ L(V, V ′), by the following way

< Au,Φ >W ′×W=

∫ 1

0

uxxΦxxdx, ∀u,Φ ∈W

< Bη,Φ >W ′×W= ηΦx(1), ∀ η ∈ R,∀Φ ∈W

< Cu,Φ >V ′×V =

∫ 1

0

(uΦ+ γuxΦx)dx, ∀u,Φ ∈W

Then by means of the Lax-Milgram theorem, the operator A (resp. C) is the canonical isomorphism of W (resp.
V ) onto W ′ (resp. V ′). Then we can formulate the variational equation 2.4 as :

Cutt +Au+Bη = 0, in W ′.

If we assume that Ay +Bη ∈ V ′, then we obtain that :

utt + C−1(Au+Bη) = 0, in V

If we denote by

U =
(
u, ut, η, z

)T

,

one has

Ut = (ut, utt, ηt, zt)
T =

(
ut,−C−1(Au+Bη), uxt(1)− β1η −

∫ τ2

τ1

β2(s)z(1, t, s)ds,−s−1zρ

)T

.

Therefore problem (2.2) can be rewritten as:
Ut = AU

U(0) = (u0, u1, η0, f0(.,−ρs)T ,
(2.5)

where the operator A is defined by

A (u, v, η, z)
T
=

(
ut,−C−1(Au+Bη), uxt(1)− β1η −

∫ τ2

τ1

β2(s)z(1, t, s)ds,−s−1zρ

)T

,

with domain

D(A) =
{
(u, v, η, z)

T ∈ H, v ∈W,Au+Bη ∈ V ′ and z ∈ H1
(
(0, 1)× (τ1, τ2)

) ∣∣ z(0) = η
}
,

As in [19] let’s prove the following lemma.
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Lemma 2.1. Let (u, v, η, z)T ∈ H. Then (u, v, η, z)
T ∈ D(A) if and only if u ∈ W ∩ H3(0, 1), v ∈ W ,

z ∈ H1
(
(0, 1)× (τ1, τ2)

)
and z(0) = η such as

uxxx(1) + γ
[
C−1(Au+Bη)

]
x
(1) = 0;

uxx(1) + η = 0.

Proof. The sufficiency is obvious. Indeed let (u, v, η, z)T ∈ H.
Assume u ∈W ∩H3(0, 1), v ∈W , z ∈ H1

(
(0, 1)× (τ1, τ2)

)
and z(0) = η such as

uxxx(1) + γ
[
C−1(Au+Bη)

]
x
(1) = 0 and uxx(1) + η = 0.

We know

z ∈ H1
(
(0, 1)× (τ1, τ2)

)
and z(0) = η;

u ∈W ∩H3(0, 1) ⇒ u ∈W ;
As W ⊂ V , v ∈W ⇒ v ∈ V .
Moreover, if uxxx(1) + γ

[
C−1(Au + Bη)

]
x
(1) = 0, this implies that the equation is well posed and this

necessarily leads to
Au+Bη ∈ V ′.
So (u, v, η, z)

T ∈ D(A)

To prove the necessity, let (u, v, η, z)T ∈ D(A) and
A (u, v, η, z)

T
= (g, k, h, q)

T. Then we obtain

v = g ∈W

−C−1(Au+Bη) = k

vx(1)− β1η −
∫ τ2

τ1

β2(s)z(1, t, s)ds = h

−s−1zρ = q ∈ L2
(
(0, 1)× (τ1, τ2)

)
.

(2.6)

If the relation z(0) = η is obvious, we obtain from the first and last equations of the system (2.6) that
v ∈W , and then z ∈ H1

(
(0, 1)× (τ1, τ2)

)
.

Then since k ∈ V and C : V −→ V ′ is an isomorphism, so the equation (2.6)2 can be rewritten as

Au+Bη = −Ck in V ′ ⊂W ′

So for all ψ ∈W we have ∫ 1

0

uxxψxx dx+ ηψx(1) = −
∫ 1

0

(kψ + γkxψx)dx (2.7)

This means ∫ 1

0

uxxψxx dx+ ηψx(1) +

∫ 1

0

(kψ + γkxψx)dx = 0 (2.8)

On the one hand, let’s take ϕ ∈ C∞
0 (0, 1) and take ψ =

∫ x

0

ϕ(s)ds .

We know ψx = ϕ and ψxx = ϕx
By replacing in (2.8) we obtain∫ 1

0

uxxϕx dx+ ηϕ(1) +

∫ 1

0

[
k
(∫ x

0

ϕ(s)ds
)]
dx+

∫ 1

0

γkxϕdx = 0 (2.9)
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Since ϕ ∈ C∞
0 (0, 1) then ϕ(1) = 0, so we get

∫ 1

0

uxxϕx dx+

∫ 1

0

[
k
(∫ x

0

ϕ(s)ds
)]
dx+

∫ 1

0

γkxϕdx = 0 (2.10)

In integration by parts we have[
uxxϕ

]1
0
−
∫ 1

0

uxxxϕdx+
[( ∫ x

1

k(s)ds
)
.
(∫ x

0

ϕ(s)ds
)]1

0
−
∫ 1

0

(∫ x

1

k(s)ds
)
ϕ(x)dx

+

∫ 1

0

γkxϕdx = 0 (2.11)

But
[( ∫ x

1

k(s)ds
)
.
(∫ x

0

ϕ(s)ds
)]1

0
=

[
uxxϕ

]1
0
= 0

Consequently, the (2.11) equation can be rewritten

∫ 1

0

uxxxϕ(x) dx−
∫ 1

0

(∫ x

1

k(s)ds
)
ϕ(x)dx+

∫ 1

0

γkxϕ(x)dx = 0

By inverting the 1 and x terminals in
∫ x

1

k(s)ds we have

∫ 1

0

uxxxϕ(x) dx = −
∫ 1

0

[( ∫ 1

x

k(s)ds
)
dx+ γkx

]
ϕ(x)dx,∀ϕ ∈W

However

uxxx =

∫ 1

x

k(s)ds+ γkx pp in L
2(0, 1) (2.12)

This leads to u ∈ H3(0, 1) ∩W .
In particular, (2.12) allows us to write

uxxx(1)− γkx(1) = 0 (2.13)

while kx(1) = −
[
C−1(Au+Bη)

]
x
(1)

From which we finally obtain

uxxx(1) + γ
[
C−1(Au+Bη)

]
x
(1) = 0 (2.14)

On the other hand, for any ϕ ∈ V such that ϕ(1) = 1, let’s pose ψ =

∫ x

0

ϕ(s)ds.

Based on the previous calculations, we have

∫ 1

0

uxxϕx(x) dx+ η +

∫ 1

0

[ ∫ 1

x

k(s)ds+ γkx

]
ϕ(x)dx = 0 (2.15)

From (2.12) we have
∫ 1

x

k(s)ds+ γkx = uxxx

By replacing in (2.15) we obtain
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∫ 1

0

uxxϕx(x) dx+ η +

∫ 1

0

uxxxϕ(x)dx = 0

By integration by parts we have

uxx(1)ϕ(1)− uxx(0)ϕ(0)−
∫ 1

0

uxxxϕdx+ η +

∫ 1

0

uxxxϕ(x)dx = 0

This implies that

uxx(1)ϕ(1)− uxx(0)ϕ(0) + η = 0

Since ϕ(1) = 1 and ϕ(0) = 0, we finally obtain

uxx(1) + η = 0 (2.16)

The neccessity is also proved.
■

We can now state the following existence results.

Theorem 2.2.
Assume that (1.2) holds. Then for any datum U0 = (u0, u1, η0, f0) belongs to H, the problem (1.1) has one and
only one weak solution U = (u, ut, η, z) verifying:{

u ∈ C ([0,∞), V ) ∩ C1
(
[0,∞), L2(0, 1)

)
η ∈ C ([0,∞))

(2.17)

Moreover, if U0 = (u0, u1, η0, f0) belongs to D(A), then problem (1.1) has one and only one strong solution
U = (u, ut, η, z) which satisfies{

u ∈ C
(
[0,∞), H2(0, 1) ∩ V

)
∩ C1 ([0,∞), V ) ∩ C2

(
[0,∞), L2(0, 1)

)
η ∈ C1 ([0,∞)) .

(2.18)

Proof. We have

〈
A


u

v

η

z

 ,


u

v

η

z


〉

H

=

〈
v

−C−1(Au+Bη)

vx(1)− β1η −
∫ τ2

τ1

β2(s)z(1, t, s)ds

−s−1zρ

 ,


u

v

η

z


〉

H

= (v, u)W×W + (−C−1(Au+Bη), v)V×V

+
(
vx(1)− β1η −

∫ τ2

τ1

β2(s)z(1, t, s)ds
)
.η

−
∫ 1

0

∫ τ2

τ1

β2(s)z(ρ)zρ(ρ) ds dρ.

= < Av, u >W ′×W + < −(Au+Bη), v >V ′×V +vx(1)η

−
∫ τ2

τ1

β2(s)z(1, t, s)dsη − β1|η|2 −
∫ 1

0

∫ τ2

τ1

β2(s)z(ρ)zρ(ρ) ds dρ.
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Since (u, v, η, z)
T ∈ D(A), then Au+Bη ∈ V ′ and v ∈W then we have

< −(Au+Bη), v >V ′×V = < −(Au+Bη), v >W ′×W

= − < Au, v >W ′×W − < Bη, v >W ′×W

= − < Au, v >W ′×W −ηvx(1).

We can deduce

ℜ

〈
A


u

v

η

z

 ,


u

v

η

z


〉

H

= ℜ
(
< Av, u >W ′×W − < Au, v >W ′×W +vx(1)η − ηvx(1)

)

−ℜ
(∫ τ2

τ1

β2(s)z(1, t, s)ds)η

)
− 1

2

∫ τ2

τ1

β2(s)|z(1, t, s)|2ds

+
1

2

∫ τ2

τ1

β2(s)|z(0, t, s)|2ds− β1|η|2

= −ℜ
(∫ τ2

τ1

β2(s)z(1, t, s)ds)η

)
− 1

2

∫ τ2

τ1

β2(s)|z(1, t, s)|2ds

+
1

2

∫ τ2

τ1

β2(s)|z(0, t, s)|2ds− β1|η|2

≤ 1

2

∫ τ2

τ1

β2(s)|z(1, t, s)|2ds+
1

2

∫ τ2

τ1

β2(s)|η|2ds− β1|η|2

−1

2

∫ τ2

τ1

β2(s)|z(1, t, s)|2ds+
1

2

∫ τ2

τ1

β2(s)|z(0, t, s)|2ds

≤ 1

2

∫ τ2

τ1

β2(s)|η|2ds− β1|η|2 +
1

2

∫ τ2

τ1

β2(s)|η|2ds

≤
(
− β1 +

∫ τ2

τ1

β2(s)ds
)
|η|2

and

ℜ

〈
A


u

v

η

z

 ,


u

v

η

z


〉

H

≤
(
− β1 +

∫ τ2

τ1

β2(s)ds
)
|η|2

Now the relation (1.2) allows to conclude that

ℜ

〈
A


u

v

η

z

 ,


u

v

η

z


〉

H

≤ 0

which implies that the operator A is dissipative.
Let us prove that the operator λI −A is surjective for at least one λ > 0.
For (f, g, h, k)T ∈ H, we look for (u, v, η, z)T ∈ D(A) solution of

λu− v = f in ]0, 1[

λv + C−1(Au+Bη) = g in V ′

λη − vx(1) + β1η +

∫ τ2

τ1

β2(s)z(1, t, s)ds = h

λz + s−1zρ = k in ]0, 1[.

(2.19)
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Suppose that we have found u with the appropriate regularity. It means that we have also found η. Then
v = λu− f and we can determine z by solving the system{

s−1zρ + λz = k in ]0, 1[

z(0) = η.
(2.20)

We obtain

z(ρ) = ηe−λsρ + se−λsρ

∫ ρ

0

k(σ)eλsσ dσ.

In particular

z(1) = ηe−λs + τe−λs

∫ 1

0

k(σ)eλsσ dσ.

The function u verifies now 
λ2Cu+Au = C(g + λf)−Bη in V ′

u(0) = 0

ux(0) = 0

(2.21)

By using Lax-Milgram’s Lemma, the problem (2.21) admits a unique weak solution. Indeed multiplying the
first equation by v ∈ V and by integrating formally by parts we get

a(u, v) = F (v),∀ v ∈ V, (2.22)

where the bilinear and continuous form a is given by

a(u, v) =

∫ 1

0

(
λ2γuxvx + λ2uv + uxxvxx

)
dx ∀ u, v ∈ V,

while the linear form F is

F (v) =

∫ 1

0

(g + λf)v + γ(g + λf)xvx dx− ηvx(1), ∀ v ∈ V.

Since a is clearly strongly coercive on V and F is continuous on V , by Lax-Milgram’s Lemma, problem (2.21)
admits a unique solution u ∈ V . By taking test functions v ∈ D(0; 1), we recover the first identity of (2.21).
This guarantees that u belongs to H2(0, 1). Using now Green’s formula, we see that u satisfies the third identity
of (2.21).

Finally, we define η and v by setting

v = λu− f and η =

vx(1)−
∫ τ2

τ1

β2(s)z(1, t, s)ds+ h

β1 + λ

This shows that the operator A is m-dissipative on H and it generates a C0-semigroup of contractions in H, under
Lumer-Phillips theorem. So, we have found (u, v, η, z)T ∈ D(A) which verifies (2.21). The proof ends by using
the Hille-Yosida theorem. ■

3. Strong stability

The main results of this section reads as follows.

Theorem 3.1.
The C0-semigroup

(
etA

)
t≥0

is strongly stable on the energy space H, that is for any U0 ∈ H,

lim
t−→0

∥∥etAU0

∥∥
H = 0.
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Proof. We use the spectral decomposition theory of Sz-Nagy-Foias and Foguel [3, 6, 18]. According this theory,
since the resolvent of A is compact, it suffices to establish that A has no eigenvalue on the imaginary axis. For
our purpose, it is easy to prove that the resolvent of the operator A defined in (2.5) is compact. We are ready now
to achieve the proof of theorem 3.1 with the following lemma.

Lemma 3.2.
There is no eigenvalue of A on the imaginary axis, that is

iR ⊂ ρ(A).

Proof. By contradiction argument, we assume that there exists at least one iλ ∈ σ(A), λ ∈ R, λ ̸= 0 on the
imaginary axis. Let U = (u, v, η, z)T ∈ D(A) be the corresponding normalized eigenvector, that is verifying
∥U∥ = 1 and

A(u, v, η, z)T = iλ(u, v, η, z)T, (3.1)

which is equivalent to 
v − iλu = 0 in ]0, 1[

−C−1(Au+Bη)− iλv = 0 in V ′

vx(1)− β1η −
∫ τ2

τ1

β2(s)z(1, t, s)ds− iλη = 0

s−1zρ + iλz = 0 in ]0, 1[.

(3.2)

Recalling the dissipativity of A and setting

Λ1 = β −
∫ τ2

τ1

β2(s)ds (3.3)

in the proof of theorem 2.2, it follows that

0 = ℜe
〈
A(u, v, η, z)T, (u, v, η, z)T

〉
H ≤ −Λ |η|2 (3.4)

So we deduce that η = z = 0.

Now (3.2) becomes 
v − iλu = 0 in (0, 1)

C−1Au+ iλv = 0 in (0, 1)

vx(1, .) = 0.

(3.5)

From the first equation of (3.5) we deduce that
u(1) = 0

Setting v = iλu, it remains to find u ∈ V which verifies
Au− λ2Cu = 0 in (0, 1)

ux(1) = 0

u(1) = 0.

(3.6)

By Cauchy-Kowalevski theorem, there exists a nonempty neighbourhood O of 1 such that u = 0 in O ∩ (0, 1).
Then the unicity theorem of Holmgren (see [7]) allows to conclude that

u = 0, on (0, 1). (3.7)

We deduce that (u, v, η, z)T = (0, 0, 0, 0)
T which contradicts the fact that ∥U∥ = 1. We conclude that A has no

eigenvalue on the imaginary axis. ■

As the conditions of the spectral decomposition theory of Sz-Nagy-Foias and Foguel are full satisfied, the
proof of theorem 3.1 is thus completed. ■
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4. Polynomial stability

In this section, we shall analyze the rational decays rate in the form t−1 of the energy of system. For that purpose
we recall first the following result due to Borichev and Tomilov [4].

Lemma 4.1.
Let A be the generator of a C0-semigroup of bounded operators on a Hilbert space X such that iR ⊂ ρ (A).
Then we have the polynomial decay

∥∥etAU0

∥∥ ≤ C

t1/θ
∥U0∥ , t > 0,

if and only if

lim sup
|λ|→+∞

1

|λ|θ
∥∥∥(iλ−A)

−1
∥∥∥ <∞.

The main result of this section is the following theorem

Theorem 4.2.
The semigroup of system (1.1) decays polynomially as

∥∥etAU0

∥∥ ≤ C

t
∥U0∥ , ∀ U0 ∈ D(A), ∀ t > 0. (4.1)

Proof. It suffices to show following the results in [10, 20] and the above theorem, that for anyU = (u, v, η, z)
T ∈

D(A) and
F = (f, g, h, k)

T ∈ H, the solution of
(iλI −A)U = F (4.2)

verifies
∥U∥H ≤ Cλ∥F∥H; (4.3)

where λ > 0 and C > 0.

Problem (1.1) without delay is the following one

utt(x, t)− γuxxtt(x, t) + uxxxx(x, t) = 0 in ]0, 1[×(0,+∞)

u(0, t) = ux(0, t) = 0

uxx(1, t) + η(t) = 0,

uxxx(1, t)− γuxtt(1, t) = 0 ∀ t ∈ (0,+∞)

ηt(t)− uxt(1, t) + β1η(t) = 0 ∀ t ∈ (0,+∞)

u(·, 0) = u0, ut(·, 0) = u1 in ]0, 1[, η(0) = η0 ∈ C

η(t− τ) = f0(t− τ) ∀ t ∈ (0, τ),

which is well-posed in
H0 :=W × V × C (4.4)
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endowed with the norm

∥∥∥(u, v, η)T∥∥∥2
H0

:= ∥uxx∥2L2(0,1) + ∥v∥2L2(0,1) + γ ∥vx∥2L2(0,1) + |η|2. (4.5)

The generator of its semigroup is A0 defined by

A0 (u, v, η)
T
:=

(
v,−C−1(Au+Bη), vx(1)− β1η

)T
(4.6)

with domain

D(A0) =
{
(u, v, η)

T ∈ H, v ∈W,Au+Bη ∈ V ′
}
, (4.7)

Thanks to [9], the operator A0 generates a polynomial stable semigroup with optimal decay rate t−1. Therefore
the solution (u∗, v∗, η∗)

T of

(iλI −A0)

u∗v∗
η∗

 =

uv
η

 (4.8)

verifies

∥∥∥(u∗, v∗, η∗)T∥∥∥
H0

≤ C0λ
∥∥∥(u, v, η)T∥∥∥

H0

(4.9)

where C0 is a positive constant.

On the other hand the system (4.8) can be rewritten as


iλu∗ − v∗ = u

iλv∗ + C−1(Au∗ +Bη∗) = v

iλη∗ − v∗x(1) + β1η
∗ = η.

(4.10)

399
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Let α ∈ R, with the help of integrations by parts and using (4.10) we have

〈
(iλI −A)


u

v

η

z

 ,


u∗

v∗

η∗

αz


〉

H

=

〈
iλu− v

iλv + C−1(Au+Bη)

iλη − vx(1) + β1η +

∫ τ2

τ1

β2(s)z(1)ds

iλz + s−1zρ

 ,


u∗

v∗

η∗

αz


〉

H

=
(
iλu− v, u∗

)
W×W

+
(
iλv + C−1(Au+Bη), v∗

)
V×V

+
(
iλη − vx(1) + β1η +

∫ τ2

τ1

β2(s)z(1)ds
)
)η∗

+α

∫ 1

0

∫ τ2

τ1

sβ2(s)(iλz + s−1zρ)z ds dρ

=

∫ 1

0

(iλu− v)xx u
∗
xxdx+

∫ 1

0

(
iλv + C−1(Au+Bη)

)
v∗dx

+γ

∫ 1

0

(
iλv + C−1(Au+Bη)

)
x
v∗xdx

+

(
iλη − vx(1) + β1η +

∫ τ2

τ1

β2(s)z(1)ds

)
η∗ + iλα

∫ 1

0

∫ τ2

τ1

sβ2(s)zz ds dρ

+α

∫ 1

0

∫ τ2

τ1

β2(s)zρz ds dρ

= iλ

∫ 1

0

uxxu∗xxdx−
∫ 1

0

vxxu∗xxdx+ iλ

∫ 1

0

vv∗dx+ iλγ

∫ 1

0

vxv∗xdx

+

∫ 1

0

C−1(Au+Bη)v∗ + γC−1(Au+Bη)v∗dx

−
[
iλη∗ − v∗x(1) + β1η∗

]
η +

∫ τ2

τ1

β2(s)z(1)ds.η∗ − v∗x(1)η − vx(1)η∗ + 2β1ηη∗

+iλα

∫ 1

0

∫ τ2

τ1

sβ2(s)|z|2 ds dρ+ α

∫ 1

0

∫ τ2

τ1

β2(s)zρz ds dρ

+iλα

∫ 1

0

∫ τ2

τ1

sβ2(s)zz ds dρ+ α

∫ 1

0

∫ τ2

τ1

β2(s)zρz ds dρ

= iλ

∫ 1

0

uxxu∗xxdx−
∫ 1

0

vxxu∗xxdx+ iλ

∫ 1

0

vv∗dx+ iλγ

∫ 1

0

vxv∗xdx

−|η|2 +
∫ τ2

τ1

β2(s)z(1)dsη∗ − v∗x(1)η − vx(1)η∗ + 2β1ηη∗

+ < CC−1(Au+Bη), v∗ >V ′×V

+iλα

∫ 1

0

∫ τ2

τ1

sβ2(s)zz ds dρ+ α

∫ 1

0

∫ τ2

τ1

β2(s)zρz ds dρ

= iλ

∫ 1

0

uxxu∗xxdx−
∫ 1

0

vxxu∗xxdx+ iλ

∫ 1

0

vv∗dx+ iλγ

∫ 1

0

vxv∗xdx

−|η|2 +
∫ τ2

τ1

β2(s)z(1)dsη∗ − v∗x(1)η − vx(1)η∗ + 2β1ηη∗

+ < Au+Bη, v∗ >V ′×V

+iλα

∫ 1

0

∫ τ2

τ1

sβ2(s)zz ds dρ+ α

∫ 1

0

∫ τ2

τ1

β2(s)zρz ds dρ
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〈
(iλI −A)


u

v

η

z

 ,


u∗

v∗

η∗

αz


〉

H

= iλ

∫ 1

0

uxxu∗xxdx−
∫ 1

0

vxxu∗xxdx+ iλ

∫ 1

0

vv∗dx+ iλγ

∫ 1

0

vxv∗xdx

−|η|2 +
∫ τ2

τ1

β2(s)z(1)dsη∗ − v∗x(1)η − vx(1)η∗ + 2β1ηη∗

+ < Au, v∗ >V ′×V + < Bη, v∗ >V ′×V

+iλα

∫ 1

0

∫ τ2

τ1

sβ2(s)zz ds dρ+ α

∫ 1

0

∫ τ2

τ1

β2(s)zρz ds dρ

= iλ

∫ 1

0

uxxu∗xxdx−
∫ 1

0

vxxu∗xxdx+ iλ

∫ 1

0

vv∗dx+ iλγ

∫ 1

0

vxv∗xdx

−|η|2 +
∫ τ2

τ1

β2(s)z(1)dsη∗ − v∗x(1)η − vx(1)η∗ + 2β1ηη∗

+

∫ 1

0

uxxv∗xxdx+ ηv∗x(1)

+iλα

∫ 1

0

∫ τ2

τ1

sβ2(s)zz ds dρ+ α

∫ 1

0

∫ τ2

τ1

β2(s)zρz ds dρ

= −
∫ 1

0

uxx(iλu∗ − v∗)xxdx−
∫ 1

0

v(iλv∗) + γvx(iλv∗x)dx

−
∫ 1

0

vxxu∗xxdx− |η|2 +
∫ τ2

τ1

β2(s)z(1)dsη∗ − vx(1)η∗ + 2β1ηη∗

+iλα

∫ 1

0

∫ τ2

τ1

sβ2(s)zz ds dρ+ α

∫ 1

0

∫ τ2

τ1

β2(s)zρz ds dρ

= −
∫ 1

0

uxxuxxdx− < Cv, iλv∗ >V ′×V −< Au∗, v >V ′×V

−|η|2 + β2z(1)η∗ −< Bη∗, v >V ′×V + 2β1ηη∗

+iλα

∫ 1

0

∫ τ2

τ1

sβ2(s)zz ds dρ+ α

∫ 1

0

∫ τ2

τ1

β2(s)zρz ds dρ

= −∥uxx∥2L2(0,1) − (v, iλv∗)V×V − (C−1Au∗, v)V×V

−|η|2 +
∫ τ2

τ1

β2(s)z(1)dsη∗ − (C−1Bη∗, v)V×V + 2β1ηη∗

+iλα

∫ 1

0

∫ τ2

τ1

sβ2(s)zz ds dρ+ α

∫ 1

0

∫ τ2

τ1

β2(s)zρz ds dρ

= −∥uxx∥2L2(0,1) − (v, iλv∗)V×V − (v, C−1Au∗)V×V

−|η|2 +
∫ τ2

τ1

β2(s)z(1)dsη∗ − (v, C−1Bη∗)V×V + 2β1ηη∗

+iλα

∫ 1

0

∫ τ2

τ1

sβ2(s)zz ds dρ+ α

∫ 1

0

∫ τ2

τ1

β2(s)zρz ds dρ

= −∥uxx∥2L2(0,1) −
(
v, C−1(Au∗ +Bη∗) + iλv∗

)
V×V

− |η|2

+

∫ τ2

τ1

β2(s)z(1)dsη∗ + 2β1ηη∗

+iλα

∫ 1

0

∫ τ2

τ1

sβ2(s)zz ds dρ+ α

∫ 1

0

∫ τ2

τ1

β2(s)zρz ds dρ
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〈
(iλI −A)


u

v

η

z

 ,


u∗

v∗

η∗

αz


〉

H

= −∥uxx∥2L2(0,1) − (v, v)V×V − |η|2 +
∫ τ2

τ1

β2(s)z(1)dsη∗ + 2β1ηη∗

+iλα

∫ 1

0

∫ τ2

τ1

sβ2(s)zz ds dρ+ α

∫ 1

0

∫ τ2

τ1

β2(s)zρz ds dρ

= −∥uxx∥2L2(0,1) − ∥v∥2L2(0,1) − γ∥vx∥2L2(0,1) − |η|2

+2β1ηη∗ +

∫ τ2

τ1

β2(s)z(1)dsη∗

+iλα

∫ 1

0

∫ τ2

τ1

sβ2(s)zz ds dρ+ α

∫ 1

0

∫ τ2

τ1

β2(s)zρz ds dρ

= −∥(u, v, η)∥2H0
+ 2β1ηη∗ +

∫ τ2

τ1

β2(s)z(1)ds.η∗

+iλα

∫ 1

0

∫ τ2

τ1

sβ2(s)zz ds dρ+ α

∫ 1

0

∫ τ2

τ1

β2(s)zρz ds dρ

So

∥∥∥(u, v, η)T∥∥∥2
H0

= ℜ

〈
F,


u∗

v∗

η∗

αz


〉

H

+ ℜ
(
2β1ηη∗

)
+ ℜ

(∫ τ2

τ1

β2(s)z(1)dsη∗
)

+ℜ
(
α

∫ 1

0

∫ τ2

τ1

β2(s)zρz ds dρ
)

(4.11)

Take α =
−1

ε
with ε > 0.Then (4.11) becomes

∥∥∥(u, v, η)T∥∥∥2
H0

= ℜ

〈
F,


u∗

v∗

η∗
−1
ε z


〉

H

+ ℜ
(
2β1ηη∗

)
+ ℜ

(∫ τ2

τ1

β2(s)z(1)dsη∗
)

−ℜ
(1
ε

∫ 1

0

∫ τ2

τ1

β2(s)zρz ds dρ
)

(4.12)

We have by Young’s inegality

ℜ
(
2β1ηη∗

)
≤ 2β1|η|.|η∗|

≤ β2
1

ε
|η|2 + ε|η∗|2 (4.13)

Then by Fubbini
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−ℜ
(1
ε

∫ 1

0

∫ τ2

τ1

β2(s)zρz ds dρ
)
= −ℜ

( 1

2ε

∫ τ2

τ1

β2(s)
[
|z|2

]1
0
ds
)

= − 1

2ε

∫ τ2

τ1

β2(s)|z(1)|2 ds+
1

2ε

∫ τ2

τ1

β2(s)|z(0)|2 ds

= − 1

2ε

∫ τ2

τ1

β2(s)|z(1)|2 ds+
1

2ε

∫ τ2

τ1

β2(s) ds.|η|2 (4.14)

Moreover, by the Cauchy-Schwarz inequality

ℜ

〈
F,


u∗

v∗

η∗

αz


〉

H

≤ ∥F∥H.∥(u∗, v∗, η∗)T∥H0
+

1

ε
∥F∥H.∥0, 0, 0, z)T∥H

≤ ∥F∥H.∥(u∗, v∗, η∗)T∥H0 +
1

ε
∥F∥H.∥u, v, η, z)T∥H

≤ C0λ∥F∥H.∥(u, v, η)T∥H0 +
1

ε
∥F∥H.∥U∥H (4.15)

Finally, Young’s inequality gives us

ℜ
(∫ τ2

τ1

β2(s)z(1)dsη∗
)
≤ 1

2ε

∫ τ2

τ1

β2(s)|z(1)|2ds+
ε

2

∫ τ2

τ1

β2(s)ds.|η∗|2 (4.16)

Summing (4.13),(4.14),(4.15) and (4.16) we have

∥∥∥(u, v, η)T∥∥∥2
H0

≤ β2
1

ε
|η|2 + ε|η∗|2 − 1

2ε

∫ τ2

τ1

β2(s)|z(1)|2 ds+
1

2ε

∫ τ2

τ1

β2(s) ds.|η|2

+ C0λ∥F∥H.∥(u, v, η)T∥H0 +
1

ε
∥F∥H.∥U∥H +

1

2ε

∫ τ2

τ1

β2(s)|z(1)|2ds

+
ε

2

∫ τ2

τ1

β2(s)ds|η∗|2

≤
(β2

1

ε
+

1

2ε

∫ τ2

τ1

β2(s) ds
)
|η|2 + ε

(
1 +

1

2

∫ τ2

τ1

β2(s)ds
)
|η∗|2

+
(
C0λ+

1

ε

)
∥F∥H.∥U∥H (4.17)

Using the fact that A is dissipative and Cauchy-Schwarz inequality we have(
β1 −

∫ τ2

τ1

β2(s)ds
)
|η|2 ≤ ℜ⟨(iλI −A)U,U⟩H ≤ ∥F∥H.∥U∥H (4.18)

This leads to

|η|2 ≤ 1

β1 −
∫ τ2

τ1

β2(s)ds

∥F∥H.∥U∥H (4.19)
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Note also that (4.9) and the dissipativity of A0 give

β1|η∗|2 ≤ ℜ
〈
(iλI −A0) (u

∗, v∗, η∗)T, (u∗, v∗, η∗)T
〉
H0

(4.20)

≤ ∥(u, v, η)T∥H0
.∥(u∗, v∗, η∗)T∥H0

(4.21)

≤ C0λ∥(u, v, η)T∥2H0
(4.22)

This means that

|η∗|2 ≤ C0λ

β1
∥(u, v, η)T∥2H0

(4.23)

In other words

|η∗|2 ≤ C0λ

β1
∥U∥2H (4.24)

Using (4.19) and (4.24) in (4.17) we get∥∥∥(u, v, η)T∥∥∥2
H0

≤ C1∥F∥H.∥U∥H + ελC2∥U∥2H +
(
C0λ+

1

ε

)
∥F∥H.∥U∥H (4.25)

where C1 and C2 are constants that do not depend on λ defined by

C1 =

β2
1

ε
+

1

2ε

∫ τ2

τ1

β2(s) ds

β1 −
∫ τ2

τ1

β2(s)ds

and

C2 =

C0

(
1 +

1

2

∫ τ2

τ1

β2(s)ds
)

β1

Let ε =
1

2C2λ
, so C2λε =

1

2
.Hence (4.25) becomes

∥∥∥(u, v, η)T∥∥∥2
H0

≤
(
C1 + C3λ

)
∥F∥H.∥U∥H +

1

2
∥U∥2H (4.26)

with C3 = C0 + 2C2.

If we add
∫ 1

0

∫ τ2

τ1

sβ2(s)|z|2dsdρ member by member we have

1

2
∥U∥2H ≤

(
C1 + C3λ

)
∥F∥H.∥U∥H +

∫ 1

0

∫ τ2

τ1

sβ2(s)|z|2dsdρ (4.27)

Now we need a better estimate for ∫ 1

0

∫ τ2

τ1

sβ2(s)|z|2dsdρ

From (4.2) we get {
s−1zρ + iλz = k in ]0, 1[

z(0) = η.
(4.28)
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We obtain

z(ρ) = ηe−iλsρ + s

∫ ρ

0

k(σ)eiλ(σ−ρ) dσ.

By the triangular inequality we have

|z(ρ)| ≤ |η|+ s

∫ ρ

0

|k(σ)| dσ.

This implies that

|z(ρ)|2 ≤ |η|2 + 2|η|s
∫ ρ

0

|k(σ)| dσ + s2
(∫ ρ

0

|k(σ)| dσ
)2

. (4.29)

On the one hand, using Cauchy-Schwarz inequality, we have(∫ ρ

0

|k(σ)| dσ
)2

≤
(∫ ρ

0

|k(σ)|2 dσ
)(∫ ρ

0

dσ
)
≤

∫ ρ

0

|k(σ)|2 dσ. (4.30)

On the other hand, Young’s inequality gives us

2s|η|s
∫ ρ

0

|k(σ)| dσ ≤ |η|2 + s2
(∫ ρ

0

|k(σ)| dσ
)2

≤ |η|2 + s2
∫ ρ

0

|k(σ)|2 dσ (4.31)

Using (4.30) and (4.31) in (4.29) we get

|z(ρ)|2 ≤ 2|η|2 + 2s2
∫ ρ

0

|k(σ)|2 dσ. (4.32)

Let’s now integrate (4.32) on (0, 1)× (τ1, τ2). We have

∫ 1

0

∫ τ2

τ1

sβ2(s)|z(ρ)|2dsdρ ≤ 2

∫ 1

0

∫ τ2

τ1

sβ2(s)|η|2dsdρ+ 2

∫ 1

0

∫ τ2

τ1

β2(s)s
3

∫ ρ

0

|k(σ)|2 dσdsdρ

≤ 2

∫ 1

0

dρ.

∫ τ2

τ1

sβ2(s)ds|η|2 + 2

∫ τ2

τ1

β2(s)s
3

∫ 1

0

|k(σ)|2dsdρ

≤ 2τ2

∫ τ2

τ1

β2(s)ds|η|2 + 2τ22

∫ 1

0

∫ τ2

τ1

β2(s)s|k(ρ, s)|2dsdρ

≤ 2τ2β1|η|2 + 2τ22

∫ 1

0

∫ τ2

τ1

β2(s)s|k(ρ, s)|2dsdρ. (4.33)

Using (4.19) and the definition of the norm in H we deduce from (4.33) that

∫ 1

0

∫ τ2

τ1

sβ2(s)|z(ρ)|2dsdρ ≤ C4∥F∥H.∥U∥H + 2τ22 ∥F∥2H. (4.34)

with
C4 =

2τ2β1

β1 −
∫ τ2

τ1

β2(s)ds

Combining (4.27) and (4.34) we get

∥U∥2H ≤ 2
(
C1 + C3λ+ C4

)
∥F∥H.∥U∥H + 4τ22 ∥F∥2H (4.35)
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Taking ambda to be sufficiently large, we obtain

∥U∥2H ≤ C3λ∥F∥H.∥U∥H + 4τ22 ∥F∥2H (4.36)

≤ C
(
λ∥F∥H.∥U∥H + ∥F∥2H

)
(4.37)

where C ≥ max
{
C3, 4τ

2
2

}
Hence the result

∥U∥H ≤ Cλ∥F∥H. (4.38)

Therefore lim supλ→+∞
1

λ

∥∥∥(iλ−A)
−1

∥∥∥ < ∞, whence the semi-group decreases polynomially according to

the rate t−1.
■

5. Exponential unstability

In this section, we show that the semigroup generated by the operator A is not exponentially stable. For that we
use the frequency domain approach (see Huang [8] and Pruss [5]), namely the below result.

Lemma 5.1. A contraction semigroup on a Hilbert space is exponentially stable if and only if

iR = {iλ, λ ∈ R} ⊂ ρ (A) (5.1)

and

sup
|λ|→∞

∥ (iλI −A)
−1 ∥ < +∞. (5.2)

ρ(A) denotes the resolvent set of the operator A.

We state on the following result that constitutes the main of this section

Theorem 5.2. The system (2.2) is not exponentially stable on the H energy space.

Proof. Following the lemma (5.1), we prove that the condition (5.2) is not satisfied satisfied in the sense that
there are sequences (λn), (Un) and (Fn) such that

(iλn −A)Un = Fn; (5.3)

∥Fn∥H = O(1); (5.4)

lim
n→+∞

∥Un∥H = +∞. (5.5)

Note that this technique was used in [15], [2], [16], [17] and in several other articles
Let Un = (un, vn, ηn, zn)T et Fn = (f1n, f2n, f3n, f4n)T

Assuming that (5.3) is verified, we have
iλnu

n − vn = f1n

iλnv
n + C−1(Aun +Bηn) = f2n

iλnη
n − vnx (1) + β1η

n +

∫ τ2

τ1

β2(s)z
n(1, t, s)ds = f3n

iλnz
n + s−1znρ = f4n.

(5.6)
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We are looking for a particular solution defined for f1n = f3n = f4n = 0 and f2n(x) = e
1√
γ x − e

−1√
γ x solution

of the differential equation −γfxx + f = 0.

The system becomes 
vn = iλnu

n

−λ2nCun +Aun +Bηn = Cf2n

iλnη
n − iλnu

n
x(1) + β1η

n +

∫ τ2

τ1

β2(s)z
n(1, t, s)ds = 0

iλnz
n + s−1znρ = 0.

(5.7)

Using the definition of the operators A, B and C, we obtain for any Φ ∈ W the following variational
formulation ∫ 1

0

unxxΦxx dx− λ2n

∫ 1

0

unΦ+ γunxΦx dx+ ηnΦx(1) =

∫ 1

0

f2nΦ+ γf2nx Φxdx (5.8)

Integration by parts gives[
unxxΦx

]1
0
−
[
unxxxΦ

]1
0
+

∫ 1

0

unxxxxΦ dx− λ2n

∫ 1

0

unΦdx− λ2nγ
[
unxΦ

]1
0

+λ2nγ

∫ 1

0

unxxΦdx+ ηnΦx(1) =

∫ 1

0

f2nΦdx+ γ
[
f2nx Φ

]1
0
− γ

∫ 1

0

f2nxxΦdx (5.9)

This leads to

unxx(1)Φx(1)− unxx(0)Φx(0)− unxxx(1)Φ(1) + unxxx(0)Φ(0) +

∫ 1

0

unxxxxΦ dx− λ2n

∫ 1

0

unΦdx

−λ2nγunx(1)Φ(1) + λ2nγu
n
x(0)Φ(0) + λ2nγ

∫ 1

0

unxxΦdx+ ηnΦx(1)

=

∫ 1

0

[
− γf2nxx + f2n

]
Φdx+ γf2nx (1)Φ(1)− γf2nx (0)Φ(0)

(5.10)

Since Φ(0) = Φx(0) = 0 and −γf2nxx + f2n = 0 , (5.10) can be written as∫ 1

0

[
unxxxx + λ2nu

n
xx − λ2nγu

n
]
Φ dx+

[
unxx(1) + ηn

]
Φx(1)−

[
unxxx(1) + λ2nγu

n
x(1) + γf2nx (1)

]
Φ(1) = 0(5.11)

This is equivalent to the system
unxxxx + λ2nu

n
xx − λ2nγu

n = 0;

unxx(1) + ηn = 0;

unxxx(1) + λ2nγu
n
x(1) + γf2nx (1) = 0;

un(0) = unx(0) = 0.

(5.12)

Let’s now try to express ηn as a function of un. To do this, we’ll solve the equation of the (5.7) system, which is

iλnz
n + s−1znρ = 0 (5.13)

The solution of (5.13) is of the form
zn(ρ, s) = Ce−iλnsρ (5.14)
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Now zn(0) = ηn(t) so C := ηn(t).
Thus (5.14) is written as

zn(ρ, s) = ηn(t)e−iλnsρ (5.15)

When we derive this solution with respect to t and with respect to ρ we obtain the equation

ηnt − iλnη
n = 0 (5.16)

After integration, we also obtain that (5.16) has the solution
ηn = keiλnt, with k ∈ C.
Since ηn(0) = ηn0 we obtain k = ηn0 , from which ηn = ηn0 e

iλnt.
Replacing ηn by ηn0 e

iλnt in (5.15) gives us

z(ρ) = ηn0 e
iλn(t−sρ).

In particular
zn(1) = ηn0 e

iλn(t−s) = ηne−iλns.

From the third equation of (5.7) we finally obtain by replacing zn(1) by ηne−iλns

ηn =
iλnu

n
x(1)

iλn + β1 +

∫ τ2

τ1

β2(s)e
−iλnsds

(5.17)

The (5.12) system thus becomes

unxxxx + λ2nu
n
xx − λ2nγu

n = 0;

unxx(1) +
iλn

iλn + β1 +

∫ τ2

τ1

β2(s)e
−iλnsds

unx(1) = 0;

unxxx(1) + λ2nγu
n
x(1) + γf2nx (1) = 0;

un(0) = unx(0) = 0.

(5.18)

For the rest of the proof, let’s assume, as in article [9]

λn =
nπ
√
γ
+

π

2
√
γ
+ o(1) (5.19)

In other words
λn =

nπ
√
γ
+

π

2
√
γ
+ l(n) with lim

n→+∞
l(n) = 0 (5.20)

It is clear that from a certain rank n ≥ n0, n0 very large

iλn

iλn + β1 +

∫ τ2

τ1

β2(s)e
−iλnsds

≈ 1

and

unxxx(1) + λ2nγu
n
x(1) + γf2nx (1) = unxxx(1) + λ2nγu

n
x(1) + 2

√
γch(

1
√
γ
)

≈ unxxx(1) + λ2nγu
n
x(1).
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We therefore conclude that when λn −→ +∞ the system (5.18) is equivalent to the system

unxxxx + λ2nu
n
xx − λ2nγu

n = 0;

unxx(1) + unx(1) = 0;

unxxx(1) + λ2nγu
n
x(1) = 0;

un(0) = unx(0) = 0.

(5.21)

On the one hand, Serge Nicaise and associates have shown in [9] that (5.21) admits a solution verifying

∥un∥W ∼ n2 et ∥un∥V ∼ n when n −→ +∞

This gives us (5.5).

lim
n→+∞

∥Un∥H = +∞.

On the other hand, according to the choice of Fn we have

∥Fn∥2H =

∫ 1

0

[
f2n(x)

]2
+ γ

[
f2nx (x)

]2
dx

=

∫ 1

0

[
e

1√
γ x − e

−1√
γ x

]2
+

[
e

1√
γ x

+ e
−1√

γ x
]2
dx

=

∫ 1

0

[
e

2√
γ x − 2 + e

−2√
γ x

]
+
[
e

2√
γ x

+ 2 + e
−2√

γ x
]2
dx

=
[√γ

2
e

2√
γ x − 2x−

√
γ

2
e

−2√
γ x

]1
0
+

[√γ
2
e

2√
γ x

+ 2x−
√
γ

2
e

−2√
γ x

]1
0

=
[√γ

2
e

2√
γ − 2−

√
γ

2
e

−2√
γ

]
+

[√γ
2
e

2√
γ + 2−

√
γ

2
e

−2√
γ

]
−
[√γ

2
−

√
γ

2

]
−
[√γ

2
−

√
γ

2

]
=

√
γ
(e 2√

γ − e
−2√

γ

2

)
− 2 +

√
γ
(e 2√

γ − e
−2√

γ

2

)
+ 2

= 2.sh
( 2
√
γ

)
This means that

∥Fn∥H = O(1) (5.22)

Finally, we’ve found sequences (λn), (Un) and (Fn) satisfying (5.3)−(5.5). Consequently, the proof of Theorem
(5.2) is complete. ■

Conclusion

In this paper we have studied a Rayleigh-type problem with a distributed delay. We used the tools of functional
analysis and semi-group theory to obtain the existence, uniqueness and polynomial decay. However, we have
established that this polynomial decay is the best in the sense that it is impossible to have an exponential decay.
In the future, we’d like to continue our study by replacing the distributed delay with a variable delay.
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Innocent OUEDRAOGO, Désiré SABA, Cheikh SECK, Gilbert BAYILI

6. Acknowledgement

We would like to thank the reviewers who agreed to examine our work. May they be honoured.

References

[1] B.C. TRIPATHY AND B. HAZARIKA, I-monotonic and I-convergent sequences, Kyungpook Math. J.,
51(2011), 233–239.

[2] GILBERT BAYILI, SERGE NICAISE, AND ROLAND SILGA, Rational energy decay rate for the wave equation with
delay term on the dynamical control. Journal of Mathematical Analysis and Applications, 495(1):124693,
2021.

[3] CLAUDE D BENCHIMOL, A note on weak stabilizability of contraction semigroups. SIAM journal on Control
and Optimization, 16(3):373–379, 1978.

[4] ALEXANDER BORICHEV AND YURI TOMILOV, Optimal polynomial decay of functions and operator
semigroups. Mathematische Annalen, 347:455–478, 2010.

[5] FILIPPO DELL’ORO AND DAVID SEIFERT, A short elementary proof of the gearhart-pr\” uss theorem for
bounded semigroups. arXiv preprint arXiv:2206.06078, 2022.

[6] R Foguel, Powers of a contraction in hilbert space. 1963.

[7] HAAKAN HEDENMALM, On the uniqueness theorem of holmgren. Mathematische Zeitschrift, 281(1-2):357–
378, 2015.

[8] FALUN HUANG, Strong asymptotic stability of linear dynamical systems in Banach spaces. Journal of
Differential Equations, 104(2):307–324, 1993.

[9] DENIS MERCIER, SERGE NICAISE, MOHAMAD SAMMOURY, AND ALI WEHBE, Optimal energy decay rate of
rayleigh beam equation with only one dynamic boundary control. Boletim da Sociedade Paranaense de
Matematica, 35(3):131–171, 2017.
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Akademiai Kiado, 1967.

[19] JUN-MIN WANG, GEN-QI XU, AND SIU-PANG YUNG, Exponential stability of variable coefficients rayleigh
beams under boundary feedback controls: a riesz basis approach. Systems & control letters, 51(1):33–50,
2004.

[20] ALI WEHBE, Rational energy decay rate for a wave equation with dynamical control. Applied Mathematics
Letters, 16(3):357–364, 2003.

This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.

411


