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1. Introduction

Several authors generalized metric spaces and fuzzy metric spaces (for reference please see [1,3,4,5,7,9]) in
different ways and studied various topological properties on such spaces (please see [2,6,8,10]).
In this paper, we have considered fuzzy strong b-metric space introduced by T. Oner[7] and explore some new
concepts such as compactness, totally boundedness to develop some basic results on such spaces.
The organization of the paper is as follows:
In Section 2, some preliminary results are given to be used in this paper. In Section 3, an idea of compact fuzzy
strong b-metric space is introduced. Definitions of closed and bounded sets are given and some basic results are
studied. The concept of @ — e—net and a—totally bounded set is introduced and some fundamental results are
developed in Section 4.
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2. Preliminaries

In this section, some preliminary results are given which are used in this paper.

Definition 2.1. ([3]) A binary operation * : [0,1] x [0,1] — [0,1] is a continuous t-norm if * satisfies the
following conditions;

1) % is associative and commutative,

2) = is continuous,

3)axl=a Vae€l01]

4) axb < cxdwhenevera < candb<d, a,b,c,d € [0,1].

Definition 2.2. ([9]) An ordered triple (X, D, K) is called strong b-metric space, D is called strong b-metric on
X if X is a nonempty set, K > 1 is a given real number and

D: X x X — [0,00) satisfies the following conditions Vx,y,z € X

I)D(x,y) =0iffz =y,

2) D(z,y) = D(y,z),

3) D(z,2) < D(z,y) + KD(y, 2).

Definition 2.3 (7). Let X be a nonempty set, K > 1, x is a continuous t-norm and M be a fuzzy set on X x X X
(0, 00) such that Vaj,y, z€Xandt,s >0,
1) M(z,y,t) >
Z)M(x Y, )_11]7‘37::'-/’
3) M(z,y,1) = M(y, 2, 1),
4) M(z,y,t) « M(y,z,8) < M(z,z,t+ Ks),
5) M(z,y,-) : (0,00) — [0,1] is continuous.
Then M is called a fuzzy strong b-metric on X and (X, M, *, K) is called fuzzy strong b-metric space.

3. Compact fuzzy strong b-metric space

In this section some definitions are given and basic results are studied.

Definition 3.1. Let (X, M, x, K) be a fuzzy strong b-metric space and A C X. A is said to be compact if every
sequence in A has a convergent subsequence which converges to some point in A.

Theorem 3.2. Every compact fuzzy strong b-metric space is complete if 1 < K < 2.

Proof. Let (X, M, x, K) be a compact fuzzy strong b-metric space.

Let {x, } be a Cauchy sequence in X.

Let r and t be arbitrary real numbers such that ~ € (0,1) and ¢ > 0. Then 3ry € (0, 1) such that (1 —7g) * (1 —
r0) * (1 —rg) > 1 — r. (Since * is a continuous t-norm)

Since {x,} is a Cauchy sequence, thus for ro € (0,1) and ¢ > 0, there exists a natural number ny such that

t
—-)>1—7r9 VYn>ng. 3.1
3

Since X is compact, 3 a subsequence {zy, } of {x,,} which converges to some = € X.

M(.’I/'n, x’ﬂo?

Thus, for 325 — 5= (> 0) and ro € (0,1), Im € N such that
2t t >
M(ka,x,gﬁ 3K)>1—r0 Vm > nyg. (3.2)
Since k,,, > m > ng, we have from (3.1), we have
t
M(Ikm,xno,g) >1—rg. 3.3)
S
Y =
MJM
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Now for n > ng, from (3.1), (3.2) and (3.3), we get

t 2t
M(zp,x,t) = M(xp,x, 3 + K3?)
3 2t
z M(x"’xno’ g) * M(xnovxa 37[()
t t 2t t
= M(zn, Tn,, g) * M(xp,,, 3 +K(3ﬁ - 37())
¢ t 2 t
2 M(xTHan’ g) * M(‘rn07‘er7 5) * M(mevxv 3? - 37[()
> (1—ro) % (1 —ro) * (1 — 7).
Thus for ¢ > 0 and r € (0,1) we have
M((En,x,t)>l—'r‘ VnZnO
= lim z, = .
n—oo
= X is complete. =

Note 3.1. Converse of the result may not be true. We justify it by the following example.
Example 3.1. Let X = R. Define M(z,y,t) = m fort >0

and z,y € X where D(z,y) = |z —y| Vz,y € X.

By using Example 2.2[7] it is enough to prove that (X, D, K) is a strong b-metric space to show that
(X, Mp,*, K) is a fuzzy strong b-metric space induced by D where %= product t-norm.
Solution . First we show that (X, D, K) is a strong b-metric space.

1. D(z,y) =|z—y|=0iffr =y

2. D(z,y) =z —y| =y — x| = D(y, =)

3D 2)=lz—zl=lz-y+y—z<|lv—yl+ly—z[<|z—yl+ Kly—2[,K>1
S.D(x,2) < D(x,y) + KD(y,z) Vx,y,z € X.

Thus (X, D, K) is a strong b-metric space.

So, (X, Mp, *, K) is a fuzzy strong b-metric space.

Next we show that (X, Mp, %, K) is complete.

Suppose {x,,} is a Cauchy sequence in X.

We choose € = 1 (> 0) arbitrarily where ¢ > 0,7 € (0, 1).

Now for ¢ > 0 and r € (0, 1), there exists ng,

such that Mp (Zy,, T, t) = m >1—7r, VYn,m>ng.

= |2y — T | <= —1)= {2 =€ Vn,m > no.

= |z, —Tm| <€ VYn,m > ng.

So {x,} is a Cauchy sequence in R. Since R is complete, there exists 2 € R such that z,, — x.

NOW, MD(.Tn,x,t) = m Vvt > 0.
= nl;n;oMD(xn,x,t) =17 Im o — 7] vt > 0.
n—oo

= nli_{ToloMD(ﬂCmﬂ?,t) = HLO =1 Vt>0.

= nH_{T;OMD(meU»t) =1 Vt>0.

Thus z,, — x, for some x € X.

So, (X, Mp, *, K) is complete.

If possible suppose that (X, Mp, *, K) is compact.

Let {x,} be a sequence in X such thatz,, =n  Vn.

Since X is compact, there exists a subsequence {y,, } of {x,} such that y,, — y, for some y € X.

NOW, MD(yn7y,t) = m vt > 0.

3
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t

= Vt>0.
t+ lim |y, —y|
n— oo

lim MD (ynv Y, t)
n—oo
=1=—a-t
t+ lim |y, — v

n—oo
= lim |y, —y|+t=t
n—oo
= lim |y, —y| =0
n—oo
= yn — y, for some y € R.
Which is a contradiction since the sequence of all natural numbers has no convergent sequence in R. w.r.t. usual

metric.
Thus (X, Mp, x, K) is not compact.

Definition 3.3. Ler (X, M, *, K) be a fuzzy strong b-metric space. A subset A of X is said to be bounded if
Jt>0re(0,1)
such that M (z,y,t) >1—r Vz,y € A.

Definition 3.4. Let (X, M, *, K) be a fuzzy strong b-metric space. A subset F of X is said to be closed if for any
sequence {x,} in F such that x,, — x implies x € F.
ie. im M(xp,xz,t) =1 Vt>0impliesxz € F.

n—oo

Proposition 3.5. Every compact subset of a fuzzy strong b-metric space is closed and bounded.

Proof. Let (X, M, x, K) be a fuzzy strong b-metric space and A be a subset of X.
If possible suppose that A is not closed. So 3 a sequence {x,} in A such that z,, — x but x ¢ A.
Since A is compact, so 3 a subsequence {x,,,. } of {x,,} which converges to some point in A.
Since z,, — x thus {x,,,.} — « and hence x € A.
Which is a contradiction. Thus A is closed.
Now we show that A is bounded.
If possible suppose that A is unbounded. Fix zy € A.
Choose a sequence {«,,} € (0,1) Vn such that o, — 1 as n — oo.
Thus for a given ¢ > 0, for each n, 3x,, € A such that
M(zg, zpn,t) <1 — .
Now we obtain a sequence {z,, } in A. Since A is compact, 3 a subsequence {x,, } of {x,,} which converges to
some point z € A.
Now we have M (zg, Zp,,t) <1 — ap,
We have, 1 — oy, > M (20, zp,,1)
= M(x07x7ll’ % + %)
> M (zo,x, 5) % M(x,&n,, 57)

t
. _ ST t . o
= nlg{.lo(l ap,) > nh_}n;oM(xmx, 2) * nh_)rr;oM(xmm, 2K)
= OEM(zO,x,%)*I:M(zO,x,%)
= M (z¢,z, &) = 0 which contradict the condition (3.1). [ |

Note 3.2. Converse of the above result may not be true. We justify it by the following example.
Example 3.2. Let X = [5.

Define D(z,y) = (Z |2 — y;|?)? where @ = (1,29, x3,.....) and y = (y1, Y2, Y3, -....)

i=1
Then it is easy to verify that (X, D) is a strong b-metric space for K > 1
Again define My(x,y,t) = m vt € (0, 00).
Then by using Example 2.2[7], it follows that (X, My, *, K) is a fuzzy strong b-metric space w.r.t. the t-norm
x=product.
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Choose A = {(1,0,0,....),(0,1,0,...),(0,0,1,0,...), ...} subset of l5.

For z,y € A with ¢ # y we get My(x,y,t) = t+t\/§-
Taket = /2 + 1land o = %
Then Vz, y(x # y) € A we get,
My, y, V2 +1) = 2L

V24142
Now, —Y2+1 1 _ 2v/2+42-2v2-1
> V2+1+V2 2 2(2v2+1)
= 55050 > 0
(2v2+1)

ThusMb(x,y,\/ﬁ+1)>1fa:17% Va,y(x £y) € A

Also for z =y, My(z,y,V2+1)=1>1— 1.

Thus A is bounded.

On the other hand if we consider the sequence {x,} in A where z,, = (0,0,0, ..., 1(n*"place), 0, ...).

Clearly A is closed and since neither the sequence {x,, } nor its any subsequence converges to some element in
A, so A is not compact.

Proposition 3.6. Every finite subset in a fuzzy strong b-metric space is bounded.

Proof. Let (X, M, *, K) be a fuzzy strong b-metric space and A be a finite subset of X containing n elements
L1,22,...Tp.
Choose to > 0 fixed. Let min M (z;, z,%0) =5 4,5 =1,2,...n.

Z’j
Clearly 8 € (0,1).

Choose a € (0,1) such that min M (z;, zj,t0) > 1 —«
0.
:>M(l‘i,l‘j,t0)>1—a Vwi,xj € A.

= A is bounded. [ |

4. Totally bounded set in fuzzy strong b-metric space

In this section the concept of a—totally bounded set is introduced and some fundamental results on a— totally
bounded sets are developed.

Definition 4.1. Let (X, M, x, K) be a fuzzy strong b-metric space and A C X and « € (0,1) be given. Let
€ > 0 be a positive number. A set B C X is said to be an « — e-net for the set A if for any x € A, Iy € B such
that

M(z,y, ) > 1 -«

B may be finite or infinite.

Definition 4.2. A set A in a fuzzy strong b-metric space (X, M, x, K) is said to be a-totally bounded for a given
€ (0,1), if for any € > 0, there exists a finite o — e-net for the set A.

Theorem 4.3. Let (X, M, x, K) be a fuzzy strong b-metric space and A C X be «-totally bounded for some
€ (0,1). Then A is bounded.

Proof. Since A is a-totally bounded, so for each € > 0, there exists a finite « — e-net B for the set A.
Choose ¢y > 0. Then for each = € A, there exists y € B such that M (z,y, &) > 1 — a.

Since B is finite thus B is bounded. (by Proposition 3.6).

So Je; > 0and ap € (0,1) such that

M(y17y2,61)>1—010 Vyl,ygeB.
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Now, for arbitrary 1, x2 € A we have,

€ €
M(Z‘l,l‘g,el —|—260) = M(xl,x2,€1 +K70 +K£)

K K
€ €
> M(z1,y2, €1 +K?O) * M (12, 22, EO)
€
ZM($17y1’E0)*M(y1,y2,€1)*M($2,YJ2,€0)- 4.1

Now M (z1,y1,52) > 1 —a, M(y1,y2,€1) >1—agand M(z2,y2,2) > 1—a.
Choose 8 € (0, 1) such that (since * is continuous ).
l-a)x(1—ay)*x(1—a)>1-2.
From (4.1), we get
M(z1,29,61+260) > (1—a)*x(1—ag)*(1—a)>1-7.
= M(x1, 22,61 +2¢0) > 1— 5. Vai,z9 € A.
= A is bounded.

Note 4.1. The converse of the theorem is not true. We can prove it by the following example.

Example 4.2. Let X = [5. Define D(z,y) = (Z |x; — yi|2)% where = = (z1,22,23,.....) and y =
i=1

(Y1, Y2, Y35 -on)-
Then it is easy to verify that (X, D) is a strong b-metric space for K > 1
Again define My(z,y,t) = m vVt > 0,Vz,y € X.

Then by using Example 2.2[7], it follows that (X, M;, %, K) is a fuzzy strong b-metric space w.r.t. the
t-norm x=product.
Consider A = {(1,0,0,...),(0,1,0...),(0,0,1,0,...),..}. Then A C X. It is proved that A is bounded (by
previous Example 3.2).
Now, we show that there is no a — e—net for A. Choose € = %, a=1- % and if possible suppose that N
is a finite o — e-net for A. Then for x;, z;, (¢ # j)eA, there exist y;,y; from N such that My, (z;,y;,€) > 1 — «
and My(zj,y;5,€) >1—a.
Now, My (z;, z;, €+ Ke) > My(zi,yi, €).My(z,y;, €)

>(1—a)(l—a)

—(1—a)?
(1+K)e 2
= 4K)etv3 = 1-a)
= % > (1 —a)?
=1>1

Which is a contradiction. So, A is not o — e—bounded.

Definition 4.4. Ler (X, M, *, K) be a fuzzy strong b-metric space and o € (0,1).
(i) A sequence {x,} is said to be a-convergent and converges to x if
lim M(zp,z,t) >1—a Vt>0.

n—oo
(ii) A sequence {x,,} in X is said to be a-Cauchy sequence if

lim M(zp,&Tm,t) >1—a Vt>0.

m,n— 00
(iii) A subset A of X is said to be a-compact if every sequence in A has an a-convergent subsequence converges

to some element in A.
If the converging point belongs to X not to A then we say that A is a-compact in X.
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Definition 4.5. Let (X, M, %, K) be a fuzzy strong b-metric space and A(C X ) be a nonempty subset of X. Then
a— diameter of A is defined as
a—6(A) = \/ /\{t>0:M(x,y,t)>lfa}, O<a<l
z,y€A
Theorem 4.6. Let (X, M, x, K) be a fuzzy strong b-metric space and A C X.
(1) if A is compact then A is a-totally bounded Vo € (0, 1).
(2) If X is a-complete and A is a-totally bounded Yoo € (0,1) then A is a-compact in X Vo € (0,1) w.rt. the
t-norm * = min.

Proof. (1) We assume that A is compact. Choose o € (0,1) and € > 0 be arbitrary. Let 21 be an arbitrary

element of X.

If M(z,21,7%)>1—a Vrc A, thenafinite o — e—net B exists for A.i.e. B = {x,}.

If not, 3 a point xo € A such that M (z1, 22, ) < 1 — o If for every point z € A either M (z, 21, ) > 1 —«

or M(z, 2, z) > 1 — « then a finite e-net B exists for A.

ie. B={x1,22}.

If, however, this is not true, then there exists x3 € A such that M (3,21, 7) < 1—aand M (23,72, ) < 1—au

Then a finite & — e—net B = {x1, x2, 3} exists for A.

Continuing in this way, we obtain points x1, 22, ...... ,Tn;x1 € X and x; € A, 2 < i < n for which

M(zs, 25, ) <1—a fori#j.

There are two cases may arise.

Case I. The procedure stops after k th step.

Then we obtain points x1, Ta, ...... , % such that for every = € A at least one of the inequalities

M(zs,2,%) >1—a, i=1,2,....,k holds and then B = {x1, 5, ...z } is a finite o — e—net for A and here

A is a-totally bounded.

Case II. The procedure continues indefinitely.

Then we obtain an infinite sequence {x, }, z1 € X and ; € A for ¢ > 1 such that

M(zi, x5, 5) <1—a fori#j.

If possible suppose there exists a subsequence {z,,, } of {x,, } which converges to x.

Now M (zp,, x, 2K) * M (2, T, s 5702) < M(2py, Ty, 72) <1 —a

= lim M(x,,,x,
k—o0

=1x1<1—«

= 1 <1 — a which is a contradiction.

Thus Case II does not arise.

Hence A is a-totally bounded. Since o € (0, 1) is arbitrary thus A is a-totally bounded Vo € (0,1).

2. We assume that X is c-complete and a-totally bounded for each o € (0, 1).

So for every € > 0 and each o € (0, 1), there exists a finite @ — e—net for A. Let « € (0, 1) be given. We choose

a sequence {e,} such thate,, — O and €, > 0 Vn and €,; < €, and construct for each n = 1,2, .... a finite

« — €,— net
[:C(1n)7 xén),

)*kll)m Mz, Zny s 575) < 1 —«a

<)
oK 2K?2

(”)] for the set A. Let T = {x,, } be an arbitrary sequence of elements from A. Without loss of

generality we may assume that x; # x; if i # j and T is the infinite set with elements z,,.
Around every point of the o — €1-net [xg ), xél), ...... , xgl)], we construct closed balls with radius €. It is clear
that each element of {x,,} belongs to one or more of these balls.

Since the number of balls is finite, there exists at least one ball containing an infinite subset 77 C T (say
Bl a,e)).

Now we show that oo — 5(T1) g 2%.

Letz,y € Ty. Then M(x,x >
Now M (z,y,2€¢;) = M(x y, 1+ K-

>M@d%%)M(

1 —aand M(y, 51),%)>17a(1<i§k1).

) > M(l’,.’tgl)761) *M(yv 51)7 ;é)

2R-y

)
_|_

€1
K
X
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>1-a)x(1—a)=1-aq.

= A{t>0: M(z,y,t) >1—a} <2¢
= \/ /\{t>0 s M(z,y,t) >1—af <2¢

z,y€T1
= o — (S(Tl) < 2¢;.
Next, around every point of the oz — e3-net [x?), x;2>, ...... , x,(;)]
we construct closed sphere with radius €.
By the same argument as above, there exists an infinite subset 75 C 73 and
o — (S(Tg) S 262.
Continuing in this process, we obtain a sequence of infinite subsets 7" D 77 D 15 D ... D T, D ... where
a—0(T,) <2 Yn.
We now choose a point z,,, € 17, a point x,, € T different from x), , a point z,, € T3 different from z,, and
Zp, and so on.
We have z,,, € T}, xp,, € T}, and forn > m, T;, C Ty,
Thus forn > m, xp,,, Tp,, € Tin.
So A{t>0:M(zp,,xp,t) >1—a} <a—06Ty) < 2.
= lim A{t>0:M(zp,,2p,,t) >1—-0a} =0

n,m—o0
Thus for a given € > 0, there exists a natural number say ng such that

Nt >0:M(zy,, xp,,t) > 1—a} <e Vm,n > no.
= M(zp,,zp,.,€) >1—a Ym,n > ny.
= lim M(zp,,xp,.€) >1—a

m,n— o0
Since € > 0 is arbitrary, thus

= lim Mz, ,xp,,t) >1—a V>0

m,n— 0o

Choose 8 € (0,1) suchthat 1 —a > 1 — §.
So lim M(zp,,zp,,.t) >1—p.

m,n—o0
Thus {z,, } is a 8-Cauchy sequence in A and hence in X. Since X is S-complete, thus there exists € X such
that
nh_{rgo M(zp,, xp, ,t) >1—5 Vt>0.
Hence A is S-compact in X.

Since a € (0, 1) is arbitrary, thus 5 € (0, 1) is also arbitrary and hence the proof is complete. [ |

Definition 4.7. Let (X, M, x, K) be a fuzzy strong b-metric space and A C X.
The closure of A is denoted by A and is defined by A = AU A" where A" denotes the derived set of A.

Proposition 4.8. Let (X, M, *, K) be a fuzzy strong b-metric space and A C X. For x € A, for each ¢ > 0 and
a € (0,1), there exists y € A such that
M(z,y,e) >1—cu

Proof. Letz € A.Soxc AUA'.

Casel.z € A. Then we choose y = = and we have

M(z,y,e) = M(xz,x,e) =1>1—aforeache > 0and o € (0,1).

CaseIl.znotin Aandz € A'.

Thus for each € > 0 and @ € (0, 1), there exists y € A such that

y € B(z,€, ).

ie. M(z,y,e) >1—a. [ |

Proposition 4.9. Let (X, M, x, K) be a fuzzy strong b-metric space and A C X. If A is compact then A is
compact.

e

[V =)
MM
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Proof. Let {y,,} be a sequence in A.
Choose ¢ > 0 be arbitrary and {cv, } be a sequence in (0, 1) such that ov,, — 0 as n — co.
Now by Proposition 4.8, for each y,,, there exists z,, € A such that
M(zpn,yn, 5) > 1 — an.....(i)
Thus we obtain a sequence {x,, } in A. Since A is compact, thus there exists a subsequence {z,,, } of {x,,} which
converges to some point x € A.
So lim M(xy,, ,z,t) =1 Vt>0
T—00
L € .
ie. Tlggo M(zy,,x, ﬁ) =T (i1)
Now M (yn,,z,€) = M(yn,, =, 5 + K.5%)
ZM(ynraxnr,g)*M(xnrvxaQLKe) ¢
. S T € . €y
= lim M(yn,, 2, ¢) 2 lim M(yn,, zn,, 5)* lim M(wn,, 2, 57)
From (i) we get M (zp,, Yn,,5) > 1 — an,
= lim M(xnr,ynr,i) >1— lim o, =1
r—00 % r—00
= lim M(Zp,,Yn,s =) = Lo @iv)
r—00
Using (ii) and (iv), from (iii) we have
lim M(yn,,xz,e) >1x1=1
r—00

= lim M(yn,,x,e) =1

r—00

Since € > 0 is arbitrary, thus lim M (y,,,z,t) =1 Vt>0.
00

Thus the subsequence {¥,,. } of {y,,} converges to x. Hence A is compact. [ |

Note 4.1. Converse of the result is not true. We justify it by the following example.

Example 4.1. Let X = R. Define M(z,y,t) = e~ " V¢ > 0; Va,y € X.

We write D(z,y) = |x—y| Va,y € X. Thenitis verified that (X, D, K) is a strong b-metric space (by previous
Example 3.2).

Now, we shall prove that (X, M, %, K) is a fuzzy strong b-metric space. Where x is the product t-norm and
K>1.

1. M(z,y,t) = P ) Vz,y € X and Vt > 0.

2. M(z,y,t) =1 Vz,y € X and V¢t > 0.

_D(=,y)

e T =1=¢0
& -PEv) —g v > o,
< D(z,y) =0

ST =Y.

D(=z,y) _D,»)

3. M(z,y,t)=e "¢ =e —t Vt>0.
=M(y,z,t) Ve,ye X

4. Now, Vz,y, z € X,

D(z,2) < D(r,y) + KD(y,2) K> 1

D(z,z) D(z,y)+KD(y,z) .

TTKS = Sars s s >0

D(z,z) D(z,y)+KD(y,z)
et+ks < e t+KS

D(z,2) D(ay) 22
et+Ks < g#+tKS .e KT
T D(z.y) D(y.z)
<e t e s

D(z,2) D(z, D(y,
e H(j{;) < e( (f,y)+ (?'Z))
D(z, D(zx, D(y,
o t+§{zs) > 67( (at" v) 4 (1{ z))
_ D(=,2) _ D(=z,y) _ D(y,2)
e t+KS 2 e z .e r}

S M (2,2t 4 Ks) > M(x,y,t) - M(y, 2, 5)
5. This is clear that M (z,y,-) : (0,00) — [0,1] is continuous. Thus (X, M, -, K) is a fuzzy strong b-metric
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space.
Let A = (0,1). Then A = [0, 1].

Firstly, we will show that A is not compact in X. If possible suppose that A is compact. Let {x,, } be a sequence
in A where z,, = n%_l Vn > 1.
Let {z, } be a sequence in A such that x5, — y for some y € A.

D(zg,, »y)

M(zg,,y,t) =e — ¢ vt > 0.
D(xp, )

) ) D(ay,, v) - lim e ¢
lim M(zy,,y,t)= lim e” 7 ¢  =e n—=ee
n—roo n—oo

. D(zg, )
— lim e ¢
el =1=¢ nooo vt > 0.
= lim

D

M =0 Vt>D0.
n—oo

= lim D(z,,y) =0
n—oo

= lim |z, —y| =0

n—roo
=y =0.
=y ¢A
Which is a contradiction.
So, A is not complete.
Now we prove that A = [0, 1] is compact.
By Hine-Borel theorem, A = [0, 1] is compact in R w.r.t. usual norm given by ||z|| = |z| Vz € R.
Let {x,} be a sequence in A. So,there exists a subsequence {x,,. } of {x,} which converges in some point
xr e A
ie. |z, —z| > 0asr — occandz € A.
ie. D(zy,,z) - 0asr — coand z € A.

D(@ny @)
Now M (z,,x,t) = e~
D(zn,. )
) . D(wn, ) — lim e T

= lim M(zp,,z,t)= lim e”— ¢ =e r=o®

r—00 T—>00
Since D(x,,,z) — 0 as r — oo, from above we have,
= lim M(z,,,z,t)=1 Vt>0.

T—00
=z, — xin (X, M, K).
Since {x,,} is an arbitrary sequence in A, thus A is a compact subset in (X, M, %, K).

5. Conclusion

The concept of fuzzy strong b-metric space is relatively a new idea by modifying the triangle inequality in
fuzzy setting. In this paper, we explore an idea of compactness and totally boundedness on fuzzy strong b-metric
spaces and establish some basic results. We think that the researchers will be enriched with serendipitous findings
by this research work.
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