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Abstract. In this paper, we first construct a new integral equality. Using this equality, we establish Hermite-Hadamard type
fractional integral inequalities involving two variables via convexity.

AMS Subject Classifications: 26D51, 26D15, 26A20.

Keywords: Co-ordinated convex function, Hermite-Hadamard inequality, Holder inequality.

Contents

1 Introduction 437
2 Preliminaries 438
3 Main results 440

1. Introduction

The Hermite-Hadamard integral inequality, which may be expressed as follows: for every convex function S on
the finite interval [k, [], we have

l

S (E) < L/S(I)d;c < SE1S0) (1.1)

k
is one of the most well-known mathematical inequalities for convex functions. (1.1) holds in the opposite way if
the function S is concave (see [15]).

Dragomir determined the bidimentionnal analogue of (1.1) provided by in [3].
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<S(k7u)+S(k,v)+8(l,u)+$(l,v). (12)
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Numerous scholars have been drawn to the inequalities (1.2), and numerous generalizations, improvements,
expansions, and modifications of (1.1) have been documented in the literature (see [1,2,4,6,7,14,16 — 20] and
the references therein).

The following results was provided by Sarikaya [16].

is a co-ordinated

Theorem 1.1. Let S : A — R partially differentiable map on A = [k, 1] x [u,v] C R2. If‘ Sa5i

convex function on A, then we have

S(k,u)+S(kw)+S(lu)+S(lv « a, a,
’ (R 150 )4+ Gl 4 I((l,z)lllzﬁz;)i ( k+’87u+8(l v)"‘JwiﬁS(lvu)

+ P S (R, )+in5 S(ku)—?l‘

< (=k)(wv=u) %S 2%s
<A@ E ( 5o ( ‘ feor (s U)‘ 950t (la“>‘ + | et ( ”)D ’
where
2 =10 (Jfﬁs (k,v) + J2,.8 (1,v) + J2_S (k,u) + J°_S (1, u))
+ 1 (TS (1 0) + TS (L) + T2 S (ko) + S (kyv)) (1.3)
q
% is a co-ordinated convex function on A\, then
we have

S(k,u)+S(kv)+S(lu)+S(lv « a, a,
() 15 )2_ Gt Sle) 4 4((1 :)1)1;1(,/8“) (Jwﬂms(l v) + kav,S(l,u)

IS () + TS () ) — 2]

o

2
25 (k, v)\

2 q
25 (L)

2
B3¢ (k)

1

2 q a

+] 825 )| > a
bl

< (=B-w) (
"~ ((ap+1)(Bp+1)) ?
where q > 1 with % + % = 1 and A is as in (1.3).

The aim of this work is to establish some integral inequalities of the Hermite-Hadamard type via convexity
on co-ordinates by using fractional integral operators. The obtained results are based on a new integral equality.

2. Preliminaries

Here, we revisit few definitions. We also assume throughout that A C R? with A := [k, ] x [u,v] where k < [

and u < v.
S

[V =)
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Definition 2.1. [6] Convexity on the co-ordinates on A is the property of a function S : A — R that holds when
the inequality

S(gz+ (1 —9)&Ay+ (1= N)j) <gAS(z,y) +g(1 = A) S(z, j)
(1 =9)ASEy) + (1 —9) (1 =) S(&,5)
remains true for any (z,y), (x,7), (&,y), (§,7) € A and g, X € [0,1].
Definition 2.2. [5] The Riemann-Liouville integrals J*, S and J2 S of order o are defined by:

13
o _ 1 _ a—1
TS(€) =g [ (€= 07 S, >k
k
. !
o _ _ a—1
TS(E) =gy [ - 9°7 Sar, 1>
€
respectively, where o > 0,k > 0,8 € L'[k,l] and T'(« f e~tteLdt, is the gamma function and Jk+S(§)

0

JLS(€) = S(6).

Definition 2.3. [5] The Riemann-Liouville integrals J,?;ﬁm, Jsfv,, Jﬁ’ﬁm, and Jlajé),oforder a, B > 0 with
k,u >0, k <landu < v are defined by /

TS 1) = refoy [ [ 0= 077 (0= 07 S (€ ) dyde, @
kE u
I v

o, _ 1 _ a1 _o\B-1

Jk+71},8(l,u) T(a)T(B) (=& (y—u)" S(&y)dyd§ (2.2)
k u

T84S (k) = wayemay / / (€= k) (v —)" T S (&) dyd, 2.3)
k u
I v

TR0 8 (k) = waymmy / / €=k y— w7 S (& y) dydg, 2.4
k u

where S € LY (A),T is the gamma function, and
T S ) = JE S (L) = 2,08 (hyv) = )2, (k) = S (€1).

Definition 2.4. [16] The Riemann-Liouville integrals J* S (k,u), J S (1, ), Jf,S (k,u) and J2,.S (k,v) of
order a,, 8 > O with k,u > 0, k < l and u < v, are defined by

1

JES r(la/é“ k) TS (€, u) de, 2.5)
k
l

TS (L) = i / ) de, 2.6)
k

2

T
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v

728 (ko) = iy [ (o= )7 S (k) dy, @7)

[
v

25 0h) = iy [ (0-9)" S () dy, 28)

u

where S € L'(A) and T represents the gamma function.

3. Main results

Lemma 3.1. Assume that S : A — R be a partially differentiable map. If % € L(A), then we have

kil utoy  S(kAED)+S(EH u)+S(1, 25 )+s (5 v I'(a4+1)(B+1
S(T,;)*(Z)(z )2(2)(2 )+§2’[7W

x(J&ﬁﬁS(Lvy+J%B+S(hv)+J&iﬁS(Lu)+Jﬂi,S(hun

== k)(v . //KHa)?laXz Xlk + (1 - Xl) l’ Xau + (1 B XQ) U) dFdX2

—ZZ (1= x1)" —x?)((l—Xz)ﬂ—xg)

2
X Baiaxz (x1k+ (1 —x1) 1l xou + (1 — x2) v) dx1dA, (3.1)
where
o 1 if0<x <3, 3.2)
-1 if§ <xi <1, '
1 - 1 if0<x2< 4, (3.3)
-1 if§ <x2<1,
maﬁiuﬁjwm+ﬁ§@m+ﬁ5@m+ﬁj@m)
+ L (TS (Lu) + TS (L) + IS (k) + JES (k,v)) (3.4)
Proof. Let
[= R0 gy (3.5)
where
11
I ://KHaxalax (k4 (1= x1) 1, xeu + (1 = x2) v) dxadxe,
00
11
I =//((1 —x1)" = xY) ((1 ~x2)” —xﬁ) T Ok + (1= x1) [ xau + (1 = x2) v) dxidxe.
00

33
I Z//% (x1k + (1 = x1) [, x2u + (1 — x2) v) dxadx2
00

e
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2
58 Gk (=) o+ (1= x2)0) drada

I \
== \ = o\wh—t
O\N\H e —

—_

3)?13X2 (Xlk + (1 - Xl)l X2u + (1 - XQ) )dX1dX2

+

//a;?lax (x1k+ (1= x1) L xeu+ (1= x2) v) dxadxe

S (ttn B ) =8 (15
8 (k) =8 (50 = 8 (5, 252) +§ (341, 52))
— i (S (A, 2f2)) + Sukstha)t Sttt
_ S(k)+S( );rs(z 2 )+Ss( A ))' a6
Using the integration by parts, I gives
1
e :/ (-x2)" =x3) 3.7)

0

X (/((1X1)axa)m( 1k + (1= x1) L xau+ (1 - x2) )dX1) dxz
0
:WM(S(k u)+ S (k,v) +S(u) +S (L))

1

et | [ ) T S e+ (- v dve

0
1

X5 'S (K, xou + (1 — x2) v) dxa + /xg_ls(l,xw + (1 — x2) v) dx2
0

+
——

+ [ (1=x2) T S xou + (1 = x2)v) dxa

O\»—A =

1
BRGEI0=N) (/ 1=x)* 'Sk + 1 —x1)lu)dx
0

1

X3S (xak + (1= xa) Lu) dxa + /x?_lS (xak+ (1 =x1)Lv) dxa
0

+

\»ﬂ

(1= x1)* S (xak + (1= x1),v) dX1)

_|_
O\»—l o

e
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11
+ % (//x’f‘lxgls (x1k + (1 = x1) I, xou + (1 — x2) v) dx2dx1
00

1= x)* " XSS ak + (1 —x1) 1, xou + (1 — x2) v) dx2dxa

_|_

X = x2)? T S (k4 (1= xa) L xou + (1 — x2) v) dx2dx:

— ot

+

+
o\,_. o\»—t o\»—t

)TN = x2) T S (aak + (1= xa) L xou + (1 — x2)v) dX2dX1> -

O\)—A =]
—
—
|
=<
—

Combining (3.5)-(3.7) and making a changes £ = y1k + (1 — x1)l and y = xou + (1 — x2) v, we get

by _ SO () +S(252 ) 1S (450)
2

~
|
9)
—
‘w
o]
‘@
]

v

+ L (/(y—u) S(ky)dy+/( —w)’ S (1y)dy

u u

+ / (v —y)" " S (k,y)dy + / (v -9 S(ly) dy) (3.8)

u u

l

l
R (= (/(6—k)a_IS(QU)déJr/(f—k)a_l«?(«f,v)df
k

k

l l
+ / (1- " S (€ u)de + / (-6 "5 (E) d&)
k

k

T <v =R (v—u)? (// =6 (w—y)" ' S (&, y) dyde
* / [ €0 s e e

k u

l v
+ / / (1= (y— )" S (&, y) dyde
k u
l v
+ / / -kt (y—u)ﬁ*b‘(s,y)dydf). (3.9)
k uw

The proof is thus finished.
In what follows, we note

Ak, Lu,v,8)

wivy S +S (5 u)+S(L 442 ) +s(4F T(a+DT(B+1
=5 (et upoy _ SCE) SRR+ )8 (5) | gy Matre)

e
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x (J,?;{’WS (Lov) + I8 S (kyv) + I8P S (Lu) + J20 S (k,u)) ,

where 2l is given by (3.4).

Theorem 3.2. For a partial differentiable map S : A — R whose 8)?1255)(2 is co-ordinated convex, we have
(= k)(v u)
A (k1 u,0,8)| < (3 + =) (3.10)
X (’8X10X2(k u +7‘3X13X2 k U) ’3X13X2(l u ‘*7’3X13X2 l U))
Proof. Using the absolute value on both sides of (3.1), we get
A (k, 1 u, v S)|
1
< iy // ‘ gt (k4 (1= x1) 1 xou+ (1= x2) U)‘ dx1dx2
0

11

[ [ 1= [55 Gak+ (=) beu+ (1= xa) o) duads
00
11

+ //x‘f (1—x2) ‘amm (x1k + (1 = x1) Lxeu+ (1= x2) v)‘ dx1dxs
00
11

+ // (1—x1)" ‘axlaxz (x1k + (1= x1) Lxeu+ (1 = x2) v)‘ dx1dxz
00
11

+ [ [xind [528 tak+ (1) Loxau + (1= x2) )| duade G.11)
00

. 2 . . .
Since | =25 | is co-ordinated convex, (3.11) gives
Ix10x2

|A (k1 u,v S)|

<R // X1X2

+ (1) ]ﬁ(z w)| + (1= x1) (1= x2) [ 5285 (o)) dyads

%S (k,v)‘

x10x2

sl U w)| + 3 (1- x2)

11

2
+// 1—x1)* (1-x2)” <X1X2‘8X13X2(k u)’+X1(1—X2)‘%(k7W‘
00

L(l u)| + (1 —x1) (1 = x2)

925
Dx10x2 Txoes (b U)D dx1dxz

+ (I —x1) x2

11
+//X(f(1 —x2)’ (X1X2 8X16><2 (K, U)‘ +x1 (1= x2) ‘ng(k‘,v)‘
0°0
(

+ —Xl)m‘ﬁ(l u) +(1—X1)(1—X2))ﬁ(l U)D dx1dxz

e
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11
+// (1= x1)" x5 (X1X2 ‘3)(13)(2 (k, u)‘ +x1 (1= x2) ’8x18xz (kvv)’
00

+ (1=x1)x ‘axlam (1, u)‘ +(1—x) (1 —x2) | 525 (lvv)D dx1dxs

2
+ //X1 X2 { X1X2 ’ﬁ(kﬂ)‘ +x1 (1= x2) a;?lasm (k,v)

2 2
(1= )| alan w] + (1= 1) (1= x2) [ 5255 (Lv)]) dyadxe)

_(l—k)(v—u) 1 1
= (Z + (a+1)(ﬂ+1))

x (‘ 3X19X2 (k, u)| + ’3X15X2 (k, v ‘ T ‘ 9X13X2 (u ‘ + ‘ 9X13X2 ( U>D
which is the desired outcome. [ |
82 q, .
g | S co-ordinated convex

function, then we have

‘A' (k7 l? ’U/’ v’ S)|

2 q 2 q 2 2
(l k)(v u) ((‘ BXBIéSXZ (k,u)’ +3’ 5><615"SX2 (k,v)‘ +3) 8)?1ésx2 @ u)) +9’ 3)?155x2 @ U)’ )
- 1+ 64
4

N (3%6,@ ()| +’m(kv ‘ +9)W(lu ’ +3]6X13x2(z v)’ )

92s q 92s q 92s
+ <3<9X10x2 (k)| +9] 528 (k)| + |28 (0| +3| 5285 (o)
64

N (96X16X2 ku)| +3‘m k)v)| +3|8>?1255x2 (l7u)|q+’6x81285x2 «, v)’ )

1
2 q 2 q 2 q 2
+ < 41+% > ( ’ Bxalasxz (k,u)‘ +| <9xa1égxz (k,v)’ +‘ 0>?1f§x2 (l,u)‘ | 3><a1as><2 @ )| >
1 1 4 )
(ap+1)P (Bp+1)P

where q > 1 with % + % = 1 and U is given by (3.4).
Proof. Using the absolute value on both sides of (3.1) and then applying Holder’s inequality, it yields

|A (k1L u, 0, 8))

=

11
2 2

< {i=h)(v—u) //dmdm
00

11
2 2

2
X //‘aflaxz (xak + (1= x) L xau + (1 - x2)v)| dxadye
00

1
1 P 1 q

q
/dX1dX2 //’%(Xlk+(1*X1)17X2U+(1*X2)’U) dx1dxz
01

1

+
O\Mh—‘

e
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=

3=

/dX1dX2 //
0
1 1

(o) (1)1

1
P

1

_|_
O\»—A

0

1
//X1 XoPdx1dxs
0

11

3 =

3X13X2

3X10X

P

q
(x1k+ (1 =x1) 1, xou + (1 — x2) U)’ dx1dx2

q
(x1k+ (1 —x1)lxeu+ (1 —x2) v)’ dx1dxo

1
/X‘f”(l—m)ﬁpdmdm + /
0

1 1
+ //XmdXQ + // 1—x1)™ (1 = x2)™ dx1dxa
00
1

1

/ 1—X1

0

3=

P x5Pdxidys

q

a2 q
//‘7331%2 (X1k+(1—Xl)laX2U+(1—X2)U)‘ dx1dxz

00

11
2 2

_=R)w—u) //
A

00

3 1

{

2

\U
/1

1
2

11
2

1+1
+ <41p1>
(ap+1)? (Bp+1)P

11

q
//‘8)(10)(2 1k+(17X1)lax2u+(1*X2)U) XmdXQ
00

Now, using the convexity of ‘

68)(

|A (K, 1, u,0,S)]

s (3.12) gives

q

8><10><2 (x1k + (1 = x1) [, x2u + (1 = X2) U)‘ dx1dxz
q

8><16><2 (x1k + (1 = x1) [, x2u + (1 = x2) U)‘ dx1dxz

11
q
+ // ‘7(9)?125(2 (xak + (1 = x1) b xeu + (1 = x2) ’U)‘ dx1dxe
2

445

Q=

2 q
g Oak 4+ (1= x1)xou+ (1= x2) U)‘ dx1dx2

Q=

Q=

Q=

Qlm

Q=

Q=

(3.12)

e
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11
2 2
v—Uu - '
_% // (X1X2’8X10X2(k u)‘ X (17X2)’%(k70)
00

2

q
+ (1= x)xe [pE5 G|+ (=) (= xe) [525 (10)] ) dxade)

q

M

’ (// X1X2 axldm(k u)’ T (1*)(2)’3)(1@)(2 (k. )
0

2

+ (1-x1) s, v)‘ )dX1dX2>

(1, u)’ + (1 —x1) (1 —x2)

8Xlaxz
q
+ / X1X2 3X13X2 (k u)‘ X1 (1 - X2) ’8X18X2 (k U)’
0
+ (=) x| 28 (L w)| + (=) (1 - xa) 528 (o)) duade)

q

+ (// X1X2 8x18x2(k u)’ + X1 (I*XQ)’axlam(k v)

Q=

z q
(=) x| 5285 b w)| + (1= x1) (1 - x2) | 525 ()| ) dadxe)
N 11
4% 925 4
* ((ap-H ? (Bp+1) ;'> {[ X1X2 8X18X2 &, U)’ T (=) “%(13?62 (k,v)‘

2 q
+ (=) xe |28 (w)| + (=) (1= x2) |52 (1 v)

a92s a 22s a 92s a 22s
(l k)(v w) | 9x19x2 (k,u)) +3’ Ox190x2 (k,v)‘ +3’ Ox190x2 (l,u)) +9’ Ox190x2 (l,v)’
41+7 64

1

22s a 92s 9N

+ <3ax1ax2 ku)| Jr’8><13><2 (k,v)‘ +9)3)(18)(2 (Lu) } +3’8x13><2 (l,v)’ )q
64

+ (36x16X2 (k, u)| +9‘m k:v)| +’6X3125;SX2 (L) ’ +3’5:1255X2 G U)’ )

1
a2s a2s 4 92s 9N q
+ (93x1f9x2 u)| +3‘5X13X2 kv)| Jr3|6><15><2 (l,u)| Jr|3><13><2 (l,v)’ )q

+ ( 3 > (’dxafdsxz(k u)‘ +|d)?12§xz (k, U)’ +‘0X1§X2 l7u)‘q+|3,?l2ésx2 (l,v)|q>(11
(ap+1 )7 '

)P (Bp+1

The proof is over.
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