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On generalized pseudo conformally symmetric manifolds
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Abstract. In this paper, a type of Riemannian manifold, namely generalized pseudo conformally symmetric manifold is
studied. Several geometric properties of such spaces are studied. By imposing different restrictions on the conformal curvature
tensor, we have obtained several properties. If the conformal curvature tensor is harmonic, then the form of the scalar curvature
is obtained. Also, the relations among the 1-forms under various conditions are obtained.
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1. Introduction

The geometry of a space mainly depends on the curvature of the space. One of the most important geometric
properties of a space is symmetry. Cartan began the study of local symmetry of Riemannian spaces and studied
elaborately ([2], [3]). According to him, a Riemannian manifold is said to be locally symmetric if VR = 0.
During the last sixty years, the notion of locally symmetric manifolds has been generalized by many authors in a
weaker sense. They have weakened in different directions with several defining conditions by giving some
curvature restrictions. Various weaker symmetries are studied as generalizations or extensions of Cartan’s
notion, such as recurrent manifolds by Walker [18], semi-symmetric manifolds by Szabd ([17]),
pseudosymmetric manifolds in the sense of Deszcz [7], pseudosymmetric manifolds in the sense of Chaki [4],
generalized pseudosymmetric manifolds by Chaki [6], weakly symmetric manifolds by Selberg [11] and weakly
symmetric manifolds by Tadmassy and Binh [16].

According to Chaki, a Riemannian manifold is said to be pseudo symmetric if

(VxR)(Y, Z,U.V) = 20(X)R(Y, Z,U,V) (1.1

R(Y,Z,X,V)+a(V)R(Y, Z,U, X)

where and « is a 1-form, X, Y, Z, U,V € x(M).
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Pseudo symmetric manifolds are studied by many authors ([5] , [6], [12]). Ishii [8], introduced the notion
of conharmonic transformation under which a harmonic function transforms into a harmonic function. C, the
conharmonic curvature tensor of type (0,4) on an (M™, g) is defined as follows

— 1
C=R-——gAS, (12)
n—2

which remains invariant under conharmonic transformation where R and S are the Riemannian curvature and
Ricci curvature tensor respectively. g A S is the Kulkarni-Nomizu product [14].

In [13], Shaikh and Hui showed that the conharmonic curvature tensor satisfies the symmetric and skew-
symmetric properties of the Riemannian curvature tensor as well as cyclic ones. They also studied it ellaborately
[15]. The conharmonic curvature tensor has many applications in the theory of general relativity.

The conformal curvature tensor of type(0,4) is defined by

S

1
Ciji = Rijr — m(gjkm — GikTj1 + GaTik — GiTik) + m(gilgjk — 9ikgj1) (1.3)

It should be noted that the conformal curvature tensor Cjjx; remains invariant under conformal transformation.
In 2021, Ali, Khan and Vasiulla [1] introduced generalized pseudo symmetric manifold and studied various
properties. Also in 2017, Kim introduced pseudo semiconformally symmetric manifolds [10] and studied various
properties. According to him, a Riemannian manifold (M", g) is said to be pseudo semiconformally symmetric
if
Pijkim = 2Am Pijii + Ai Prjil + Aj Pimit + Ak Pijmi + A1 Pijkm, (1.4)

where P is the semiconformal curvature tensor [9]and A is a non zero 1-form.
Motivating by the above studies in this paper, I would like to introduce generalized pseudo conformally symmetric
manifold, which is defined by

(VxC)(Y, Z,U,V) = 2a(X)C(Y, Z,U,V) (1.5)
B(Y)C(X, Z,U V) +~(Z)C(Y,X,U,V)

+
+5U)CY,Z, X, V)+n(V)C(Y,Z,U,X)

where and a, 3, v, 6, n are 1-forms.
In terms of local coordinates

Cijktzm = 20mCijkt + BiCmjrt + Vi Cimpt + 0xCijmi + mCijkm (1.6)

2. Generalized pseudo conformally symmetric manifolds

Definition 2.1. The conformal curvature tensor is said to be harmonic if the divergence of the curvature tensor
C%y1 of type (1,3) vanishes, i.e.,

Cln = 0. 2.1)
By virtue of second Bianchhi Identity we have
Ryt = Tkt — Tk 2.2)
And then

1
riy = 5s;z. (2.3)
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We have
Cliasn = [(rjra — rjiw) — ﬁ(gjks;z = gj1S;k)]- 24
Multiplying (2.4) by ¢7* and using the condition (??) we get
0= ns_l 5 (2.5)
Which on siplification gives s,; = 0, that is the scalar curvature is constant. Hence we have the following:

Theorem 2.2. If the confrmal curvature tensor of a generalized pseudo confrmally symmetric Riemannian
manifold is harmonic, then the scalar curvature of the space is constant.

Let the confrmal curvature tensor of a generalized pseudo confrmally symmetric Riemannian manifold is
harmonic. Then we have

0= QQmC;-T]Ld + ﬁmcmjkl + ’Y]szkl + 5k0$]l + nlCﬂm. (26)

Multiplying the above equation by g% we have

S

If the scalar curvature does not vanishes, then we have
200+ By — & +nmy = 0. 2.8)
Thus we can state the following:

Theorem 2.3. Let the confrmal curvature tensor of a generalized pseudo confrmally symmetric Riemannian
manifold is harmonic. If 2o+ 8 — 0 + nn # 0, then the scalar curvature of the space vanishes.

If the space is pseudo confrmally symmetric Riemannian manifold then « = § = v = § = = A then we
have:

Corollary 2.4. If the confrmal curvature tensor of a pseudo confrmally symmetric Riemannian manifold is
harmonic, then the scalar curvature of the space vanishes.

Definition 2.5. A Riemannian manifold (M", g) is said to be recurrent if its curvature tensor R; ;i of type (0,4)
satisfies the condition

Rijrizm = BmRijr (2.9)
where the 1-form B is non zero.
Multiplying the equation (2.9) by g% and then multiplying by g% we get
Tjkim = BT (2.10)
and then
Sim = Bms (2.11)

Using (2.10), (2.11) and (2.1) we get

ik
9" ¢ Cijktsm = —
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From (1.6)
R s
gzlgjkcijkl;m = _mpnam + ﬁm + Ym + 6171 + nm] (213)

If [a + (n — 2)b] # 0, then from the above two equations we get

- 2nam, + Bm + Ym + Om + Nim
n

B,

(2.14)

Thus we can state that:

Theorem 2.6. If a generalized pseudo conformally symmetric Riemannian manifold is recurrent, then the I1-forms
B, o, B, 7, 6, n satisfy the relation B = 2natf+y+i+n

n
If a generalized pseudo conformally symmetric Riemannian manifold is pseudo semiconformally symmetric
then & = § =y = d§ = n. Then we can state that :

Corollary 2.7. If a pseudo conformally symmetric Riemannian manifold is recurrent, then the 1-forms B and o

are related by B = 2nt2) o,

n

From the Ricci identity and a parallel vector field V, it follows that
0=Vh = Vi, = V"R, (2.15)

Taking covariant derevative of the above equation we get

V™R, ik = 0. (2.16)
Multiplying by g:; we get

V™ Rimjky =0 (2.17)
Using second Bianchi identity we obtain

V™ Rjkiizm = 0. (2.18)

Multiplying by ¢g7* and then multiplying by g*' we have

V™ ktism = 0 (2.19)
V™8 = 0. (2.20)
Using the above equations it follows that
V™ Cijktzm = 0. (2.21)
Or,
2amCijrt + BiCrmjki + Y Cimit + 0£Cijmi + mCijim]V™ = 0. (2.22)
Or,

2nam, + Bm + Ym + Om + 1w
n

[

V™ =0. (2.23)

Which leads the following:
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Theorem 2.8. If a generalized pseudo conformally symmetric manifold (M™, g) admits a parallel vector field
V, then either s=0 or [2"0“’"'+Bm+73’"+5m+”m V™ =0.

Let a generalized pseudo conformally symmetric manifold is pseudo semiconformally symmetric then @ =
B =~ =0 = n. Then we can state that:

Corollary 2.9. If a pseudo conformally symmetric manifold (M™, g) admits a parallel vector field V and [a +
(n — 2)b] # 0, then either s=0 or o, V™ = 0.

and then Multiplying (1.6) by g and then multiplying the relation thus obtained by g’*, we obtain

(=~

n—2

s
n—2

V2nam + Bm + Ym + Om + M. (2.24)

Since [a + (n — 2)] # 0, we have

[2nau, + B + Ym + Om + nm]s

m = (2.25)
n
Taking covariant derivative of (2.25), we get
St = [ no ,t+ﬂ 4+ Ymit + Omse £ 1 ’t}s (2.26)
n
+ [27’1,0[”7 + Bm + Tm + 6m + nm,)s;t]
" .
Or,
2 m; : : 6771' m;
St = [2n00m:¢ + Bt + Ymst + Omit + Nmst] s 2.27)
n
N [(2nam + B + Y 4 Om 4 M) (20 + B 4 v + 00 +10)]s
" .
Therefore from the above relation we can write
s
0= S:mt — S;tm = E[2n(am;t - at;m) + (ﬁm;t - Bt;m) (228)

+ (Ymst = Yezm) + Omst — Otom) + Nmst — Nezm)]-
Thus we can state that:

Theorem 2.10. Let the scalar curvature of a generalized pseudo conformally symmetric manifold does not
vanish. Then if four 1-forms are closed then all the I-forms are closed.

If the manifold pseudo conformally symmetric manifold then, « = § = v = § = n = A. Then we have from
(2.28)

2 4
0= Simt — Sitm = n,';f' S[Am;t - At;m}~ (229)
If s # 0 then
Am;t - At;m = O (230)

Thus we have the following

Corollary 2.11. Ifthe scalar curvature of a generalized pseudo conformally symmetric manifold does not vanish,
then the I-form A is closed.
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3. Conclusions

I have studied a new space namely generalized pseudo conformally symmetric manifold. Some geometric
properties of such spaces are obtained. we have studied the harmonic nature of conformal curvature tensor.
In future, different properties of these spaces can be obtained by imposing differnt restriction on the Ricci tensor
of such spaces.
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