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On some fractional order differential equations with weighted conditions
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Abstract. In this paper, we study some Cauchy problems with weighted conditions of a fractional order differential equation

. We study by using some fixed point Theorems the existence of at least one solution in the two spaces C1−κ(I) and C(I),

where I = [0, ~].
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1. Introduction and Background

A Cauchy problem in mathematics asks for the solution of a partial differential equation that satisfies certain

conditions that are given on a hypersurface in the domain. A Cauchy problem can be an initial value problem or a

boundary value problem. Also, Cauchy problems are very natural in physics: The typical example is the solution

of Newton’s equation in classical mechanics, which is a second-order equation for the position of a particle. We

know indeed that the motion of a particle is uniquely specified by its initial position and velocity.
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An important result about Cauchy problems for ordinary differential equations is the existence and uniqueness

theorem, which states that, under mild assumptions, a Cauchy problem always admits a unique solution in a

neighbourhood of the point x0 where the initial conditions are given.

In this work, we study the two weighted Cauchy-type problems
Dκ u(ς) = f

(
ς, u,

∫ ς
0
h(ς, s, u(s)) ds

)
, ς > 0, 0 < κ < 1,

ς1−κ u(ς)|ς=0 = b, b ∈ <

(1.1)

and 
Dκ u(ς) = f

(
ς, u,

∫ ς
0
h(ς, s, u(s)) ds

)
, ς > 0, 0 < κ < 1,

u(0) = 0.

(1.2)

The weighted Cauchy-type problems were studied in many papers see [1]-[7].

In [8], the author studied the existence of a solution of the weighted problem
Dα u(t) = f(t, u(t)) +

∫ t
0
g(t, s, u(s)) ds, t > 0,

t1−α u(t)|t=0 = b, where 0 < α < 1, b ∈ <,
(1.3)

in the space C1−α(I), where the functions f and g satisfied the following conditions

(1) t1−αf(t, u) is continuous on R+ × C0
1−α(<+) and

|f(t, u)| ≤ tµϕ(t)|u|m1 , µ ≥ 0, m1 > 1,

(2) s1−αg(t, s, u(s)) is continuous on D<+ × C0
1−α(<+) where

D<+ = {(t, s) ∈ <+ ×<+, 0 ≤ s ≤ t}

and

|g(t, s, u(s))| ≤ (t− s)β−1sσψ(s)|u|m2 , 0 < β < 1, σ ≥ 0, m2 > 1,

where ϕ(t) and ψ(t) are such that

(3) ϕ(t) is continuous and tµ−(1−α)m1ϕ(t) is continuous in case

µ− (1− α)m1 < 0,

(4) ψ(t) is continuous and tσ−(1−α)m2ψ(t) is continuous in case

σ − (1− α)m2 < 0.

Problem (1.3) is a special case of our problem (1.1), we will study the existence of at least one solution of problem

(1.1) in the space C1−κ(I) under similar conditions of paper [8].
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2. Preliminaries and Definitions

In this section, we state the definitions and theorems which will be used in our paper.

Let L1 = L1 [J ] be the class of Lebesgue integrable functions on the interval J , J = [0,∞), with norm

defined by

||f || =

∫
J

| f(ς) | dς, f ∈ L1,

then we have the following definition for the fractional (arbitrary) order integration.

Definition 2.1. The fractional (arbitrary) order integral of the function f ∈ L1[a, b] of order β > 0 is defined by

(see [9] - [11])

Iβa f(ς) =

∫ ς

a

(ς − s)β − 1

Γ(β)
f(s) ds,

or

Iβa f(ς) =

∫ ς − a

0

uβ − 1

Γ(β)
f(ς − u) du.

When a = 0, we can write Iβ f(ς) = Iβ0 f(ς) = f(ς) ? φβ(ς), where

φβ(ς) :=

{
ς β − 1

Γ(β) , ς > 0,

0, ς ≤ 0,

and φ satisfies the property

φβ1
(ς) ? φβ2

(ς) = φβ1 + β2
(ς).

Also φβ(ς) → δ(ς) as β → 0, where δ(ς) is the Dirac-delta function (see [5]).

For κ, β ∈ R+, we have

(a) Iκa : L1 → L1,

(b) IκIβf(t) = Iκ+βf(t).

Definition 2.2. The Riemann-Liouville fractional derivative of order β ∈ (0, 1) of a Lebesgue-measurable

function f : R+ → R is defined by (see [9] - [11])

Dβ
a f(ς) =

d

dς
I1 − β
a f(ς) =

1

Γ(1− β)

d

dς

∫ ς

a

(ς − s)−β f(s) ds.

Theorem 2.3. (Schauder fixed point Theorem)[12]

Let W be a convex subset of a Banach space X , and T : W → W is compact, continuous map. Then T has

at least one fixed point in W .

3. Main Results

Define the two spaces

C(I) := {u : u(ς) is continuous on I = [0, ~], ||u|| = max
ς∈I
|u(ς)|}
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and

C1−κ(I) = {u : ς1−κu(ς) is continuous on I with the weighted norm ||u||1−κ = ||ς1−κu||}.

Our paper will be divided into two parts, in the first part we will study the existence of a solution for problem

(1.1) in the space C1−κ(I). And in the second part we will study the existence of a solution for problem (1.2) in

the space C(I).

3.1. Solution in C1−κ(I)

Suppose that the two functions f and h satisfy the following conditions

(1∗) for each ς ∈ I, f(ς, ·, ·) is continuous,

for each (u, v) ∈ < × <, f(·, u, v) is measurable, and

|f(ς, u, v)| ≤ ςµϕ(ς)|u|m1 + |v|, µ ≥ 0,m1 > 1,

(2∗) for each (ς, s) ∈ I × I, h(ς, s, ·) is continuous,

for each u ∈ <, h(·, ·, u) is measurable, and

|h(ς, s, u(s))| ≤ (ς − s)β−1sσψ(s)|u|m2 , 0 < β < 1, σ ≥ 0,m2 > 1,

where ϕ(ς) and ψ(ς) are continuous functions.

3.1.1. Integral representation

In ([1]-[2]) the authors proved that the Cauchy problem (1.1) is equivalent to the nonlinear integral equation of

fractional order

u(ς) = b ςκ−1 +

∫ ς

0

(ς − s)κ−1

Γ(κ)
f

(
s, u(s),

∫ s

0

h(s, θ, u(θ)) dθ

)
ds. (3.1)

Define the operator T by

Tu(ς) = b ςκ−1 +

∫ ς

0

(ς − s)κ−1

Γ(κ)
f

(
s, u(s),

∫ s

0

h(s, θ, u(θ))dθ

)
ds.

It is clear that the fixed point of the operator T is the solution of the integral equation (3.1).

3.1.2. Existence of solution

Theorem 3.1. Assume that assumptions (1∗)-(2∗) and (3)-(4) are satisfied, then the weighted Cauchy-type

problems (1.1) has at least one solution u ∈ C1−κ(I).

Proof. Define the set

Sr =

{
u ∈ C1−κ(I) : ||u− b ςκ−1||1−κ ≤ r

}
.

Now,

||Tu− b ςκ−1||1−κ = max
ς∈I

∣∣∣∣ς1−κIκf(ς, u(ς),

∫ ς

0

h(ς, s, u(s)) ds

)∣∣∣∣
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≤ maxς∈I ς
1−κIκ

∣∣∣∣f(ς, u(ς),
∫ ς

0
h(ς, s, u(s)) ds

)∣∣∣∣
≤ maxς∈I ς

1−κIκ
(
ςµϕ(ς)|u(ς)|m1 +

∫ ς
0
|h(ς, s, u(s))| ds

)

≤ maxς∈I ς
1−κIκ

(
ςµϕ(ς)|u(ς)|m1 +

∫ ς
0

(ς − s)β−1sσψ(s)|u(s)|m2 ds

)

≤ maxς∈I ς
1−κ ∫ ς

0
(ς − s)κ−1

Γ(κ) sµϕ(s)|u(s)|m1s(1−κ)m1s−(1−κ)m1ds

+ maxς∈I ς
1−κ ∫ ς

0
(ς − s)κ−1

Γ(κ)

∫ s
0

(s− θ)β−1θσψ(θ)|u(θ)|m2 dθ ds

≤ maxς∈I ς
1−κ||ϕ|| ||u||m1

1−κ
∫ ς

0
(ς − s)κ−1

Γ(κ) sµ−(1−κ)m1ds

+ maxς∈I ς
1−κ ∫ ς

0
(ς − s)κ−1

Γ(κ)

∫ s
0

(s− θ)β−1θσψ(θ)|u(θ)|m2θ(1−κ)m2θ−(1−κ)m2 dθ ds

≤ maxς∈I ς
1−κ||ϕ|| ||u||m1

1−κ
Γ(µ−(1−κ)m1+1)

Γ(µ−(1−κ)(m1+1)+2) ς
µ−(1−κ)(m1+1)+1

+ maxς∈I ς
1−κ||ψ|| ||u||m2

1−κ
∫ ς

0
(ς − s)κ−1

Γ(κ)

∫ s
0

(s− θ)β−1θσ−(1−κ)m2 dθ ds

≤ ||ϕ|| ||u||m1
1−κ

Γ(µ−(1−κ)m1+1)
Γ(µ−(1−κ)m1+κ+1)~

µ−(1−κ)m1+1

+ maxς∈I ς
1−κ||ψ|| ||u||m2

1−κ
∫ ς

0
(ς−s)κ−1

Γ(κ)
Γ(β)Γ(σ−(1−κ)m2+1)
Γ(σ−(1−κ)m2+β+1) s

σ−(1−κ)m2+β ds

≤ ||ϕ|| ||u||m1
1−κ

Γ(µ−(1−κ)m1+1)
Γ(µ−(1−κ)m1+κ+1)~

µ−(1−κ)m1+1

+ maxς∈I ς
1−κ||ψ||||u||m2

1−κ
Γ(β)Γ(σ−(1−κ)m2+1)
Γ(σ−(1−κ)m2+β+1)

Γ(σ−(1−κ)m2+β+1)
Γ(σ−(1−κ)m2+κ+β+1) ς

σ−(1−κ)m2+κ+β

≤ ||ϕ|| ||u||m1
1−κ

Γ(µ−(1−κ)m1+1)
Γ(µ−(1−κ)m1+κ+1)~

µ−(1−κ)m1+1

+||ψ|| ||u||m2
1−κ

Γ(β)Γ(σ−(1−κ)m2+1)
Γ(σ−(1−κ)m2+κ+β+1)~

σ−(1−κ)m2+β+1.

If u ∈ Sr, then
||Tu− bςκ−1||1−κ ≤ Γ(µ−(1−κ)m1+1)||ϕ|| (r+|b|)m1

Γ(µ−(1−κ)m1+κ+1) ~µ−(1−κ)m1+1

+Γ(β)Γ(σ−(1−κ)m2+1)||ψ|| (r+|b|)m2

Γ(σ−(1−κ)m2+κ+β+1) ~σ−(1−κ)m2+β+1

≤ C1 (r + |b|)m1 ~γ + C2 (r + |b|)m2 ~δ,

where

C1 =
Γ(µ− (1− κ)m1 + 1)||ϕ||
Γ(µ− (1− κ)m1 + κ+ 1)

,
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C2 =
Γ(β)Γ(σ − (1− κ)m2 + 1)||ψ||
Γ(σ − (1− κ)m2 + κ+ β + 1)

,

γ = µ− (1− κ)m1 + 1 > 0

and

δ = σ − (1− κ)m2 + β + 1 > 0.

If we take r = |b| and ~ very small, then

||Tu− bςκ−1||1−κ ≤ r,

then T (Sr) ⊂ Sr.

Now, we prove that T is continuous on Sr. Indeed: let u1, u2 ∈ Sr, then we get

||Tu1 − Tu2||1−κ = maxς∈I

∣∣∣∣ς1−κIκ[f(ς, u1(ς),
∫ ς

0
h(ς, s, u1(s))ds

)
− f

(
ς, u2(ς),

∫ ς
0
h(ς, s, u2(s)) ds

)]∣∣∣∣
≤ maxς∈I ς

1−κ ∫ ς
0

(ς − s)κ−1

Γ(κ)

∣∣∣∣f(s, u1(s),
∫ s

0
h(s, θ, u1(θ))dθ

)
− f

(
s, u2(s),

∫ s
0
h(s, θ, u2(θ)) dθ

)∣∣∣∣ ds.

From the continuity of f and h, we can deduce that for a given ε > 0 there exists a δ1 > 0 such that for all

(s, u1, v1), (s, u2, v2) ∈ I × C1−κ(I)× C1−κ(I), we have

s1−κ
∣∣∣∣f(s, u1(s),

∫ s

0

h(s, θ, u1(θ))dθ

)
− f

(
s, u2(s),

∫ s

0

h(s, θ, u2(θ)) dθ

)∣∣∣∣ < ε

provieded that ||u1 − u2||1−κ < δ1.
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To prove that T (Sr) is equicontinuous, let τ1, τ2 ∈ I, τ1 < τ2, |τ2 − τ1| < δ, then

τ1−κ
2 Tu(τ2)− τ1−κ

1 Tu(τ1) = τ2
1−κ ∫ τ2

0
(τ2−s)κ−1

Γ(κ) f

(
s, u(s),

∫ s
0
h(s, θ, u(θ))dθ

)
ds

−τ11−κ ∫ τ1
0

(τ1−s)κ−1

Γ(κ) f

(
s, u(s),

∫ s
0
h(s, θ, u(θ))dθ

)
ds

= τ2
1−κ ∫ τ1

0
(τ2−s)κ−1

Γ(κ) f

(
s, u(s),

∫ s
0
h(s, θ, u(θ))dθ

)
ds

+τ2
1−κ ∫ τ2

τ1

(τ2−s)κ−1

Γ(κ) f

(
s, u(s),

∫ s
0
h(s, θ, u(θ))dθ

)
ds

−τ11−κ ∫ τ1
0

(τ1−s)κ−1

Γ(κ) f

(
s, u(s),

∫ s
0
h(s, θ, u(θ))dθ

)
ds

≤ (τ1−κ
2 − τ1−κ

1 )
∫ τ1

0
(τ1−s)κ−1

Γ(κ) f(s, u(s),
∫ s

0
h(s, θ, u(θ))dθ)ds

+τ2
1−κ ∫ τ2

τ1

(τ2−s)κ−1

Γ(κ) f

(
s, u(s),

∫ s
0
h(s, θ, u(θ))dθ

)
ds,

|τ1−κ
2 Tu(τ2)− τ1−κ

1 T1u(τ1)| ≤ (τ1−κ
2 − τ1−κ

1 )
∫ τ1

0
(τ1−s)κ−1

Γ(κ) |f(s, u(s),
∫ s

0
h(s, θ, u(θ))dθ)|ds

+τ2
1−κ ∫ τ2

τ1

(τ2−s)κ−1

Γ(κ)

∣∣∣∣f(s, u(s),
∫ s

0
h(s, θ, u(θ))dθ

)∣∣∣∣ds
≤
(
τ1−κ
2 − τ1−κ

1

)∫ τ1
0

(τ1−s)κ−1

Γ(κ)

(
sµϕ(s)|u|m1 +

∫ s
0
|h(s, θ, u(θ))|dθ

)
ds

+τ2
1−κ ∫ τ2

τ1

(τ2−s)κ−1

Γ(κ)

(
sµϕ(s)|u(s)|m1 +

∫ s
0
|h(s, θ, u(θ))|dθ

)
ds

≤
(
τ1−κ
2 − τ1−κ

1

)[ ∫ τ1
0

(τ1−s)κ−1

Γ(κ) sµ−(1−κ)m1ϕ(s)s(1−κ)m1 |u(s)|m1ds

+
∫ τ1

0
(τ1−s)κ−1

Γ(κ)

∫ s
0

(s− θ)β−1θσ−(1−κ)m2ψ(θ)θ(1−κ)m2 |u(θ)|m2dθ ds

]

+τ2
1−κ
[ ∫ τ2

τ1

(τ2−s)κ−1

Γ(κ) sµ−(1−κ)m1ϕ(s)s(1−κ)m1 |u(s)|m1ds

+
∫ τ2
τ1

(τ2−s)κ−1

Γ(κ)

∫ s
0

(s− θ)β−1θσ−(1−κ)m2ψ(θ)θ(1−κ)m2 |u(θ)|m2dθ ds

]

≤
(
τ1−κ
2 − τ1−κ

1

)[
||ϕ|| ||u||m1

1−κ
∫ τ1

0
(τ1−s)κ−1

Γ(κ) sµ−(1−κ)m1 ds

+||ψ|| ||u||m2
1−κ

∫ τ1
0

(τ1−s)κ−1

Γ(κ)

∫ s
0

(s− θ)β−1θσ−(1−κ)m2dθ ds

]

+τ2
1−κ
[
||ϕ|| ||u||m1

1−κ
∫ τ2
τ1

(τ2−s)κ−1

Γ(κ) sµ−(1−κ)m1 ds

+||ψ|| ||u||m2
1−κ

∫ τ2
τ1

(τ2−s)κ−1

Γ(κ)

∫ s
0

(s− θ)β−1θσ−(1−κ)m2dθ ds

]
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≤
(
τ1−κ
2 − τ1−κ

1

)[
||ϕ|| ||u||m1

1−κ
Γ(µ−(1−κ)m1+1)

Γ(µ−(1−κ)m1+κ+1)τ
µ−(1−κ)m1+κ
1

+||ψ|| ||u||m2
1−κ

Γ(β)Γ(σ−(1−κ)m2+1)
Γ(σ−(1−κ)m2+β+1)

∫ τ1
0

(τ1−s)κ−1

Γ(κ) sσ−(1−κ)m2+βds

]

+τ2
1−κ
[
||ϕ|| ||u||m1

1−κ
Γ(µ−(1−κ)m1+1)

Γ(µ−(1−κ)m1+κ+1) (τ2 − τ1)µ−(1−κ)m1+κ

+||ψ|| ||u||m2
1−κ

Γ(β)Γ(σ−(1−κ)m2+1)
Γ(σ−(1−κ)m2+β+1)

∫ τ2
τ1

(τ2−s)κ−1

Γ(κ) sσ−(1−κ)m2+βds

]

≤
(
τ1−κ
2 − τ1−κ

1

)[
||ϕ|| ||u||m1

1−κ
Γ(µ−(1−κ)m1+1)

Γ(µ−(1−κ)m1+κ+1)τ
µ−(1−κ)m1+κ
1

+||ψ|| ||u||m2
1−κ

Γ(β)Γ(σ−(1−κ)m2+1)
Γ(σ−(1−κ)m2+β+1)

Γ(σ−(1−κ)m2+β+1)
Γ(σ−(1−κ)m2+β+κ+1)τ1

σ−(1−κ)m2+β+κ

]

+τ2
1−κ
[
||ϕ||||u||m1

1−κ
Γ(µ−(1−κ)m1+1)

Γ(µ−(1−κ)m1+κ+1) (τ2 − τ1)µ−(1−κ)m1+κ

+||ψ|| ||u||m2
1−κ

Γ(β)Γ(σ−(1−κ)m2+1)
Γ(σ−(1−κ)m2+β+κ+1) (τ2 − τ1)σ−(1−κ)m2+β+κ

]

≤
(
τ1−κ
2 − τ1−κ

1

)[
||ϕ|| ||u||m1

1−κ
Γ(µ−(1−κ)m1+1)

Γ(µ−(1−κ)m1+κ+1)τ
µ−(1−κ)m1+κ
1

+||ψ|| ||u||m2
1−κ

Γ(β)Γ(σ−(1−κ)m2+1)
Γ(σ−(1−κ)m2+β+κ+1)τ1

σ−(1−κ)m2+β+κ

]

+τ2
1−κ
[
||ϕ|| ||u||m1

1−κ
Γ(µ−(1−κ)m1+1)

Γ(µ−(1−κ)m1+κ+1) (τ2 − τ1)µ−(1−κ)m1+κ

+||ψ|| ||u||m2
1−κ

Γ(β)Γ(σ−(1−κ)m2+1)
Γ(σ−(1−κ)m2+β+κ+1) (τ2 − τ1)σ−(1−κ)m2+β+κ

]

≤
(
τ1−κ
2 − τ1−κ

1

)[
C1 ||u||m1

1−κ τ
γ+κ−1
1 + C2 ||u||m2

1−κτ1
δ+κ−1

]

+τ2
1−κ
[
C1 ||u||m1

1−κ (τ2 − τ1)γ+κ−1 + C2 ||u||m2
1−κ (τ2 − τ1)δ+κ−1

]
.

Therefore TSr is equi-continuous, by Arzela-Ascoli Theorem then TSr is relatively compact. Therefore the

conditions of Schauder fixed point Theorem are hold, which implies that T has a fixed point in Sr. Then the

nonlinear integral equation (3.1) has at least one solution u ∈ C1−κ(I) and consequently the weighted Cauchy-

type problem (1.1) has at least one solution u ∈ C1−κ(I).
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3.2. Solution in C(I)

3.2.1. Integral representation

Lemma 3.2. The Cauchy problem (1.2) is equivalent to the nonlinear integral equation of fractional order

u(ς) =

∫ ς

0

(ς − s)κ−1

Γ(κ)
f

(
s, u(s),

∫ s

0

h(s, θ, u(θ)) dθ

)
ds. (3.2)

Proof: Let u(ς) be a solution of

Dκ u(ς) =
d

dς
I1−κu(ς) = f

(
ς, u(ς),

∫ ς

0

h(ς, s, u(s)) ds

)
,

integrate both sides, we get

I1−κu(ς) − I1−κu(ς)|ς=0 = I f

(
ς, u(ς),

∫ ς

0

h(ς, s, u(s)) ds

)
,

operating by Iκ on both sides of the last equation, we get

Iu(ς) − Iκ C = I1+κ f

(
ς, u(ς),

∫ ς

0

h(ς, s, u(s)) ds

)
,

differentiate both sides, we get

u(ς) − C1 ς
κ−1 = Iκ f

(
ς, u(ς),

∫ ς

0

h(ς, s, u(s)) ds

)
,

from the initial condition, we find that C1 = 0, then we get (3.2)

Define the operator F by

Fu(ς) =

∫ ς

0

(ς − s)κ−1

Γ(κ)
f

(
s, u(s),

∫ s

0

h(s, θ, u(θ))dθ

)
ds.

It is clear that the fixed point of the operator F is the solution of the integral equation (3.2).

3.2.2. Existence of solution

Theorem 3.3. Assume that the assumptions (1∗)-(2∗) are satisfied. Then the weighted Cauchy-type problem (1.2)

has at least one solution u ∈ C(I).

Proof. Define the set

Br =

{
u ∈ C(I) : ||u|| ≤ r1

}
.

Now,

||Fu|| = max
ς∈I

∣∣∣∣Iκf(ς, u(ς),

∫ ς

0

h(ς, s, u(s)) ds

)∣∣∣∣
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≤ maxς∈I I
κ

∣∣∣∣f(ς, u(ς),
∫ ς

0
h(ς, s, u(s)) ds

)∣∣∣∣
≤ maxς∈I I

κ

(
ςµϕ(ς)|u(ς)|m1 +

∫ ς
0
|h(ς, s, u(s))| ds

)

≤ maxς∈I I
κ

(
ςµϕ(ς)|u(ς)|m1 +

∫ ς
0

(ς − s)β−1sσψ(s)|u(s)|m2 ds

)

≤ maxς∈I I
κςµϕ(ς)|u(ς)|m1 + maxς∈I

∫ ς
0

(ς−s)κ−1

Γ(κ)

∫ s
0

(s− θ)β−1θσψ(θ)|u(θ)|m2 dθds

≤ maxς∈I
∫ ς

0
(ς−s)κ−1

Γ(κ) sµϕ(s)|u(s)|m1ds

+ maxς∈I ||ψ|| ||u||m2 Γ(β)Γ(σ+1)
Γ(β+σ+1)

∫ ς
0

(ς−s)κ−1

Γ(κ) sβ+σds

≤ maxς∈I ||ϕ|| ||u||m1 Γ(µ+1)
Γ(κ+µ+1) ς

κ+µ

+ maxς∈I ||ψ|| ||u||m2 Γ(β)Γ(σ+1)
Γ(β+σ+1)

Γ(β+σ+1)
Γ(κ+β+σ+1) ς

κ+β+σ

≤ ||ϕ|| ||u||m1 Γ(µ+1)
Γ(κ+µ+1)~

κ+µ + ||ψ|| ||u||m2 Γ(β)Γ(σ+1)
Γ(κ+β+σ+1))~

κ+β+σ.

If u ∈ Br, then

||Fu|| ≤ Γ(µ+ 1)||ϕ|| rm1
1

Γ(κ+ µ+ 1)
~κ+µ +

Γ(β)Γ(σ + 1)||ψ|| rm2
1

Γ(κ+ β + σ + 1)
~κ+β+σ.

If we take ~ very small, then

||Fu|| ≤ r1,

then F (Br) ⊂ Br.
From the continuity of f and h, we obtain that the operator F is continuous.

To prove that F (Br) is equicontinuous

Let τ1, τ2 ∈ [0, ~], τ1 < τ2, |τ2 − τ1| < δ, then

Fu(τ2)− Fu(τ1) =
∫ τ2

0
(τ2−s)κ−1

Γ(κ) f

(
s, u(s),

∫ s
0
h(s, θ, u(θ))dθ

)
ds

−
∫ τ1

0
(τ1−s)κ−1

Γ(κ) f

(
s, u(s),

∫ s
0
h(s, θ, u(θ))dθ

)
ds

=
∫ τ1

0
(τ2−s)κ−1

Γ(κ) f

(
s, u(s),

∫ s
0
h(s, θ, u(θ))dθ

)
ds
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+
∫ τ2
τ1

(τ2−s)κ−1

Γ(κ) f

(
s, u(s),

∫ s
0
h(s, θ, u(θ))dθ

)
ds

−
∫ τ1

0
(τ1−s)κ−1

Γ(κ) f

(
s, u(s),

∫ s
0
h(s, θ, u(θ))dθ

)
ds

≤
∫ τ1

0
(τ1−s)κ−1

Γ(κ) f

(
s, u(s),

∫ s
0
h(s, θ, u(θ))dθ

)
ds

+
∫ τ2
τ1

(τ2−s)κ−1

Γ(κ) f

(
s, u(s),

∫ s
0
h(s, θ, u(θ))dθ

)
ds,

−
∫ τ1

0
(τ1−s)κ−1

Γ(κ) f

(
s, u(s),

∫ s
0
h(s, θ, u(θ))dθ

)
ds

∣∣∣∣Fu(τ2)− Fu(τ1)

∣∣∣∣ ≤ ∫ τ2τ1 (τ2−s)κ−1

Γ(κ)

∣∣∣∣f(s, u(s),
∫ s

0
h(s, θ, u(θ))dθ

)∣∣∣∣ds
≤
∫ τ2
τ1

(τ2−s)κ−1

Γ(κ)

(
sµϕ(s)|u(s)|m1 +

∫ s
0
|h(s, θ, u(θ))|dθ

)
ds

≤
∫ τ2
τ1

(τ2−s)κ−1

Γ(κ) sµϕ(s)|u(s)|m1ds

+
∫ τ2
τ1

(τ2−s)κ−1

Γ(κ)

∫ s
0

(s− θ)β−1θσψ(θ)|u(θ)|m2dθds

≤ ||ϕ|| ||u||m1
∫ τ2
τ1

(τ2−s)κ−1

Γ(κ) sµ ds

+||ψ|| ||u||m2
∫ τ2
τ1

(τ2−s)κ−1

Γ(κ)

∫ s
0

(s− θ)β−1θσdθ ds

≤ ||ϕ|| ||u||m1 Γ(µ+1)
Γ(µ+κ+1) (τ2 − τ1)µ+κ

+||ψ|| ||u||m2 Γ(β)Γ(σ+1)
Γ(σ+β+1)

∫ τ2
τ1

(τ2−s)κ−1

Γ(κ) sσ+βds

≤ ||ϕ|| ||u||m1 Γ(µ+1)
Γ(µ+κ+1) (τ2 − τ1)µ+κ

+||ψ|| ||u||m2 Γ(β)Γ(σ+1)
Γ(σ+β+κ+1) (τ2 − τ1)σ+β+κ.

Therefore FBr is equi-continuous, by Arzela-Ascoli Theorem then FBr is relatively compact. Therefore the

conditions of Schauder fixed point Theorem are hold, which implies that F has a fixed point in Br. Then the

nonlinear integral equation (3.2) has a solution u ∈ C(I) and consequently from Lemma 3.2, we get that the

weighted Cauchy-type problem (1.2) has a solution u ∈ C(I).
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