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Abstract. In this paper we introduce the concept of interval-valued intuitionistic fuzzy relations(in biefly IVIFR) and
composition of IVIFR-equations. Then we continued it to interval-valued intuitionistic fuzzy linear transformation(in brief
IVIFL-transformation) and discussed its properties. Also introduced the concept of composition of IVIFL-transformations.
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1. Introduction and Background

Zadeh [19] introduced fuzzy set and properties of fuzzy sets. At [1], Atanassov introduced the intuitionistic
fuzzy set which was broadened to interval-valued intuitionistic fuzzy set by Atanassov and Gargov [2] whose
membership and nonmembership functions are intervals. In 2011, Lin and Huang [5, 8] introduced the basic
concepts of (T, S) -composition matrix and (T, S) - interval-valued intuitionistic fuzzy equivalence matrix.
Initially, Shyamal and Pal [16] introduced interval-valued fuzzy matrix. Then Intuitionistic fuzzy matrices
introduced by Madhumangal Pal et al. [9]. Pal and Susanta K. Khan [10] introduced some basic operators in
interval-valued intuitionistic fuzzy matrices. Xu and Yager [18] introduced intuitionistic and interval-valued
intuitionistic fuzzy preference relations and their measures of similarity in decision making methods. Also
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Ze-shui Xu and Jian chen [20], approaches the decision making methods using interval-valued intuitionistic
judgement matrices.

In 1977, Katsaras and Liu [6] introduced fuzzy vector and fuzzy topological vector spaces. In 1994, Terao
and Kitsunezaki [17] introduced fuzzy sets and linear mappings on vector spaces. Kim and Roush [7] presents
some basic concepts of generalized fuzzy matrices. Bhowmik and Pal [4] described and studied the concept of
generalized intuitionistic fuzzy matrices.

Narayanan et al. [13] introduced the notion of intuitionistic fuzzy continuous mappings and intuitionistic fuzzy
bounded linear operators from one intuitionistic fuzzy n-normed linear space to another. Recently Moumitha
Chiney and Samanta studied and introduced the concept of intuitionistic fuzzy vector spaces [12]. And Santhi
and Udhayarani introduced and studied the concept of [15] interval-valued intuitionistic fuzzy vector spaces.
Then intuitionistic fuzzy linear transformations described by Meenakshi and Gandhimathi [11] and Rajkumar
Pradhan and Madhumangal Pal [14].

In this paper, we introduced the concept of interval-valued intuitionistic fuzzy linear transformations and
scrutinized some of its properties. In section 2, some basic concepts and properties are reviewed. In section 3,
we introduced the concept of IV IFR -equations and its composition. Also introduced the concept of IV IFL -
transformations.

2. Preliminaries

This section briefly discussed about the basic concepts of IVIFS which were used in the following sections.

Definition 2.1. Interval-valued fuzzy vector: An interval valued fuzzy vector is an n-tuple of elements from an
interval -valued fuzzy algebra. That is, an IVFV is of the form (x1, x2, ..., xn) , where each element xi ∈ F ,
i = 1, 2, ..., n .

Definition 2.2. Interval-valued fuzzy vector space: An interval-valued fuzzy vector space(IVFV Space) is a pair
(E,A(x)) , if E is a vector space in crisp sense and A : E → D[0, 1] with the property, that for all a, b ∈ F
and x, y ∈ E , then,
A(ax+ by) ≥ A(x) ∧A(y) and
A(ax+ by) ≥ A(x) ∧A(y) .

Definition 2.3. Interval-valued intuitionistic fuzzy set: Let D[0, 1] be the set of closed subintervals of the
interval [0, 1] and X(6= φ) be a given set. An interval-valued intuitionistic fuzzy set in X is described as,
A = {〈x, µA(x), νA(x)〉 /x ∈ X} , where µA(x) : X → D[0, 1] , νA(x) : X → D[0, 1] with the condition
0 ≤ sup(µA(x)) + sup(νA(x)) ≤ 1 for any x ∈ X . The intervals µA(x) and νA(x) denotes the degree of
belongingness and the degree of nonbelongingness of the element x to the set A . Thus for each x ∈ X, µA(x)

and νA(x) are closed intervals and their lower and upper end points are denoted by µAL(x), µAU (x), νAL(x)

and νAU (x) . We can denote it by:

A = {〈x, [µAL(x), µAU (x)], [νAL(x), νAU (x)]〉 /x ∈ X},

where 0 ≤ µAU (x) + νAU (x) ≤ 1 , µAL(x) ≥ 0 , νAL(x) ≥ 0 . For each element x, we can compute the
unknown degree(hesitancy degree) of an intuitionistic fuzzy interval of x ∈ X in A defined as follows:

πA(x) = 1− µA(x)− νA(x) = [1− µAU (x)− νAU (x), 1− µAL(x)− νAL(x)]

Especially, if µA(x) = µAU (x) = µAL(x) and νA(x) = νAU (x) = νAL(x) , then the given IVIFS A is reduced
to an ordinary intuitionistic fuzzy set.
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Definition 2.4. For any two IVIFSs A = {〈x, [µAL(x), µAU (x)], [νAL(x), νAU (x)]〉 /x ∈ X} and
B = {〈x, [µBL(x), µBU (x)], [νBL(x), νBU (x)]〉 /x ∈ X} then the following two relations are explained as:

1. A ⊆ B if and only if

(a) µAU (x) ≤ µBU (x),

(b) µAL(x) ≤ µBL(x),

(c) νAU (x) ≥ νBU (x),

(d) νAL(x) ≥ νBL(x), for any x ∈ X .

2. A = B if and only if

(a) µAU (x) = µBU (x),

(b) µAL(x) = µBL(x),

(c) νAU (x) = νBU (x),

(d) νAL(x) = νBL(x), for any x ∈ X .

Definition 2.5. Interval-valued Intuitionistic Fuzzy Vector Space: The Mathematical system of interval-valued
intuitionistic fuzzy algebra is defined with two binary operations ’+’ and ’.’ on the set Ṽ satisfying the following
properties:
Let [xL, xU ] , [yL, yU ] and [zL, zU ] be the elements of Ṽ .

1. Idempotent : [xL, xU ] + [xL, xU ] = max{[xL, xU ], [xL, xU ]} = [xL, xU ]

2. Commutative : [xL, xU ] + [yL, yU ] = [yL, yU ] + [xL, xU ]

3. Associativity : [xL, xU ] + ([yL, yU ] + [zL, zU ]) = ([xL, xU ] + [yL, yU ]) + [zL, zU ]

4. Absorption:

(a) [xL, xU ] + ([xL, xU ].[yL, yU ]) = [xL, xU ]

(b) [xL, xU ].([xL, xU ] + [yL, yU ]) = [xL, xU ]

5. Universal Bounds:

(a) [xL, xU ] + φ = [xL, xU ]

(b) [xL, xU ] + I = I

(c) [xL, xU ].φ = φ

(d) [xL, xU ].I = [xL, xU ]

where φ = 〈[0, 0], [1, 1]〉 is the zero element and I = 〈[1, 1], [0, 0]〉 , is the identity element.

Definition 2.6. The pair (V, 〈[µL(x), µU (x)], [νL(x), νU (x)]〉) = Ṽ is said to be an interval-valued
intuitionistic fuzzy vector space, if αµU : Ṽ → D[0, 1] , ανU : Ṽ → D[0, 1] , αµL ≥ 0 and ανL ≥ 0 with the
property that for all α, β ∈ Ṽ and x, y ∈ F , then

1.
〈
[(αµL1

+ βµL1
), (αµU1

+ βµU1
)][(ανL1

+ βνL1
), (ανU1

+ βνU1
)]
〉
∈ Ṽ

2. {〈[((αL ∧ µL), (αU ∧ µU )), (((1− αL) ∨ νL, (1− αU ) ∨ νU ))]〉} ∈ Ṽ ,

where αµL1
+ βµL1

= αµL1
∨ βµL1

,

αµU1
+ βµU1

= αµU1
∨ βµU1

,

ανL1
+ βνL1

= ανL1
∧ βνL1

,

ανU1
+ βνU1

= ανU1
∧ βνU1

.
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3. Main Results

In this section, the concept of interval-valued intuitionistic fuzzy linear realtional equations(in briefly IVIFLR-
equation) was defined and its basic properties were discussed. Also, this section defines interval-valued
intuitionistic fuzzy linear transformations(in brief IVIFL- transformations) on IVIFV- space and discuss its
properties.

Definition 3.1. For interval-valued intuitionistic fuzzy relation R(x, y) we register the lower and upper end
points of membership and non-membership value of x in relation with y under R
defined by [µRL, µRU ] = [αµL, αµU ] and [νRL, νRU ] = [ανL, ανU ] and represented as
〈[αµL, αµU ] , [ανL, ανU ]〉 .

Note 3.2. An interval-valued intuitionistic fuzzy binary relation R (in brief IVIF-binary relation) can be
represented as an interval-valued intuitionistic fuzzy matrix MR (in brief IVIF-Matrix).

Example 3.3. If R is an IV IF -Relation with X = {X1, X2, X3} and Y = {Y1, Y2} that indicates the
relational concept ’that the element of set X are different kind of air-conditioning systems to the physical
structure of the computer lab of the set Y ’. The upper and lower end points of the membership and
nonmembership values can be represented by the following IVIF-matrix,

[MR1
] =

[
〈[0.3, 0.5] , [0.2, 0.4]〉 〈[0.2, 0.5] , [0.1, 0.5]〉 〈[0.3, 0.6] , [0.1, 0.2]〉
〈[0.1, 0.3] , [0.2, 0.5]〉 〈[0.2, 0.4] , [0.1, 0.3]〉 〈[0.1, 0.3] , [0.2, 0.5]〉

]
Definition 3.4. If R1(X,Y ) and R2(Y, Z) are two IVIF-relations then its IVIF-composition is described by
the max-min operation and signified as R1 ◦ R2 with respect to IVIF-matrices of R1 and R2 . That is, if there
is two IVIF-binary relations R1 (X,Y ) , R2 (Y,Z) then R (X,Z) defined on the sets
X = {[xi] /i ∈ Ns}, i = 1, 2, ..., s , Y = {[yj ] /j ∈ Nm}, j = 1, 2, ...,m, and
Z = {[zk] /k ∈ Nn}, k = 1, 2, ..., n, where N is the set of all positive integers. Let the corresponding
IVIF-matrices be denoted by,
R1 = [aij ] =

〈[
µaijL , µaijU

]
,
[
νaijL , νaijU

]〉
R2 = [bjk] =

〈[
µbjkL , µbjkU

]
,
[
νbjkL , νbjkU

]〉
R = [rik] = 〈[µrikL , µrikU ] , [νrikL , νrikU ]〉 then the IVIF-composition R(X,Z) of R1(X,Y ) and R2(Y,Z)

is given by
R1 ◦R2 = R (3.1)

That is,

〈
max
j
{min

[(
µaijL , µbjkL

)
,
(
µaijU , µbjkU

)]
},min

j
{max

[(
νaijL , νbjkL

)
,
(
νaijU , νbjkU

)]
}
〉

= 〈[µrikL , µrikU ], [νrikL , νrikU ]〉

where i ∈ Ns, j ∈ Nm and k ∈ Nn.

The above equations renders IVIF-relational equations and we get it from performing the max-min operations
on R1 and R2 .

Example 3.5. Let R1 and R2 be two IVIF-matrices and

[MR1 ] =

[
〈[0.3, 0.5] , [0.2, 0.4]〉 〈[0.2, 0.5] , [0.1, 0.5]〉 〈[0.1, 0.5] , [0.1, 0.2]〉
〈[0.1, 0.3] , [0.2, 0.5]〉 〈[0.2, 0.6] , [0.1, 0.3]〉 〈[0.1, 0.3] , [0.2, 0.5]〉

]
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[MR2 ] =

〈[0.2, 0.5] , [0.1, 0.2]〉 〈[0.3, 0.6] , [0.1, 0.3]〉
〈[0.2, 0.6] , [0.1, 0.4]〉 〈[0.1, 0.5] , [0.1, 0.3]〉
〈[0.2, 0.7] , [0.1, 0.3]〉 〈[0.1, 0.6] , [0.1, 0.2]〉


Then the composition of these two IVIF-matrices is,

[MR1
] ◦ [MR2

] = [M ]

[M ] =

[
〈[0.2, 0.5] , [0.1, 0.3]〉 〈[0.3, 0.5] , [0.1, 0.2]〉
〈[0.2, 0.6] , [0.1, 0.4]〉 〈[0.1, 0.5] , [0.1, 0.3]〉

]
Definition 3.6. If M2 and M are given IVIF-matrices in

M1 ◦M2 = M (3.2)

then we can determine particular IVIF-matrices for M1 which will be satisfy (3.2) . Each of this particular
IVIF-matrix for M1 that satisfies (3.2) is called its IVIF-solution and the set

M (M2,M) = {M1/M1 ◦M2 = M} (3.3)

denotes the IVIF-solution set.

Definition 3.7. An element p of M (A, b) is called an IVIF-solution of the equation Ay = b

if p =
[〈[

xjµL , xjµU
]
, [xjνL , xjνU ]

〉
/j ∈ Nm

]T
be defined as,

p = minσ(ajk, bk) (3.4)

where

σ(ajk, bk) =

{
bk if ajk > bk

I otherwise

I = 〈[1, 1] , [0, 0]〉 , ajk =
〈[
ajkµL , ajkµU

]
, [ajkνL , ajkνU ]

〉
and bk =

〈[
bkµL , bkµU

]
, [bkνL , bkνU ]

〉
.

Example 3.8. Let A and b be two IVIF-matrices,

[A] =

[
〈[0.2, 0.7] , [0.1, 0.2]〉 〈[0.3, 0.6] , [0.1, 0.3]〉
〈[0.2, 0.6] , [0.1, 0.4]〉 〈[0.1, 0.5] , [0.1, 0.3]〉

]
and

[b] =
[
〈[0.2, 0.7] , [0.1, 0.3]〉 〈[0.1, 0.6] , [0.1, 0.2]〉

]T
Using the above definition of IVIF-solution set, we get,
p1 = min{σ(a11, b11), σ(a12, b12)}
p1 = 〈[0.1, 0.6] , [0.1, 0.2]〉
p2 = min{σ(a21, b11), σ(a22, b12)}
p2 = 〈[1, 1] , [0, 0]〉
Then one of the IVIF-solution is p = [〈[0.1, 0.6] , [0.1, 0.2]〉 , 〈[1, 1] , [0, 0]〉]

Definition 3.9. An IVIF-transformation T̃ of Ũ into Ṽ is called IVIFL-transformations if for every α, β ∈ Ṽ
and x ∈ F then it satisfies the following conditions:

1. T̃ (α+ β) = T̃ (α) + T̃ (β),

2. T̃ (xα) = x.T̃ (α)
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Where α = 〈[αµL , αµU ], [ανL , ανU ]〉 and β = 〈[βµL , βµU ], [βνL , βνU ]〉

Example 3.10. Let Ṽ 3 and Ṽ 2 be an IVIFV-spaces over F . The IVIF-transformation T̃ : Ṽ 3 → Ṽ 2 defined
as T̃ (α1, α2, α3) = (α1, α2) is an IVIFL- transformation.

Proposition 3.11. Let T̃1 and T̃2 be two IVIFL- transformations in an IVIFV-space Ṽ over F , and L(Ṽ )

be the set of all IVIFL-transformations defined on Ṽ , then L(Ṽ ) is closed under addition and multiplication
defined by,

1. (T̃1 + T̃2)(α) = T̃1(α) + T̃2(α)

2. (xT̃1)(α) = xT̃1(α),∀T̃1, T̃2 ∈ Ṽ and x ∈ F.

Proof. Let T̃1 and T̃2 be two IVIFL-transformations in an IVIFV- space Ṽ over F .
To prove (1): T̃1, T̃2 ∈ Ṽ and x ∈ F. Now consider,

(T̃1 + T̃2)(α+ β) = T̃1(α+ β) + T̃2(α+ β)

= T̃1(〈[αµL , αµU ], [ανL , ανU ]〉+ 〈[βµL , βµU ], [βνL , βνU ]〉)

+ T̃2(〈[αµL , αµU ], [ανL , ανU ]〉+ 〈[βµL , βµU ], [βνL , βνU ]〉)

= T̃1(〈[αµL , αµU ], [ανL , ανU ]〉) + T̃1(〈[βµL , βµU ], [βνL , βνU ]〉)

+ T̃2(〈[αµL , αµU ], [ανL , ανU ]〉) + T̃2(〈[βµL , βµU ], [βνL , βνU ]〉)

= (T̃1 + T̃2)(〈[αµL , αµU ], [ανL , ανU ]〉)

+ (T̃1 + T̃2)(〈[βµL , βµU ], [βνL , βνU ]〉)

= (T̃1 + T̃2)(α) + (T̃1 + T̃2)(β)

∀T̃1, T̃2 ∈ L(Ṽ ) .

Now consider,

(T̃1 + T̃2)(xα) = T̃1(xα) + T̃2(xα)

= xT̃1(α) + xT̃2(α)

= x(T̃1(α) + T̃2(α))

= x(T̃1 + T̃2)(α)

for every T̃1, T̃2 ∈ L(Ṽ ) and x ∈ F
To prove (2): For α ∈ Ṽ and T̃ ∈ L(Ṽ ) ,

(xT̃ )(α+ β) = xT̃ (〈[αµL , αµU ], [ανL , ανU ]〉) + (〈[βµL , βµU ], [βνL , βνU ]〉)

= (〈[xµL , xµU ], [xνL , xνU ]〉)(T̃ 〈[αµL , αµU ], [ανL , ανU ]〉)

+T̃ (〈[βµL , βµU ], [βνL , βνU ]〉)

= xT̃ (α) + xT̃ (β)

Thus L(Ṽ ) is closed under addition and multiplication. �

Definition 3.12. If Ũ and Ṽ are IVIFV- spaces then the IVIF-transformation T̃ is defiened by T̃ : Ũ → Ṽ ,
T̃ (α) = Φ, for all α ∈ Ṽ then T̃ is said to be an interval-valued intuitionistic fuzzy zero linear(in briefly
IV IF0L )- transformation.
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Definition 3.13. If Ṽ is an IVIFV-space, then IVIF-transformation T̃ is defined as,

T̃ (α) = α,∀α ∈ Ṽ

then T̃ is called as an interval-valued intuitionistic fuzzy identity linear(in briefly, IV IFIL )- transformation.

Definition 3.14. If Ũ , Ṽ , W̃ be three IVIFV-spaces over the IVIF-field F such that T̃1 : Ũ → Ṽ , T̃2 : Ṽ → W̃

be two IVIFL-transformations, then the composition of two IVIFL-transformations, T̃1T2 is defined by,

(T̃1T2)α = T̃1(T̃2(α)),∀α ∈ W̃

Remark 3.15. if Range (T̃2) = Domain (T̃1) , then we can define T̃1T2 . Also, T̃1T2 6= T̃2T1 .

Proposition 3.16. Let Ũ , Ṽ and W̃ be an IVIFV-spaces over the IVIF-field F and T̃1 : Ũ → Ṽ , T̃2 : Ṽ → W̃

be two IVIFL-transformations, then T̃1T2 is an IVIFL- transformations from Ũ → W̃ .
Proof: Let T̃1 : Ũ → Ṽ and T̃2 : Ṽ → W̃ be two IVIFL-transformations. Now define the IVIF-transformation
T̃1T2 : Ũ → W̃ as, (T̃1T2)α = T̃1(T̃2(α)),∀α ∈ W̃ . Let α, β ∈ W̃ and x, y ∈ F then,

T̃1T2(α+ β) = T̃1(T̃2(α+ β))

= T̃1(T̃2α+ T̃2β)

= T̃1(T̃2(α)) + T̃1(T̃2(β))

= T̃1T2(α) + T̃1T2(β)

Hence T̃1T2 is an IVIFL- transformations.

Proposition 3.17. Product of IV IF0L -transformation with any other IVIFL- transformation is again an
IV IF0L - transformation.
Proof: Let T̃1 be any IVIFL-transformation and Φ be an IV IF0L -transformation. Given α ∈ Ṽ ,
(T̃1Φ)(α) = T̃1(Φ(α)) = T̃1(Φ) = Φ = Φ(α)

Similarly, (ΦT̃1)(α) = Φ(T̃1(α) = Φ .
Hence (T̃1Φ)(α) = (ΦT̃1(α)) = Φ .

Proposition 3.18. Product of IV IFIL -transformation with any other IVIFL-transformation is an
IVIFL-transformation.
Proof: Let T̃1 be an IVIFL-transformation and I be an IV IFIL -transformation. Given α ∈ Ṽ ,
(T̃1I )(α) = T̃1(I (α)) = T̃1(α)

Like this manner, we can prove, (I T̃1)(α) = T̃1(α) .
Hence, (T̃1I )(α) = (I T̃1)(α) = T̃1(α) .
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